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:De::nqnanq Q proof for RS Birds theorer

on r)re “orders .

ore Etven bome Cu‘xeol, arionymous
*ijn- For any ‘Olhal"ﬂ ra‘abtom

R  on Hiat wniverse and Ffor any é:u.l:)se': 5

o that scame universe subsek Min,.R. S
A5 de-rfnccl. Aas fo”ow.s: For- any X,

x e MinR.S

upiverse Or

—

X € S ~ (\‘/_5:: 5&:5 = x’Ry)

The l:\qeorem toe  be jeroven is  that  for any
bwo pre - orders X and Y | there exists
fsml‘.iﬁ'rﬂtmﬁ

a pre- order Z
Min, 2 = Min. Y o Min. X N

or maqu{Vm\enL\3~ , for oM S
(o) Min. 2.5 = Min. Y. (Min.X.5)

( A Pre-—orc\er PESY bu’narg relation thal «s
beth T‘eﬂexuve and Ero,n:u'l:ive.)

4 »
*

The above was communicated ko us by
Richard S. Bird as an exercise in  the
It was accompanied \::_5
theorewm

T-H view or

Rr‘“g:c'l.f_g.'q“l_:_g. Caiculus .
the warminj E\fmk leroving the

had been ’«sur"vrnstna‘ﬂ doflicult™

owr recent knvo‘vemewt A (:\ne re‘ahonai c.a‘u:ulus

and n view of !:Lwe announced d..ﬂr'ucu“;g c( t\'te

exercise | Dicd s i-_‘ne.or*ern carme —yHore  or le.ss -
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as o .S'ﬂ: from heaven. because now there was

an oPporEun-'E_g ko put the relakional caleulus at
WO!"I‘& for 60‘\/«'1'15 28 VIOHEI"I'VI'OJ Pr'oln’ekn- There(ore
we hoo‘a the \fi:\:r&_l_-, 0’;‘ c\'mnjin Bird s

exercise imbto an exercise 4m the t-g_lgl_-__{wgp&!
ca‘culus. with the purpose of tesking dhe lakker’s
Pohem!:i'n’.

However, it turned out thal, more than ang-
Ehinﬂ e‘sa, thhe exercise became an exercise
An proor olc.ve|oFmemE. Im our first eflort
ko prove the theorern we were insuﬂ:icient\g
Awaye or l*}!t'a, and in ginc{fnj a Prvor we WOu‘ol
praceecl. 50 chaul:{c:u.sij thal, an the end, we
30‘- Comp’ckelg stuck . Warred and alarmed bg
such a miserable per{'ormahce, we stacted afresh,

l:\m’s Eivne oiav;_ujt'nﬁ a“ our current ru‘e:-. -ror‘

Pr'oor conskruckion - T‘ne ensuEWj rcauih was Q
proo of  Bird's theorewmn with almost every step
prewordained. thus Orrere'hj o surprises alt

0” Ttﬂc Mainrn Purpose OC b‘—n':. riote has wnow

becorme ko exhibit that deve,oPmeni.

» »
x

—n'n'.s btext \-Ji" Vot ':De 68‘[‘" conlainec{ (1% l-,\-ml;

it wses the relatioval calcwlus . The a.‘or:eal to
that calewlus will . bhowever, be cym'Le, modest
and rot go bcﬂond e.q- AvGqz /WFI40 " fAn
aabtroduckion inte the relational calculus™. For

COmP\ekehess’s sake we SULFP‘B an ap enidix
menkioninj the mosk im‘oorLQﬂE calew aht’ona\’ rules

emp‘oged in this pote .
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Irahf:‘a!:iﬂﬂ the ProHem

The ‘oro\o‘em, as stated, 4s formulated in
kterms or subsets or avd binary relakions on
Qa lvem uwniverse . Since we wish to backle the
pro lern  wsin the r'e‘a{:funa.\ ca‘culus we firsk

translakte sels into Eimars relal:ion.s“

There are Ewo standard Ways of Pair—\'nj
selts and relations . One 4s to oassociate seks
with relakions called mono\:_l.jp&s, and the oELer
As ko c,our.\\e l:\ncm ko re(al:t'ons C,a”ecl. ‘ec{:con-

ditions . Pecause there is o one - to-one
correbpondcncc bebweer rrorokypes and leltcon -
ditions, the choice (s irrelevant from a
mathernatical Po{nlz of view. However, we

choose teo rer:resent seks l:’B leftconditions
because (Lt oo lnqr)pena that wit\n thal choice
the ensufna (‘or‘mulae. becorme bx’m,oler‘ b_g almost

ore order o majnftuc\c f

By convenktion, #set S and leftcondilionn S
- o c.onfu:.sion wi” arise 1:r'ow-: o\rer‘onclt'ng

are S - wf” be c.ou.‘o\eol b_g the rule
(VX,E:: XGS = XSZ)

(T")e fo\c.k i:\‘)ax{ the L‘Jinarﬂ rekakfon 5 de(-‘s'neol.
by this rule  dndeed matches the viokion of
S be:‘nj o leftcomdition as we know <t
from the r*e\mi:ionql c.a\cu.\u.s . As nek demonstre -

ted here.)

Theorem (0} 4s enLirelﬂ expressed in
expressions of  the form Min. 2.5 . For
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Het & ‘eptconc\f!:iorl S ,  we t\’)e,r"egor-e bec‘?. to
translate sek Min. 2.5 imbte a relaktion that
is o leftcondition . We prepose that

Min. 2.5 = A

where A is  the ‘qr-ﬁcst set éa.Ll's-ng'ng
- %Re defivikion of Miy ~

(szz xe A
_'_;
) XGSA(VBHSGS'—'}XZS)

or net}uivalen’:lg -

(¢) (th-, xe A = xe S) . and

(¢c) (Wx:: xe A = (Vy:: yeS = xZy))

Firsk we translate (&) 4nte the relational Format :
(i

T {inEroduction of an additional dummg}
(Vx,z2:: xe A = xe S )

= {usimfj the c.ou‘ola'nﬂ rule for S}
(Vx,z:: xehA = xS z)

= {on the premise that olae A sakis?res

t\oe CQu\arihﬁ ruie . i-e. relakiorn A 4s
o leltcondition }

(Wx,zew < Rz = x S z)

i defivmition of [1J }

n

[A = 5]
Next we observe
()
= { pred. cale. }

(VK.B:: XGQABG'.S = XZB)
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= {_Q.Gld{bl'oﬂa{ dummg&

(\76(,3:: (32:: xef /»ﬂeS) = xZg)
{C.ou.r»‘c'mj r'u.]c.: .5;\”'.'” ‘:or S
and demanded For A}

(Vx,ﬂ-.: (Fz:: x Az~ ySz) o xZy )
{d.epfm"llcl'cn oc ~ }

(VX,B'.: (32-.-. * pl?. ~ Z(NS)B) = XZB)
{ delin/tion of 3 }

(Vx,jz-, x(f'\:.~5)5 -::)xz_g)
{C\ECiV;;L—fow Or L] }

[A;nS o 2]

]

i

H

y

E)u.mmariz{n , we Lmvc l-.\fml sel Min. 2.5 Erans'al:cs
into  the weul'te.SL relakiow A 60\Lis'r5t'nj

(%) (A=5] ~ LA:eS = £ ] and

(%%}  is o leftcondibtion

At this Po\'nL we bave o sbyroke of 3occ\. luck | strice

‘:lﬂc \«!20\.\2:5!: A &a\‘:ispjins jwsf: (%) is a Jeltcon -
diEior N\"N’.ht\!t\“ S s — shewn be\owm b6 E"w\‘:

dernand (%) oC A s por ?ree" For futbure
wuse we riow Com‘o‘ei:c‘&} 6\7e” ouk b\qe (mc‘: b")m{-

A is the wea\zesé relation bal:is,fjfn_o) (x}

(a0} (A =5]
(1) (A0S » 2]
(a2) (WaS] A [WsnwS 2] 5 [W=Aa] (W)

Now we ebrow k\qal: [ex) CO“O\AJI: ?mm Pr—o\ocrirt‘eb (od
ond from S beina a lelbcovdition.



&

#

WF14} ~ S

'Pr'oof We Brow EL:GE A is o ‘?ﬁ:conc“‘:iaw
by msing tbe re‘a.l:c'ona‘ definmition
[A: true = Al rother
decin”:iom

l:.\'mr*\ O Pofﬂl‘.wi_Se
of l%¥£C¢Wd\.EI‘OH5.

[ As brue = Al

<& { (ﬁ?.) wf&lq Wiz Asbrue

Y_ A: Erue = .S] ~ [ A: brues ~ S = 2]
-{ 5 s o |QF‘=C0ﬂcl|"El'oﬂ and

~> ks @ r:'j\'vtc.onc\il::‘om’g
{Astrue = S:true] ~ [Ain5E 2 FA

{mowoi:on-‘cfl:g of 3 1— { (al)}
(A =5]

{ (a0)}

brue

1]

(E‘:'_‘il of {Proof-)

> o
»®

Now we are remol5 to hraw:,\aLe

owur l:m:gﬁk
exFression

(0) Min. 2.5

= Min-Y.(Mim.X»S)

\Jfl:‘q A= Min 2.5

(0)

(0)

B = Min.Y.C
c = an.X.S

3

con be rewrikken

A=D5

Aas

Wil-.‘q owr rer;reae,m[:g\,[;{gn of seks LDB ‘-etf:c::r’lc“‘:iows'

con be rewrikbtermn as

[A= B]

]
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with as givens that S. A B, and C
ore lefbtcondikions .'aa,i:t.sr}_jin_g Pro‘?&r’{:\'cb
(a) , (B}, and (c) — the latker Ewo Lo

be dt’sp\ageo{ ivi & vnoment —

Birds theorem 4s tdrat for \oreorder’& X
armd Y there exists a Pr{arder Z  such
that [HEBJ bolds . For the defirmikion

oc X be{nj Q. \oreorcler we wf” ALS € &L‘vc

reque‘emm, daCir\u’Liohs

[ J = X] Cor E‘-;e re-ﬂexivikg or X,
arcl [)(;X =) X] rcr“ l:‘ﬂe l:r'ansi[:ivi‘;g o? X .
% X

Before we emL:qu% o l:‘—we. cormskruckion of
o Pr-oof we F{r:pl—. i:m.l:m‘a.l:e a.” E:\ne Siven.s,
Our advice bo bhe reader <= Eo \0\155§c.o~”__5
isolate Ehis table fromm the rest of the Eext
- (.‘o,- {rnsltonce bl’i Xeroxir—ng ik — ond teo l@eer
it read Cor inspec{t‘om oll h‘—nrou_qlq E\’»e Process
of Proo? constructior . Alse e should mse (&
ko ‘ﬂ.{’.{’,‘n &rom\'i oc wLuic.Ll 3iven.5 \fzave been used
in  the Pr'ooF "oo tar, because ab some \'Joiﬂ{
during the Pr—oof conskruckior this record P‘ajs
anm (mPorEan \')e.uri:b!:f(:a\‘ r*a\e,

Here s I:Lm, l:oJ;.le.
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The l:o.l:)le 0[ gl‘vcns

(a.O)
(ar)
(a2)

(bo)
(b1)
(ba)

(c0)
(c1)
(c2)

[A=5]
[A:~S = 2]
(Wo S] ~ [WinS 2 2] = [w=nl

(B =>C]
['E)_;NC. =) Y]
[Wal] ~IWs~Co Y] = [W=>2]

[C= 5]
[C_LMS ‘@X_]

G, AR, and C are ‘ef&conal.'l:fons

X and Y are Preorder:s, (.e.
[J =»x] [J =>¥]
[XsX = X ] Iv:Y = Y]
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Construcking a procr

Ca\cu‘auona‘ . For
&\ﬂe Ca‘cu.‘a.l:ions

Our Prooc w;” be en\:ir'elﬂ
ju.::L c\nec"{t'rlj the correctress of
the hints suftice. Put we wont to de
For a nu.m]:er o{ C_r-uciql é.i:c‘os we wish to ex |m’n

\.:J‘bﬁ we GlIOL l:ho::c 6L€F5. -mere(crc we w;”

oUr ca.‘cut'a.l:r'ons with "reasorns” containing

considerakions. These bheurtstical
are irmportanl to l:\ne extent ELla\E

merg€ .

annclale
\’)cur'i:l:ical

considerations
t:‘-)eﬂ rmay revcal &\’mé certaivt el:ch t:‘fml-. loo'z

lu’ke raut:r'!:& ore ., Upon c‘oser scruking , ok
rabbits at all | In {oct, l:lne_x.j may reveal that

oOUr Forl:\ncomin_ﬂ \oroor £s |arjc]5 prc—ordainecl,

» »
»*

rove t\ﬂc exiskerice of a rela‘:ion

We have to
Z such l:‘fmf:
[HEBJ ~ Z is o \oreorde.r
We do this ‘o&j Consl'.rucl:inj ot least one wiltreas.
Recause the second C(;nJ'u.ncl ¢y  too 3enem‘ o
o l:"ie cl'r.s': orre .

T’E?u;r"emenf. , we starct focussin
occuUe

Pecause all our givens about A and B

(AzB] as the
[ﬁw) ﬂ], a.rsol

An imPIicnl:fon:s, we rewrcte
conjuncl:{on of f{A=2B] and
we tackle these Conjmn cts separately .

Re {A>B]

fA>B]

< { (ba) wu[:L; W= ﬂ}
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IA=2C] ~ [A:nC Y]

’Re'a,aoh_ Ewpree.sion [ﬂ*~=> B] bas A in bhe
antececent and B in E\we Conacaucnt« The
OH,H rula that can [fmnc”e a B in the C-onbul,ucnf
AS r‘u.le (bl) ahct &L:e_ on‘g rq!e i:\'wd: Cavrm ")and‘e
an A in the antecedent is rule  (a0) . The
reason ko rgjecf: N an‘{caLion or (@b} s ‘:Lm.lf
b would _cjehuinellj é(‘:l’"&i’ljl:l‘)en [A=B], whereas
the a‘apll'('.a[:ion Or (b2} 1s . in rc.c:‘:_, an
equivalence Pr‘cservih éEeP: (:‘m. wlﬂo}t buncL

o? formulae  (bo), (bi?, arnd (ba) carm be rewritken

as l:l"lf: biﬂj‘e ond zq,uiva\tzﬂb

W [W=Cl ~ [WwivC = Y]

Hl

[W = B] (VW)

~ as the reader may verify - . In case of
C‘ﬂoice, e.q,uf\rm‘%hce PresCrvinj .«bEEPS are a.\chg,s ko
be gor-e.ccrrec‘ over obher ones, E abt s ko say °
there should be very gooc reaseris for neglecking
this heurcstic ru.‘e.

I the meanktime, l:\—ve reader may wonder w\qH
in the -C\‘rsL p\aca we {:alsu\al:eol the expamc(eol
formulae  (b) snstead of the much more compact (x) .
The arqument For this is that ¥y s Eso
o.n!:a,n_g el It ackts as a cenbtaimer and \'-mmlocrs
direck access bto the properkies bo) and (b1) .
T"‘)e reasor w"n_c’ we rendered (b:l) as an
implicabion rather tharn an ec}u,{va.lemce 43 l:\'ml,
without loss of Ma‘:\ﬂema\f:ical conmtenmt, b reduces
our YHQHEPM‘AL'{VC Possibi‘il:l'es ard {:\»’nre\:g
the éeqr'c‘ﬂm 4pace in w“ricl’; our u.l&iwwd:e ‘aroor $s
te be (’ound,

(Ead of Reaser.)
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Next we Etackle Ehe conJuncEs LA=C] and
[ Ay C o Y ] 6:\90\1"5&56‘9 .

)] {ﬂ y C]
& { (c2) with W:=A hewriskbics as berore}
(A=a5] ~ [A~nS 5 X]
{(aﬂ) {:or the I:h"sﬁ: Conjuhct}
[f'\; ~S = X]
& .{ (at)}
[z 2 x]

4]

Reason The expression fﬁ; ~5 D X] could

also have been é’crengkhened by Wea.ken(n_g A
VIR (aO) or bﬂ sl:renjd‘mnu'nﬂ X wia  (c¢t) .
Hoewever, we have Lo bear in mind that the
theorerm  hould hold  for all S, and that

seomer or later we have to remove oll occurremces
of S ~and, {n its wa\ze, all occurrences of

A, B, and C -~ from our demonstrandum . The

rules  (aty, (b)), and (ci) are thre on‘g ovies
that can do this for us.

(EHA or Reasoﬂ )

Meomw‘ﬁi{e we \'mve ericounkered the girsh
conskraint to be im\aosecl an Z , viz.

(1) [z »x]

* [A.: N'C = \{]
= {Prce‘. Cas‘c.}
[ RAonC A~ AsnC = \f]
= { @), and €b) in the
form [~C > ~5] }
[S}NC ~ A:n~nS = \{]
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Reasor The table or givens Pr‘ovfc\eb three
Possibil”:ies ?or é‘:renﬂk\qem'nj [H:,MC = \(] :
One of them strengthens Consea’uenb ~
vie (bt) , but this removes Y from the
ExPrc:.sion Wlﬂic"l {s rob ko be recommended .
The Ewo o(:‘qer Fossibil:’&ie: wea\ﬂt’.n the antecedent
by waakeninj A vie (al) and ~C wvia
(cb) . which ane do we c'noose,? Here we
Fo”ow o -rulc that we owe ko Eo\sjer' \-J-Dj’ksl:ra,
and a.mob be th Pos&il:f(flrfes éimu‘tancously
wlﬂile &ee N Lo it thal the resu.ll:u'nj expression
AS s we::xg oS FossiUc [t s this latker joa‘
that e.x‘olm'ns L‘oe 'mergence oc the A~ in
the antecedent of the newlj Corrmecd expreabion.
JAY this point L is wvice Eeo add b":a‘:,
had we allowed ourselves a coarser 6¥rchjt\-7en£n3
!:me L\ﬂe ore re.su“:inj {rom Dj"’(sﬁra"s ru[e,
the rest of the \oroo? would have come to am
unsuccessful end . Here we may lhave an
explqha{:ion Cm— 'Ric\'w\rc‘. Bird's charackeri zakion of
the Pr-o‘:;‘em-. ".5urpr1'se'njlg difficult™.
(End of Reason )

VWe conbtinue our calculakion :

[ SsoC A A:insdS = Y]

& { €!) in the form [ 5:n~wC = ~ %1 }
[ (at)}

[rX ~ 2 = Yl
~‘Pr“eal. c:a‘c.}

IZ = an X V\f] '

and here we encounter our secornd constraint

i

ko be £mFosecl o Z , wviz.
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{2) [Z = -ﬂNX‘v\fJﬂ

(End of Re [A=B] .)

Re [B=A)]

[8 = A]
& [ (02) with W:=2B , heuristics as becorc}f

[15"'—-‘95_] ~ LB;n~s '*)Z] ,

and we tockle the conjuncls se‘varate\g.

® ['.B ==).5]
€ { (c0)}
[B=»C]
& { (b0}
Erue
. [B:~S 3 Z]

The reader who bas recorded \u‘m'c.“) of the
givens (a) , (b}, and (c) bave beer msed so far,
will observe thal (b1y is the onl orne kthak

has wot yet beern used. It s a tair guess
that (bt) has Lo lo‘qtj o role. TBut it contains
N and our demonstrandum does ot | The

c?ucsl:ion is how Eo chaS an occurrence of Y
into ('-\’Je Pl'cl:W'E~ Reguirerment (9.) 0? A
is Hoe on|5 Fossib:"”:g | If we \ou&

(>) L& = z' A (a~X V\{):‘

we Obhuih
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= { (»}
[(Bs~ns = Z A (eX V)]
= { \orcclf Ca‘c-}
[BinS ~ ~X = v .

[‘E.‘- nS = Z’] -~

F\jain we tachle these cohJuncta 6eparakel3¢

[13;,~S = Z']
& § (b0}
[Cs~S z']

& {(]

[x = 2] .
w‘ﬂicL{ 3(\1:5 MS  our third contraint to be
L'm\vo.sec'- on Z ., vig .
(4) [x = 2']
.o [135 NS A XD v ]

& { b

[BinS ~ X = B~ C]

Reasen VWe must use (b1 andl the above step

is  the P.ﬂ!.‘:i possibility -
(End of Reason.)

Now we are |£ﬁ= wil:L» av ex‘orebaiom that <s

(’.Plkl"re‘tj rormu‘c\teol wn o ”'B F3 C - ﬂomcnc\aizure

In P""H"—“im’”a it vnio lonscr— conkairns a r'e.Ceranc.e

to R or 2, and none of the rules (bY and ()

a.“ow' us Lo reimFor'E t:\’w.az. nawmes irnko the

“nﬂi:.; rieans i:"mE wm b\’)owihj ibs

QxTrtssion .
Vo, new conmskraints

idiby we will wot srcounter
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on Z . For we E\-n’; Ls t‘ne main reason

i'.so’a.l:e Wt as a éeParuLe
Lernma [’B;NS ~ ~X = BisCl

ko be shown latec. ( Another reason to
isolate it Ethat there are so many different Pr-oac.s
for 4t , all of thewn re\a“vclg ‘omj, and vone
of them r-ea“g Fasc;nalrinﬁ, (.e. Coming close to
being ujl“g“)

(End of Re[B=AJ.)

» x
x

This concludes our desijn 0(‘ o Proo( Cor
[A=B] and 1t also concludes the most

fascimatin and most critica‘ r:-arl: of our

Praor Cor Bird’s theorem . Of course, it
rewains to be S.‘:‘nown b{'m.‘; our conmshkraints o Z_,
vig .

(1) [z > x]

(2) [2 = X v Y]

(3) [Zgg Z’A(W~XVY)]

(4) [Xx = 2']

admit of Q. .fmlul:ior) l-,lﬂa.l: As  a \arﬂeorc\er‘.
(Conaﬁ-rm‘m& (2} s subsumed in (3) . but we
leave <E as {s. ) It was Lex Bilsma who
at this ‘aoint observed that the constraints
adymil Precisciﬂ 1 Ao‘u.l:n'oru ViZ .

[ 2 2 X ~(~nX~Y)] .
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- \aroaf Ief& ko &Lve reac{er-— . Now we 6\—mw
that this solubiom is a Preorder.

7 is rellexive . i-e. [(T=2Z1]

Zz
= {(»]
Z' -~ (ﬂ“‘x hd Y)
& -{(Lt) avrel Prec{oCa\‘c,}

X ~ Y
& { X and Y are reﬁevae}
J

2 is Ltramsitive , ie. [212 = Z]

-t M vmGas e

(Zz:2 = 2]
{(»}

[2: 2 = 2/~ (A~X )]
{Pf’fd-calc,}

[25 2 = 2'] ~ L[2:2 =» =~X V\f]

]

i ]

As {or he Cirst C.OHJulﬂc‘: we observe,

2"

& {(a)}
X

& -{ X As l:rah.‘;-”:u\lc}
X X

& {5
2s £ ,

As for h\'pe second conJuncE we opserve .

[2:2 = =~X v Y]

= { PrcA. ca[c.}
[ £ £ ~ ~X = \f]
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& { Y {s transikive }
[Z.‘, Z -~ NX -l \(J\{]
& {the Grand Dedekind , see F\\apcnc‘fx

(or E"'lf. ru}c and its "sjmbo) Cl‘cj\’lﬂmfc‘-'?“]]
[~X_; w2 ~ & = \{J

P

["'z& "‘x - Z w=a) \f]

For the {irsk oc these cohJ'uncl:a. ~ the second As
left Lo the reader - we have

[~X5 ~NE A & = \(J

& -{ (t} i the Form ["Z ‘:JNX] }
[ mXymX A 2 o Y 1
& { X’s tran sitiviby the forwm

[ mXsnmX = ~Xx]T }
[NX A E = \f]
{Fr’ccl- Calc.}
[2 D M X v\]'J

= f (]

true ,

|

w‘nic\n Conc\udcs our devrmonstration o(: Z
beinj transikive .

x*
»

Fina”_tj, we 3;'\16 o Pr‘ooF of b"w_ lernma .
It conkains - su.rr:rz'sinﬁlt:j anol o\(sappoinbinjlﬁ -
ome ymore ar»peal to the Etramsikivity of X

LEmm& {'B:. ) ~ X B 'B.;NC:\
,P\"oor
[BinS ~ ~X o BiwC]
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&= -{ (-,\—-m Grand 'Deole‘ziﬁo\ - ru‘e }
[vX:S ~ B = Bl
{ B s X A ~5 2 ~C]
{E\”ﬂe Cirst cun_jnncl: "Vanishes',
the seconed 4s transr)obea\}
[ A B ~ 5 = C ]
& ,{ (ca) with Wiz X:B ~ 5 }
I B ~ S = 5]

H

5

[(X.;B AS): D D X]
The C[irst t’.onJMnCE vanishes . For the secomd one

we &‘D&ervt

(X:,ﬁ /\5)5 NS

= { Y)r'e.cl. calc. }
X;B 3 ~5
= { (b0))
Xs C 3 ~5
= { (D)
XX
= X s trc\nsi{:ive}
X

((_:_'_l_’_l__ql“ a ,‘:POUF- )

R‘ammr)&“ As mentiormed b:Corc, the ml)ovc lermma
admiks of Fhany different \araug‘.&n All previous
Proors we had |o.vi.-5u_3 used that S, B, and C
ore leltconditions, bul the above Proor ~ which
Wos dcvcloFaA w\n"e beinj writtern down - does vol
use khese facts atb all . The nel result is  thal
our PrOof of DBird's theorerm rowhere uses the

3|'ven..s that 5, AAB, and C are leftcondibions:
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t\'ze_t_.j an!_xj enter l:\‘m Pic,l:u..r-e for the bene(‘{fz of
Erana\:ﬂ:iwg the oriﬂimai pro\o\ew\ staterment <nks
h‘ﬂe re‘atiohﬁl notakior . This EsurFHSC al l:be
very evrcl of l:\'u':; vrote will be rcaocl. for ¥u.rl:8—:er'
E"Ioujl‘!&, avd PEr‘ﬂo\Fs mecessibake a rewrite

Peccaviymus .

(End of Rewmark.)

This Conc‘udes our derivakion oc o \aroor Cor
Birds theorem .

Fu'nm‘ Remar\ﬂls
We wish to o\e:acr:'LJe e vaour oc owr Fiest

e.FCer ko prove the theorern in order ko une\cr:ﬁ:anot
be U:E g Wl’l_lj E‘na{: e.{-‘CDr“E Ca\(‘ ecl . F‘Br“m u.‘au e (,a)
o\.ec{he A as l:\ﬂe wea\usl: relai:{pn bas:ie.?ﬂfng

(a0) (A= 5] avd
(a1) [A;nvS =» 2] .
We can give o closed expression Cor that relakion

b}_}, rewril:u'n_cj {(at) RS Fo“ows

[ﬂ.’. ~S o £]
{ Veft - axc\qahgc}
["IE: S =5 “‘IH]
= {c.onl:.raposf‘;iva}
[A = 2(-2 8)]

i

_nﬂe c\oseal exFr'es&ion ror A row 4s



WFi43 - 19

[H 5/‘-*1(‘12‘.,’,3)]

i}

.Simiiar‘ﬁ, we have closed expressions for B

and C . viz.
(B= C A a(aY:C)]
LC =S ~ a(xXx:8)]
Theorern [A = B] can row be formulated

wikhout any refcrence ke the o.ux.{\i"ar5 rames
A, B, or C , na\mc“J as for all S

(=) [ S A~ (- £ S)

—

;A -1('1X_',5) - '1('1\(:. (5 - *1('1><.35))) ] '

and. our task (s to solve it for Z , uﬂn'mj
the relatiomal calculus as our exclusive kool .
As mentioned Eegore. we did not succeed. 'T"resaumaug,
the Frfme reason f;or- our failure <s thak
exFression (xy and iks man:ru‘aLiva descerndants
are A0 lonj and 4o ?t'we~3raineol dﬂa& t\wey
OFCQF (-‘a\r' too many man;\ou\al:ive ‘oassil:i\itits
and Car koo h'U:Ie ju;c{c\nce ror how ko conltinue
calt:ula.l:ion. ESFQC&'QHB i OV exercise likke the
current one, where - v rel:r"oapecl:-- the solution
space Iz &0 (':ij"zﬁ, an abundarce or manf\oulah've
{reedorm at the same Lime (mplies on abundance of
dead a”eg&. ( Imn our Civst effort, the situabion
was even worse because we had c,cu.r:\«ea\ sebs
to imomokypes, remclen‘ncj (¥} tnore cDmP\icaLeol
[}

b.ﬂ olyrost ome order majmii:wclf. )

The method that we then ar:soliecl 55
OLUmc‘m'hj auxiliara Narmes ko the dau.LJexPr’c:'a&ioh.s
Og (%) and bj c.omr:'e.i:t'g &,Pc”imj ouk t\'xeu’r
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Prr:\aeri.‘ie.ﬁ_, did the Joi::. It was on\g ther that
it becarne a,FPa,ren-‘: bow little freeclcm we tad
in  proving Bird’s theorermr .  ( At o laker 6l~:aje
Perry Moerland - student ymermbec of the ETAC -
,succe.ssfung re\oeal:recL i:\ne e.xperirrmné ?or l:\ne

Yhonolrﬂr.)e re,\or"csen{a&iom of sets . )

A viab‘e, cvu.{ke. diflerenmt way Lo prove Bird's
l‘:"!eorem WA S zxam)o‘{ged. b_‘j Hen‘z fDoo;-n‘oos
e (jracl,ua,l:g bhuo\ané ko ’R’ C, 'BG\C."L\”OH..&C — HC

Aln(:llocluces a ‘cn'rmry oPeraEar ./“ » Cl&cfﬂe‘i
by
L ?/Q 2 4 (P Q)} \

in berms of wL»ic:L; (x) carm be rewritken as, for oMl S

L s ~ Z/s

S o xXfs o~ (S ~ X[s) ]
With the purpose op :Sn\vin5 &his for Z , e E\qen

dave\orjb —in o rather goal directed fashion - o
b"'le.bry 0\[‘ ':/“ . This method i via.\o\-e
CJ:PECi'ﬁ”ﬁ WL'mn —~as (n Doorn \Dos s case — l-_\—.g
interest in OPera.&or- A goes loeljonot thoe
current exercise .

X *
X

A CEnai F-l'v-m‘ RQmmrk covicerris o ér'\\(esl:iﬁa—
tionr 0( L.ex @ﬂ‘sma}- : He has a.\nowh‘ using

a poinkwise arqument, that X oa (aeX ~ )
is E\qe ori\ﬁ candidake r'e\al—.iorv &‘fmk Cav .so\ve
Bird's Prob‘em . Il; = rice vor FTRES l:\’)aL, wiﬂw

aur F.‘.’m"._"!’é‘.ﬁ?ﬂ r‘easam;ﬂg, we have encounkered
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this f.so\ulzioﬂ, but atb the oame Eivme b is @
PFE5 (—.\’mL we Lmvc rot received any 6;’5na|

of ks un@uene.ﬁ& i

(Er_lg_l oF Fu'\":ai ’Ri’-mar‘ts- )

ﬂc\'«now‘ec\qemenka

Tn the Cirsl: ]o\au:e_ we WOujcl like Eo
Ouc:\'zmow‘aclge Richard &. Bird for commmn{ca“hj
such a ¢d\5cinc\.l:;ﬂ.3_‘ emsilg stated Iittle FroUem«
This btext is written for and dedicaked &o b,
h’miw)j»

Se.c.or)ollg, we Wr)u\i ‘Eke ko k\'vﬂhL Jmap
van der Woude who -o.fl:er' our initial Fa,{\ur-e-
shewed us that Ehe theorern can be proven

wiELI{H h\ne relalﬂ'onai Qalcuius as we !Qhaw Wb

F(HO\“B, we wish ko express ouf Sr'c\lci tude
for the many cribical remarks of  Lex T?)\i_j\smq,

Rovrald Bulterman, Netty wvan Gasteren,
Reb Hoogerwoord, Perry Moerland, John Segers.
and Carel Sc.s'polteh , all mamber& of dhe ETAC .

(End of ﬁClZﬂOW\-Ed-je.\'ﬂtnE_:q)

W.HJ. Feijen ,

K an\lember 19q1,
Eindboven .
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Appendi x

Al rules ef l:‘ﬂc_ rz\o.i:iona| Cu't.‘.u.‘btﬁ h\ﬂal: we used

LN thhis role can be derived ‘r—rom h\nc po”owfhj
sel of Po:’:l:ujakes

. [ mx »yl = [ x 2 o~y
® H {s associative
. [xsy 2] = (23 ~y 2 ax]

[x:y = z]

Hr

ENX_‘, o I "13] '

i:\ﬂe l’tﬁ! - and r\'jht—c)(c"mngc 'r‘UJE»S

L Jsx = x |

The nost

Lvn Fur!:auni Consequences  are

i~

distributes over all logical expressions,
[x] = (~x] | Lrewx = x )

[mbrue = true] , [~false = false],

[~ (xsy) =~y s oex ]

3 4s uhivcrsaug dis junctive 4n both

a!:ﬁumcnizs. and. hence wnormekonic

the Grand Dedekind r-ult :
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Ex:,g A E = r;s]
&
[zimy ~ x 7]
~

ENX:;!- ~ 5-:)5:]

Lts ”65mbo\ dynamics” - an aide-memeire
towards rememlserin_g the ru‘e - 5 As
Foncfws, It is a r“u\e cor sepqra\:tng

the two oFerands i S . To 5e\oqra|:e

the \gC(: ope rand . the ‘_ggl; OPer“q.na\ i
X3y is .swappecl. wi!-.\—-, conjuncl 2 avd
oPe.rancl An XLy thalt remains < l:ran.spos-eo‘.
The ﬁepmratc the !;ighl ope rond oc r;s
he 3:15}1!: ope ranocl of X3y s SWaFPeol

avcl &.\ﬂe remainn"nj ore l—,rans\ao}e

This rule, wLn'cL» s very uscfw\ Cor !:\ae

prackice ol re'al:ional ca‘Cu\ahiom, has been

debfﬂnccl b_\j Henk Doormbes  and appears

w

in "A rdational l—.\ncorg of data Eypes
o EECL\nica‘ r’tpm"& b‘_g 'R.'Bo\clt\'wusc,

E. Veermans, and J. var der Woude

. There are kwo O\ec{m;uonﬁ of  x being
a \ecbcomdi‘:ion. Q wea.l'{ and a eron_g
ore
[ x: brue = x ] weak
[ x2 Erue = K] eronj
» X s ]ectcona‘.i“on = X A% ri_g\',l.condu"l:iuh

(End of Appendix.)
(Ernd of WF147.)



