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A rote or the Ka‘o\qujj Schermes  [or

lomgest arnd ehortest seqrments
. 4

First in [0] and later tm [1] . Anne Ka\dewajj
has \oulﬁlig‘qec{ two beauEiFuJ program schemes .
One of them deals wnl:‘n the com\oul:alru'om of
& _[g)_"g_ﬁgr?_l: Array 6é:jmem£ 5&Et’5f3£hj a condition
% and &0 , and !:\'H: o[:‘ner' wikh the COmFuLaLc'on
or QA !:-‘oor{:e:sﬁ 6€3mcn£- However. l—.L:c
Vhﬂsl-.e.r'iou_‘a ~ i.e. ununderstood — I:.Lﬂ'rlg is thal
the two écj’leme.s are  Vvery 6imi|ar_, bul rol
en&ire!ﬂ éc'm{lar. Cou.lti this diqerencc be
exp)mined Lrom the difTerence belween "‘onjc:k"
and '5Lmrl€5£“e The answer is that both
scheres O"Fpl.ﬂ teo bo{:lv categories, w(m'cl) Wos
overlooked b5 Ka‘devfaj - -fgu'_s moke (s meant
ko Lol dnm the 9P -

» »
M

We consider boolearn function C. G
ard {nl:.-ejer funckion f.sa(; te be c{eﬁnpc{
Cor a” P, 4} éa}:.l'.:b%!'ﬂg fep < 9 < N .

Now we de-ﬁnc G.xog for 0% xs’_L):s'N b&i

G.xy = (max pg: xspsq ~ ysqsN ~ Cpog
 Lpg )
We envisage &  program thal establishes
R, Gaoo =1
or the basis of the invariant Po ~FPr  given by
T Gao = r max G.xy
T P Xg Yy <N
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As a rir.a% Q.FPT‘OX;MG\‘:'!DV‘) Cor bur.:\ﬂ a f{erogram

we c‘ﬂoo.sc

N X, Yi= +=0,0,0
[Inv P ~P1} {Bnd 2N - (x2y)]
3 do 3&4:&!“0{ —» | increase X+l_«j“ ‘{/rb""?"ll od

'35 conskruckior , the number or 6{6‘95 0-(\ L\ﬂc
!‘E\::c’n'{:foh 15 Linear in N at worst . Now
d‘)e c},uesliun is l:\'n':az Car  we Comtolef:e (:Lle
rogravm  &o that ks l:of:a‘ '&.l'mc—(.m‘ﬂf‘exul":-a“ remams
Encar in N ak  worst ¢ Tt turns oul that we

Cam a\l; E\—n echnsc or Some sfm‘:‘c. r”eﬁuiremenf:‘:
Lo be imrvseo\ en C and ¢.

» X
x

As a.\w:ajs W;U’l L\':esc lql'rso{s o(\ \oroLlemsl we
»t'nve.s&ija;{c increvments of  x  and y by 1,
L) E"le -ro”owinj way

e Gy
{i.so!a-l:e an}

(Mcp: x£q, A_LqusN ~ C.x.c}: E.x.ar_)

prax

G.(X-HJ 'y
,( use X<y —rom TPy - }

(max q : Yys£gsN A C.x. :{-_-\X.c;) max G.(x1).
1 deﬂ'iitian of A }?’
A YA X G.(x+i). y

T\'ms, we mginktain ?O bgy Mo Xi= © moax A , X+

i

]
w

I

. G~x.g
= ! isolake § =y }
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(m\a: XL psyY A C.‘o._g: t'V“BJ max  G.x. (y1)
.{o cle-ru'm”:l'on or B}
B max G'Xn(g*")

Thus, we maintain To ‘b_‘:i ry:s rmax B, y+i

i

TL'IC ?uc.:-[:ion L\ﬂal‘. rermains (3 »ww Lo

determine —-al o barjm'nm the wvalues oC

H anol 6 3iven 15_3
A = (M‘i: _5.{ C’, s N ~ ng} ' t'x‘?)
B = (mﬁ.ﬂ.‘\"‘ xEpsyYy ~ CF.'j t-\a-g)

In view of h\'m Ccac.l; that x, Yy, and N are
prograim variables the (on'_tj) Potemkial values
for A that can be Com‘:ul:ea[ ak ornce are
t.x. N | tx.y arid  +eo For B these are

€-y.y » b.xy, arnd + o=

Re A

A= E.x.N ol u.sv.g-usl -ror !:.\—ze. rest or
the derivalbien

(o) A= E.xy
&=
C-x._g ~ t.x.cy de.accno{iqﬁ i q,

qC.x.B ~ C:ﬂi, 5l:ren5h‘ﬂtnihj {n @
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Re B

B = t'B"ﬂ 1 not u,.';e'ru.l for the rest of
the derivation

(80) = t-x’.!j

%y o~ tpy descending in p
(B1) B= +=

- Cxy ~ Cpy strengthening in p
(End Re .)

ﬁs the a&aove Qha‘ﬂsfﬁ we Imay Ea‘ae as
dﬂc bodﬂ of l:\')e r‘e\ae[:;l:r'on

_I._i: C.X.B — {‘:-K-Cr desccnal.n'nj M a{}

r,ox:= - max bxy , X+i ~ Ad -

n "‘C"X'B — {Cxe} s!:renjf.\ﬂcninj £n @}

'y X2 U magx +=0 |, X 1 — A1~

I Cxy — {tpy descending in p }
nYy:= r max bxy . Y+ — Bo-

“ ﬂC.x.g — {CFB ert‘njE\'ueninj in r)}

nY:= rmmax +=° ., g t+i - B~

g,

Provn’ded ~0-r course - l:"le FIHijA ivi assertions
are sakisfied. (If E.\"lelg are rol, those altermatives
are te be I'E:Mcweo‘.)
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In case alternatkives Bo  and Ay aﬂa‘_g s
eria.]ole y can be diapenaec{ wiE\n a‘ioﬂei\ﬂer,
should nok have been imtroduced

and Pre.sumai:;\
Similar‘b, E.\ve comsbt'hm\:.fon

' L"ze. Cir”st place
’BO . 1 r‘encler:s 4 SuFer’ﬂuous ) And G.Lnus

we are ‘efi wil-.\q the comlafna\:fons Ao, B
and Do, A1, w‘nic}n 3ive rise Eo the two sc\—yemes

anrieunced berore

_Scl'»eme 0 (R, Bir)

r, x, ' yo0, 0,0
.{Irw ,FO/\?T} {Bno‘. 2«N - ("“’B)}
3 c_l_{g juardlﬂ —>

if C.x“g — r,x:= rmax bxy , x+1

ﬂ"lO.%_l:j — 5:«.—«51-1

o

od |

Provic{ed. E‘F? deécehc{,inj in 9
CF‘} .sl:renﬂh\qenu'h_g in P

Scheme | (B0, At)

r) XJB!:"_’ "'OQ’O’D

{Ir\\r To ~ T &{T_’wwl axN - (:Hg)}
H gl_g _juaro“ -3

i_E C,x,_g - T, Y= r max Ex.y . Y+

U ‘“IC,X--Ij — »
G
od

——

Pro\/iclecL P-4 ducendh—lﬁ n P
p-

.
C. 4 5£rengl:henihj ‘n ?
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wWhat rermains to be dore is Lo determime

the ﬁuard..s arnd teo sektle Et’)e invarionce of
Pr. 0¢ xsy s N.
We .s\'m” carry this out for Sc\wcmcv

Statement X1z X+ may vio‘al;e . \Je
\ar'ec’udc this danjzr bj rea}u;rn’hj thal its
guarc( Cx_cj saLLsCS

C.X.H = X#E
This requirement is met lo_«., im\aosiha on C

the ad -'Liama‘ Constratné

_‘CFP , ;br a” "

Staterment Yr=yr1 may also wiolate Pt . W
Pr'eclb\de. this c(amjer b3 rea}uirihﬂ thal its
juqrc[. ~ Cox.y .Sall:;::r\_.j

= Cxy = y# N,
ie. C.x,‘g ~ B#N.

and 4l is Prccif:.cl_nj this condition that we
5\%\” take as the _3(«&1-6{ o(‘ the w‘ockihioh .

uvpon Lermfnauoﬁ wWe iow L‘lu\fe‘. ?ﬂ arn’l
Ehe thaLion of  the 3uqra[., imlol_gih_g
Gﬂo = ' maxX GXN P - CXN

fbecause we 1’7ave.

G.x. N
< {def of G
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(max pg: xspsg -~ Negs N ~ C'\"‘?’ LF.@)

{ o e - Poinl r*ul-e }

A CFN E.F.N)

~—
=

(Vm \9‘. X £ ‘9.5 N
= { - C.x. N L10|A.5, and. C.x. N
is 5l:r'cn3l:‘—»emimj {in X }
+ = ,
t\’)e Fo;Ecomc{('Eion xm‘a‘ies
R: G.0-0 =7 )

as r‘ecpuir“eal .

_Summqriz-c‘h_g, we Lmve

Scheme D
r, X, _lj r = oo, 0,0
s do C.x._g v y#N -

I C.x.g - T, X!= I maX f:.x._g .

“ "’C~><~_'j = Y=y

x+ 1

G
od [R} .
}orovided. [:qu descenc[.t'ﬂj iry q,
C\a? slzrenjl:\—:eninj NP
"iC.\a.‘a

And in a similar way we o.\:)’:c:.in
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Scheme 1

r, X, y := + o0 6, D

-

s do -nCrK»_g v y£N —

I ~Cxy - x:=x+1
fi
od
r !

[
-

= T ax t.x.N -{/R]J

E}

\provi.ded. t-‘a.ap dc,scenclu'nj cnopP
CP@ .str'enj[:\'wcnfhj in fp
C, ‘a.‘w

j_E C.x._tj - Y= rmax txy . Yyt

The above schermes - a-“:\ﬂouj": rice or
even L‘JEG.ul:l'ru‘ tv) l:\neir' own right — 5l’mu.‘al,
I h"!ink‘ not be learned lo_lj :Lear"t, 6im\o‘3
on the round that t‘vej r'eFrebenl: far too
com}o“c.a.geal theorewmns . Moreover, { we wvar

the mono!:onEci[:j Pror:c_rl:'ues o(\ C and .

other .sc\vcmes emerge .

Quer iviterest is not in the Sc\veme.s
t%em:e|vc.s, but in their derivations w\qic.\q acl
as hﬂoc\cl dertvations -ror o r‘alz\‘ler 1915 c\a.ss
or projr’ammfhj Pf*‘ol::lcmsu E"aclﬂ Eivme we

ericounter l-.L)e pro lo‘cn—: of Com\au&ing

(maxp g: Dépsgs N ~ Cpg ¢ tpg),
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where C amd t have monobonicily Pro\ocrl:f'es,
it pays ko Acf{me a buf'lab‘c funckion G.x.5
ko be F'ijeol inko Q] t:m'l tnvariant a‘a “To

( While writin the above “suitable”, i1t occurred to
me that it s‘oou‘ol nokt be c\i((:’c»t“: ko erumerate
the /sbu'l:a]:‘e ;umclzl'ans G for E\"re various
w\onoLonicH:ﬂ '\Oai-.l:cr"ns. Bul that’s for laker,
because 1 wisk Eo call L a day - it is wPM~ )

WH] Fejfen Sher‘ase},
2 December 1992
(my father's birt\—:c\a_g)
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