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two very e;ma” exam|o,es

We comsider a universe with a (Comp}el:e)
Far‘ﬂa’ order < . 33_5 cleG'm'f:iur—p,
ru.ncf:ior‘) F on that wurmiverse Is  a clo.sur-e
wherever

[ 4s extoamol{mj ., (e. xsf.x &x ),
and F 5  imomokonic wi th reapeaé te <

and [ s idempotené

Now, /iZu!:jcr' M. CDJ'[a.sl:ra revealed Eo ws
—in his masters thesis — wLm.L he dubbed
"The First Closwre Lenﬂma“:

f ts a c]o:;ure
(\7{><,5:: ﬁxﬁ’\cﬂ T xsf_9>

(.. rot prover loere ) . This 1s a very nice

way ko cail:u,r-e_ al ome Fell swoop the three
da'ﬂ\er'cmﬁ c

and "idempoﬁem&" .

arackeristics “ex Pama[ l'r-:j", "emonokonic,

The purpese O‘r ELH": hokte 4s ko record Ewo
very »;Su'na.” exam )es l‘”vtzsi:r“a‘:in-? !:\f;g very

eFFecl:ive.nes_s o E‘ne a!c;ure €mma -

» X

Clqr—;'l:iene Har—ks) in lm'.:s ma:;*:er—'s t\ne:,f.s,
51\/65 a very nice deliniliom of the funckion
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kmown as l:‘ne "cerh[in Y in r"e.:;,‘ am”—;mah'c ,
The ce{f:'hj ., deroked Bl . 4s ale.(-‘:’heol !:Lq
1. Int « Real R
oand <\7/’<-:_‘j : Real x A Thizy . {x] sy § X<£Yy > .
Now we b%ow le';al; 1 RS a c,oaure. Usc’hE

the closure {El’nmq* we bthen lhave to 5L>ow

Ts Tyl = xslul),

and  this \(\oHow.s immeol:'af:elj [ropmm T1%

C{efn‘m(&iom with the instantiabion X, yt= X, Y_g]
Observe Ehat we wase the Gf_ﬁ[“’ in-@r-mq,::'on

£ )

Isn't this nice ? (I bave no idea bow
tradibional mathemabics handles the above, bul
I think that we can On‘j shudder ab the

Ehou\g”)f; . )

<\7/)<15‘. ,Re'al‘x -~ ?ea‘»‘lj !

* *
=

Next exqm}o}a“ The 40-called Eransitive
closure of ‘& relabion r — denoted ¥r —

can be delined as the smallest solubion of

E)ﬂc eiua,l:ion X : o+ XiX £ X
(Operal:ors + and 1 are L—’ve M.sua,, o'oeral:ors

fromm the r“ejula.rt"lﬁ Calcu’us_, and we don't

bother to explain thern here . ) S\oe“eo{ out,
Yr  4s deﬁnec{ b‘g

(8) ro+ Xsxsx 0 o= Ir 5 x &)

—_ ¥r exl:remil:_tﬁ —
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(ta) r s fr
(lb) fru ‘i’r— < T’f’

—  the Lo\ve.s“-—raqrmf:, !_»Fe“«eo{ outb -

In WF13s (a*mogé finished, amd Eo be Ginished
moon ) we owed that T is a closure l:_:y

ex,olfc:"l:‘_tj é)';c:winj that ¥ 0 exrmnoimj, mono konic,

and ic[cmr:ahnbv Orne can imajine that these
three Proof.s Et{gaEL;er' ConsSuime ci,wrlze. some space .
Now, let us wuse ’:‘72. c‘osur'e lermma For ¥t

ke be a closure we lrave to pProve

fr< ts = r s ¥s (Vs )

HQI’C we ﬁo t

tr 5 ts (x)
& {exl:r"em{éj or Tr |, see (0)}

r + TYs:ts g ts

= reg. calc.
rs {*5_3 ~ 3L; s 5 s
= { (16) with r:=s
r < ts (xx )
&= [ retr , see (1a) }
tr s ts (xxx )
and.  the re.su’{ -Co“ow_c. fr*om (:119 mar)'zecl lfhes "

Tsm't this nice ? I E‘m’nk Jdoods One up

‘For" EL;e clasure l-&mmq, And T am convinced
thea b there will be many , many more aFP’rCQE(ohs
te emerge in  the fu@:urc .

X >
£
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Jo..a.F; Vo aer Woude [aoa'mteo[ out to e
l'J—m,J: the Clo_su.re ,ewrma, G\Lso occurs {n the

red book of R.C. Bacllvouse eE.aJ., and  that
bois ok wmew ab &l and thal b os well- lzimewn
{:or‘ rany decades 4in many branches o( rmathe -
l’ﬂa.‘:fcs.' True as all ‘:Ln':. may L‘)c‘, .s‘ﬂoula[ I
rlow ar:o’c:jize and  should T have refrarved
From wiri bing Hais rmoke ! My answer i+ a
Ewobold y—:o! o and for abt least three reasems

Frmst = and t‘"’“t;.‘b LS c}u&.t”{:c \ocr‘aomal - ﬁ‘r I
domt write (¢ dowr . I am 53;‘(13 to Forge# vk
(F%n"ékervmore, T e":j”ﬂ wr'a‘lzi‘nj deown wlrml: I
consider rice makbemabics . )

Secomd, T C-omP[eLe.)_(j wnderskond w‘wj ELn'.ﬁ
Pﬁr'[:t'cular“ }emm@ (o i:[oe red boaLz did rot
Ca.l:c,ln Mj eﬁe;-.n Not Orwlfj (s 4k rJr“E,sen’:ecL
in a 3enerq’t"aed and. "lifted" form *-WIﬂicL;
nice for a Lirst RX 205U e bul:,
‘rormu.la in o hvtje
and as

Ih L‘-l'li'.s

Ay ek koo
worse, (L occurs as one
Erain  of over Ethousand Cormula e ,
x&.McL: bas no oul:.sl:and:'nj Pos{,:a'or-v,
l’eb‘aecfz the red baol’t Joiﬂs (:,lqe m-stJo1-" \ocu"t UC
the Vﬂa’:!r?emole'ca‘ Eexts wLn'aLr aCCef" an L‘hG‘n{Ec

yhass or yrnore or ‘es.s re!a\Lec{ r‘e:;u.“:s. M5 bread

As Ju:s!; Eoo ét’na.” ke masker a“ i:"m.l:«

(I am  very we“ AWAL—E l:LwLL one Fmr—lz(cu‘ar
!:lneory car  host am abumdance of !:\rw:czfr-f:rr-,:sa

but I:L'mk an}‘ a :m-m.” Crac_biam of themn {\orm.s
the Vreart of the Hheory, as Car as {ts
combenls and metho do‘bjtca‘ YAsUEsS  Ore Concer-

ried . Any decent ‘Oresenbakn'Oh of & (:\'mc-r*g
h&.‘a Lo emr:Lm!:ic.a”ﬂ Hn'jiql{jlqﬁ !:.\rvqé Hear[:m)
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'T["u'r"ci, 1 lqmow Q"m.‘: 1 \f;ava L‘oaa{ a
de(‘acl:ive ma[:‘nemml:{ca, educakbieom ( and that
I am not l:irve. on'_xj ore ) From OL | (
Compubin sciehnce erspeckive wWe Aave garveg
l;\qqf o 7 IO ;r (‘:LM‘. maLLe-mﬁI:i'ca\.l
arg wm ent is  rok JusE hecessa ry but Jo”g well
Fossél:’e as well . We have to War‘—«. on  khat

issiar and record what we consider WOI’H’)WlﬂI.Je,

6‘:r"eam‘f\n;‘nj o

lest the vext 3enec—af::‘on w:’” be exr:osco[ ko
m:af:kcmal:e'caj c.utrr'i'cque. o5 Cuml::er:same, os

oufrs

WHT Tijen,
Cindhoven, 17 Hl—ﬁjubt l994



