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lplaqimq quLl daqqer and  star . le. wn}:lq
- e o

bramsibive closures

c{t'm\erenf‘. waj"s im WL\:’c}m

T"?EI"”E are Mmart
{7& Fiﬁu\qu.[:j Ca,SC.u,[u_s, LDM.E

orne Canr ‘aresewﬁ E

A any éuclq ‘oreaem[:q,L{om the unary O\oerqlzar
* - skar — to dewrote l:‘ne veflexive
tranmsitive closure o-r a relationr, will see the

1:"5")5: i a Pre(:’:j ea.r'j éLo\je) Over the

(or decades 7 ) it has become custo-

last Years
as El’?e b[‘.r'or)j e.sl:

oy ko introduce *
5oiuhom of the e%ua{iom

(G) x: LJ v rmx =2 .><J

But, in rcxc!:, l:(’;s's s a l(‘kh\e \cnr't untortunate
because it cam also be inmtroduced as ':\nc

/,E.Es’or'rje.s(: _SO‘H.HOV) of
(i) X LI v xzir = x J
The cLzoEce be[:w‘eem (U) avd (fj beinj trmma -~

l:.e.ria’) we bhave to rmake an imm—;o&eriax\ cLoo;'ce
i an ear\ﬂ Ataje of such a c{evelo}o\meni of
the reﬁular{kg ca‘r.:u,\u,,s, and thal s mot very

satis{ac kory .

Linskend of 5£&r[:n'mj frorn EL;e .s\?e_w Qa},ua’::‘om.b
(o) or (1), (s muc.\n nicer to preserve
éﬂ\’mkﬂﬁl’:rﬁ arid ko  imbroduce £  as  khe
/b{;r‘omjc.st balu,l:l‘on o(‘

(2) xi LJ ~ r ~v xix = x]

From this def{nié{om it s Cor <nstance,
/L'mmaoh'al:e[_tj C\Ectr' that ary solubion % Aab.sg'e_;
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[ xsx = KJ

any solubiorm s tramssbive, i Parf:a’cw.lqr" XY .

l-e.
—ﬁ":e 0?‘1]3 ‘I‘tf.',]-e C“.SO\GLVG&V‘J{Qje of (2) over (1) or
(0) AS EL’G‘\{ &iﬂe de(}mt’mﬁ QG;(U\&\E{OH Far‘ xr has

become a.,hjl,,&l_«j broie Comp‘fca.(:@c{_ T%ercCorc,
Edﬁ:jer“ W. Djs'astrq Proposec{ te  start our

/fﬂve.b[:fja!;{on,s rrom T - al.ciicjer -~ , to derole
!:lﬂe orc[iﬂqry trans Eive c]c;ur'e . His rzror:o.sql R

to defime Tr  as the sbrongest solubion of
(3) x: Lr ~ xix = x] |

and then xr by for Anstance,

(4) [ xr = f(J ~r)]

ZDur—:'mg one-wanc{‘-aw\'mlr or its  sessionr {;Le
ETAC has explorcA tva.s Pr'agaosa‘ ( 4n the
presence of E\J:D), amo{_ &L:a purpose or (:1";'_*.
rioke 4s ko recerd our ?u‘moll'hj.s

£yt

The rir\sl: &\—n'mj te be deme 45 Eo é\oe“ out
l:\—;e de—r;hr'n_j- Pr'oPerE;e.s o( Tr‘ :

(o) (Frasx] ~ (xx=2x] = [ir 2 x] (Wx )
— Tr ,5 extrem;kﬂ b

(5b) [r v Trsodr = fr ]

Dagger _all by _iksell

Remqr‘k Bﬂ ELN. ELH:or"em og Khaakcr&j—;rsk{
we Cah es.l:r”enjl:“?ew imr:'ica.!:r'an b)Y into an
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e(;uiva.lence, but e T‘e‘ﬁ”ai’r‘r {rorm c\o(m_cj 50 because
we can {:ra\ve| & ‘aruj lowj way widﬂouk Lm\rf'h_g
Lo a\@lﬂeﬁxl Lo Knasker & Tarsiz: .

(Ehoi. op ’Qqurl’iﬁ)
Next we do Ju.sfzi'ce ko t\ﬂe narnme h\’w,{ has been
attaclked to  tr . VIE thal Tr (s kransitive

and that T is o closare

The transikiviby of fr . e
(6) C4r s v =2 4r ]
immmediately  follows from (sb)

For t to be a e‘obure we bhave to prove
that L s Weakem;nj, morotonic, and iolem\co{enl:,

1t loe{mj W?akehihg. c.e .

(3) [ v =2 tr]
fmmeclfml:elﬂ (ollows  from (sb)

-

L1k laeihg wiormokomic . L.e
(¢) lras] = [fir= te] ,

(o”ows rr‘(am E\r‘re gc\c(: {:\naﬁ C__'%) —ﬂf")c deffmm_q
?.cpl&al:n'om J;\m—' tr ~ has the é‘napc

X [C.r.x = X] ,w[f:‘w -F rermebormic 4dm T

\/{emark Here we have a,\aFealec{ ko the veru
Benerm' E—.\nEorem El'mf: for" f wormobonic n (ks
Civst a;;cjumenk ard for o khe él:ronjesl:
5o‘ul::'om GF X \.: Crx = X% R 9 i5

trovriekornic as well

(End of Remark . )
TLJE Edempofzerwce oj: T R t:.E’.
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() [ttr= 0]

s an d{mmediale an:’:eciu.eﬂce cr Lemma GO),

with 8= 17
(10} for transitive s
Proof of (t0)

’POh_g: [15 & -5J (s 0"2(2._5 simece 1 us wea\qem‘mj
’Pfhj : [T,s ) 5]

L [t =s]

&= ,[ 1s ’%s ex!:remeE. see (ga)}
Leas] ~ [s3s=2s]
= { ‘orec{w C‘.a.‘c-}

[oss = 5]
{ s 5 £rqnsil:we}
Erue

(End of Froof )
This r;onczludes our dermonstrakion t\naE T s

A C\osu,r'e.‘
Ty ¥

Hi

ﬂver'e are a hu.mjoer o[»ﬂ 6\@20.1’0»' r"elal:{oh.s
w:'l:Lu'n our Ca.lcu[us_, ke wit E:Lve corsbanks

Erue, rr«-i:‘:e.._, ard J'J anol the ‘%Fb»»., rti?‘aﬁ-_,

Q-*"ld VHE.C{GL’-&COY“JOL'E['DWS - EL‘)E {aH:ﬁr o\\au Ca!eo‘.
merotypes — —ﬂneﬂ are  all transikbive, and
therefore - .b_g levmrma (10) — we concluode

(1) [ thrue t‘-“’“*”-] {-1 False = Faise.j

(12) L1J = J]
(12) for r a lelt-or riﬁ\qé—-conal;'bu‘on‘ [’Ir‘-r]
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(1u) (r>Jd] = Ltr = ¢

T.h W\ﬂat‘ (:\chu\»./_sa we wl” Ho£ \ma\re \‘nuc\ﬂ wuse

Cor (1) amd (13), bul we do  for (12) and (14

TRerm ark For E.Lve Pr‘oo(’.s aC !:\*:e brams: Bive f:‘cj or
these spec ia,[ re lakions R the on‘g pro(=e rEies or
3 (Semc'_) thal e heeci are f;\naE ?oul:c is
a 3.ero-"e[€menb, I s Ehe 4'Aem!:(£5.. e’emem[: O'r 5 .
and d—.aé 2 s monokonic an ee'EL)er argumen £
In Par’f:i cu[qr' we warmt Eo ot outl E\nq_l: E\oe
on‘_\j June bivity property o(r 3 used so far, is

Aks MOHOEBW;C{{:\lj

(End of Remark .)
b 1

Nexkt, we flnvesl:}ﬂa!;e how T behaves btowards
At‘ﬂumc&?oms . Ne“,ib does wvot bebave we”, exccPl:

w\oen méoic“e-Conc{{!:{ons are /.‘nvo\vegl:

(15) [r=J1 = [ f(rvs) = fr « ts]

Proof [LHs é‘-”RHﬁJ {3 0\?&_5 Ej rmorm o kornyei by of 1.
[ LHS = 'RHSJ Fo”ow.s Ct"om

['\'(r v.s) =) r ~ T_SJ
& {ex&remu‘lzj of H(r~vs) , see (SCO}
[ rvs = tr ~ 1s]
~ [ (tr~Ts)s (Br v 1) = dr~ Yo |
{* As wea-k@ﬂt'h_jq on the first crmJt«mcl? ‘

L

3 over WV on  Ehe secondl cw;_]un::l:%
[ frsdr ~ trsts «~ fsaidr ts 5 1s
= r "fs]
{[Tr; br o tr] and [tss s = ts ] II

i
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[trsts v fssir = 1r ts ]
< { (r =)J] fromm the anbecedent o? (i5)
hence [1’1‘ = J] Crom (,”i)}
[J_, s t&;j = 1Ir ~ ’fs]
{ rel. ca‘c-}
{1s = v ~ ts]
{ pred. c:aic-}

i

H

Erue

(Liﬂ.é_{ of /Pr‘oo-r.)

'B_g (15) wfl:Lz T,5:
as @ C.‘.@ro“af*_gj
(ié) [t(JvT“) = jv T‘r‘j,
wiﬂiciﬂ w{“ be wsed .s\-—:orf:‘ﬁ ‘ Alse we _S‘ﬂa” wse
the “lifted” version of (16}, which s
(l}) fo (JV) = (Jv)a 7

and  which expresses apw'!:c clea\r‘}_lj that furmckrons
(Jv) and T Cormnmube .

T\)emmrk’ We wani bo r:m'v"tf: ot that up ko
this Fol‘né the Ghl_tj Juncf:ivf’:_g Froper&g of
that we have wsed s iks (ke clf.s_]una&fw‘[’_\j.
(_E:QQ_L of Remark. )

So much for T all by ikself

.7, and b.&i (TQ) ., we bhave

1]
ey

* ®

Star _is  coming  up

Now, 1:o“owinﬂ -/L)j‘z.s[;ra's Fro‘:osa,‘, we \EE
x See d’:e [l:jl’ﬁf J:D_!j de‘r;‘ﬂi'hj F 129
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(id’a) [xr = T(J~ r) ]
-ﬁ'?ahl'ts te (IG) wWe rnow a\,iso Lw\ve

L

(16b) [ xr = J ~ tr ] )

and  im exp‘om'ﬂ_ﬁ FFOPCV‘EWJ Of X We Friow Cahn
Freef_t:f c:'noose depfhif:s'on (M?a_) or (105} , w‘nfclvever‘
cormes 4im most Hanc{j . \~e al.so conbinue our

Chirt WfEL? ,J'benj . and we lie (18) Eowards
(19a) x = To (Jv)
(b))  x = (Jv)e t

For o\ofna Jus}:iae ko the u,su.a.! navme aurac\mect
o » |,  we bave to prove thak KT is reﬂex{ve

arnd  Erans: kfve , and.  that s s a closure
The r--emex{v{!&_g of xr . Lle.

(26) [J = xr] .

immediately  follows from (0b)
The tramsibiviby of xr, te.

(11) [ xr s xr = %v ]

arr frmmediake aon:acfuence, oF the bramsibivity

iP5
or T, thus :

{ (u?a)}
T(Jvr) A T(J VT)
= { transikivi bty Or T(Jvf’) }
F(Jvr)

{ (19a)}

%57

W

it
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For x te be a closure s We have to dernon -
shrate  Hoab B ds WEGL"?Eht‘Hg , rneonobonic, and
idewn 0 kenbt  For this purpose we shall wse

ane OC !:L:e bilted por"muiae (_i‘}).
Be—cqu.se T and (JV) are bclzlﬂ WEc\.kenfhfj

arnd wmonetsnic, L0 A5 f'.l':ai‘r :Funct'f(nna,‘ com (oo -

sikion and , bernce, s0 s %

Because T  and @v) are each l'olemrzolzemf,
and because l—.l-vehg cormpmmule ~see )~
(:Hcfr -ancl:{ana, Com\oas{b'on Ls io{empobenL Qs

we” !

* o %
{ (19a) |
To (JV) o T © GVJ
{ (17) on the bwo middle E:trms}
TOT UGVJOCJ\/‘)
{{dem}aobehce op T and (JV)}
T ° (JV)
{094)}

i

L

i

1

X

Ih SUurmmary ,
(22) [ r = xr]
(23) Lr=2s] = [%r=xs]

(,24) [ %% = x1] or X o X = X

L \‘"e‘Er"os‘oec_[:l‘ow. E\')e ieletﬂtoc\l;ehca OF * Can
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be dealt with in very much the same way
we demi{; WH:L) El’le, {dcmrx;{:ence o\(\ T“ VIE .

ik &5 o direct Comsequerice or Lemma @@s)

(s) for reflexive and tramsikive 5 [xs = 5]
Proof of @5)
KS

{ (195) ]

J ~ 1'.5 )
{ 5 «» krans: tive, herce LTs = s | 7}

J v s
5

{

o

1

is reﬂevae_, (e \:J::)s] }

¥

5

? or ?r’oorr)

i

(

Fn’na“g . we menkion withouwt Proar
(36) [%(;‘58 = JJ [ xbrue = Eme]

(13) [ xJ = J |
(20) (raJ] = [xr=d ]

X X
¥
The Et--qnsféf'vf‘:ﬂ o(‘ XY - S5ee (21) — 45
subsuined in  the él:ronﬂer
(29) [ xr 3 xv = xr]
/l)roor
Xy KT
5 { (!@b)i

(Jetrys (v tr)
{ S owver v}{rel. ca\.lc«}

"
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J ~ tr v drgdr

{ Precl. Ca‘ca usthg [ trs e 2 h‘] }
J ~ tr
{ (1ob)}

1

1

e
(End of Froof )

’\?emqu Sl we have nob msed more o(‘ 5
than <ts L‘m“&c C{l‘ijuncl:!'\/tr E_y
C\:‘-‘:ho{ o( ?crmar')i-)

p_aﬁﬁer' and Star bc:je’;}'ler”

Here we examine how Y and = ach
Cx.monﬁ Eac‘n odner \ \r\fe -Qhol_
(30@) L txr = xr_] or o x = x
(30 b) [ % Tr = xr_] or ¥ o T = x
'?roor.s

o K % o 1'
- { (19a) } < {oab)}

To To (Jv) (J\{)bToT
= { T s = T da

t‘C{CmFO!:C”L' } Iolem‘ool:enﬁ}

T o (JV) (\TV) ° T
i (194 } {(!qb)}

X F 3

(Eﬂ?_{_ of KPr”orCS )

]
Yl
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Next, in combinakionr WI‘{I’) 3 we 'Ff*’w(
(514) [xr: tr = fr]
(31h) | trs xr Fr ]

/Proof of (31a)

*r 3 Tr
{ (1o |
(I~ tr)s Ir
{ 4 owver a4 }{T‘el.ta!c-}
tr ~ trsdr
= [ Ir 4s Eransihfvc}

e |
(End of Froof:)

t[}

il

M

Kt
“x

X\

# *

Sad Intermezzo

Tl're a.l:)ove was wiriktery “aus eimern Gugﬁ
Otr7e da.g ear*'[j __Tamuar’xj 1994 . It o ea\.l"l_lj
October mow. The reason for that ermormous
dela.ﬁ is that fun 45 over now. I whal FO”DW.&J
we .wiﬁl'; bo re.la}:e E.L)e éﬂjmme‘:r{c arid. (:L)e
é‘?ev\/ E?Matioms for c{aj er and sbar, but the

em.suinj Proor_s are far [(rerm rice or c:r—u‘_sj:z.

11










































