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ﬁn introduckion into Hae rela‘:{oha‘ Culcu‘bt-s

T‘ae r'e.,cxl:[ono;‘ Cacxc.u.‘u..s As Q (‘.a\Cu‘ub or
mn-u’lema!:fca.‘ re‘al:c'ohs. . TPioreerin wWot
o the buEJecL was done ‘o_g Allred Tarsk:
as ear‘_y as the forties of this cenbury .
1 more recenlt Eimes compul:imﬂ seiembists
bhave showyt o renewed i(nterest in the Qa\cu\us,
because of its \oof;cm&ic\.‘ u.ole%uacg for c\ea‘(nj
with program sevnan tics and even |orogram
c\evelO}amewt . The seminal paper ‘::3
C.A-R. Hoare and He Ji?en_s [HHebl, wrikten
in 1985, c\emr\S mar"zs the bejihwinj oc
Q Perfoo\.

() a humLer of ‘oca‘ circumstances we
Our“se[sve& became involved with the relational
calcu\u.& as we” 5 \oe{nj Programmer‘s, we
carme to ask ourselves lhow the calewlus can

be Pr"e.senl:ec\. in o fashion so smooth and
simwle that it can be reconstructed with

[ittie effort ot any rowert, bell bomorrow,
hexk week, ot evev; a year Crem wriow . This

textl Las an effort towards Ehat 300;‘. 1t Preamn':s
E‘.")e Ca\cu\us it a humber or sm all Skep«‘b,

E.ac\') 5\:3‘, c,omr,r{ggnﬁ the introduckionr oc ore
‘aosi;un\a.l:e and ex\o‘or(nﬂ the comsequences of

its inc orr:oral:ion :

The text was writbkew with the uninikiated
reader in mind . However, since we wil
\oresenk the re\al:t"ona\ cat culus os a ssaecz'a\a‘—-
zakionn of the \oreclicate caleulus, Pamiliarity
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with the latker is reeded . Qur prebenta‘:ion
is based on the motational conventioms and
the calculational mode laid down ‘3_5

Eal::ger W 'Djk.sl:ra and Carel S Scholten iw

{Dsgqol.

There are two papers Frow w\fl;c\‘) we have
benelitted sreal.‘j, The ore is a technical
r‘e’aorb Inj Eo\_&ﬁer W 'Djjlasl:rq. tEWD!OQ?J
and the other a technical ote b_g
C.%. Scholten (Cosié4] . In fact, we have
tried Lo cormbine the best o-c ‘Dot\ﬂ wlm']e

o.c\c\£h3 our owrn Cadenza.s -

At earlier E,Er&jes of ouwr shrujﬁ\c,s wi b the
rciq&iona‘ c:a.lculu.a jaq\a van der Woude bras
been very \ﬂelprui. Sivinﬂ suy\aort and l:cc,‘n...
nical ossistance . As a‘wa_«js, the members of
the Cindhoven Tueac\ag ACterrosn Club have
been a conbinvnuous and incl(s‘aensaue Coruem
There is one member in \aarkicu\qr
who inmikiated our involuement with the
relatiovial calculus and witlhout whom we would
rever blave wrikten thia paper . To bim,
to Carel Sleven Scholken . we re:;\seclzru”_lj
and gralzefu”g dedicate this text, own the

occasiorn of his becomihj ari honorary dector .
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0 A Preamb\e on _Jiunc,l:;'v{l:ﬂ

when dealing with Prec{{c.a.kc transformers ,
te. functions trom preo\icatc:s ko Fredfca(:as,,
it may be cpuike wmselul to kinow their
50 - called Junc[:i\rt'l:_xj proloer'i:ies . In this
lor'esenl-.qi;fom of the relal:iomm‘ t‘.aleu‘u_s we will
encounter some Predical:e transformers thal

have euksbanc\(wj junckivik_\j pro‘aerl:ie:,. Hence
I-Jq'l_s Pr'eamue .

UE:ua“g one di.sl'injuis‘qe.s two kinds of
Juwc(n'vil:ﬂ, vIE. clishjund:{vil:g and QOHJ.MHCEI'V}L_B.

The éLronjezt form of dt'.?:)u.nclzt'v”:g s
s¢ - called universal i?unc‘:ivfﬁg . Predicate

trar!::\cor-mer € is called blﬂ;ver'sa.ﬂg
c(i.sjunclzr've 0 it distributes over arbf'hrq,r_c_.j

disjunctions, cce. it for all pos_sil:‘e rarges
or c\ummg X,

[f.(i:f;_.x::x) (EX:: CX)]
The best - Rriown consequences of ¢ being

universa”ﬁ di.sju.nc&iva are

e LF fabe = false]

. r {5 vmerotonic wi th respecl ke = , (.e.

Ix2yl =2 [fx 3 (4]

I}

ﬂne ../>l:ronje,-=,t Form or conjuncl:ivfkﬂ AS
so - called unfversa.\ comrf'uncl:s'vfl-ﬁ . Predicate

travisformer 9 (s called umiv‘&*rsdlu
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[ 4 distributes over o.rloil:.rarg
ce. if For all Y:oas-i‘:‘e raviges

3

cOhJuanEive
Coruu.ncl:ions .

of dummy Y
[ 9. (Ay:y)

Hi

(&fj:: 3.5)] .
The best ~ krnown comseguences of q L‘:eing

U\-Hiversa“a COP‘)JD(VI cbive

are
. [3, krue = t:rue]
. g 4» meorotoric with r‘e:,‘oect ke =
Ih wha.{ Cc.u“ow.s we sl‘acx” 'r'rEel-l_.j PV RN
E\ve.se ro.cl:::.
* *
»*

Sometbirmes the universal Juncl:N;’l:_u, of
7y Precl{cql:e transformer comes for

thanks to the lermma -

free ,

Co”owinj
The Junckivikg lemima

Let Pred:'cq

e l:r'a.nsrormers { and g
be such that (ror all x, 4 )

(%) L Fx .—..-)3] = Lx = S'j]
l:"leh c 45 unt'ver*.sa”tj o\t's_._juﬂc{:ive
anad '

g s u.nivcr.sa”ﬁ

'Proo-r Trn order to

eonJ' unckive .

prove [ wnijversal
dl’::_jumc!;ivilz_tj we must prove , for
arbi‘:rar}j ravge of x.

(%) [ f (Ex:ix)

= (Ex:: Cx) ]
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To that end we okserve For any y
[ (Ex::x) = yl

{ (%) with  x:= (Bx:ox) }
[ (Exiix) = gyl

i

{ Pr’eclt'cal:e t‘.n]cu.lu..s , ¢C.e. C\I'sﬁrl'bulzl'ow
Or = 9.y over }

{(Aax:: x = 3.5)]

{a‘nherc\fmmje of [1 and A}
(Ax:: [ x = g.y] )

L]
(ax:: {:F'x = };l])

{ihlzerc\nahse of A and (11}
L(Ax:: f.x = y)l

{ predicate co\lcu\us}
L (Bx:: f.x) =4 1 ;

and #ince the ecpuiva‘ence between the rl‘r.sl:

and the last lime holds for any Y. (k)

m

i

i

1]

f

follows . Note that in the u.)aove \aroor the
interval structure Of Ehe exr:ress{on 9-y4
i 5 comr.w‘el:elﬂ irrelevant . That expre.ss.ion

could ecpuquﬂ well  be aomel-.\'l{mj outlapdish
ke a(~E S oY) . Provfcleol it is a
Fredicate :

T'lve - very 5imi‘qr- \aroor o(’ 3'5

universal COr)Juchiv:'EB 1S |efl~. to i:\ﬂe reacler .

(End of "l’roo-c.)
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{ The transposition
1

T this ‘ore.senl:abion of the relatioral
caleulus relakions are comsidered Lo be
Pr”ec“cal:ee. s and the relational caleculus
will emerge from the yor'ecl[Ca!:e caleulus b_g
exl:enol{m_c, the latter with two wvew O\oera!:or's

ond a wrew cormakbant .

The [irst o‘aeral:or* to ke added is the
50 - called l:r"a,nsloos;él:ion . Tt is a uriary
Osoer‘ml:or* to be denockted bﬂ a Prgf{x o~
- Pronouncec‘. "Lilde" =  amd it 4s jivEn
the same binclu'wj lpower a3 1 . By
Po.sl:u'al-e, h‘ve l:rans‘oos.-il:ior) sakisfies

(0) f_mx =~>5] = Ex =9}N_9] (ror a” X,H) .
From (0) and the Juhckivikﬂ levnma  with
F.,_g R VNS we corclude

o 15 univer-sa.Hg oli:juncl:ive. , awnd

o~ is u.nfversa”g con\juncl:ive X

QHOL I’)QHC’E

(1) [~ false = False ] . D obrue = Erue] ,
~ 15 tmorokonic with respect ko =
After thus ‘navirnj settled ~ s Junc!:ivi[:y

PrO\oerl:ieS, we row '{nvabE{ja‘:Q brow (&
"b&“’la\leﬁu L C‘.orhbinal:iovv wil:L: \ﬂEjaEf‘Oﬂ,
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the squoare lor‘a::.‘ael:s, ard iE:,«e_w‘

As for the lakter we wi“ ohow that

o (s an involulion , (e.
(1) [NN X - X ] ( For a” x)
Proofl We observe Ffor any %

Py

Lovx 2 x]
{(0), see Remark l:)t'O\wJ}

[ux =H o~ X

{ (o)}

[x --.)mrux.J

i

it

Sivice the middle lire eq’uivales true |
s0 do Ethe outer lines , which establishes (2).

(E_t_]_g_L of ’Pr"oor,)

RErnqu in tlﬂe Lu”nl::: of t\'u: a‘oove |/ ttle
Ca|cu|qbfor) we delc’berabeig ‘-er!: out the
par‘*l:fcu'qr* irmnstanmkiations of (0) because in-
cluding them would rot agree with our wview of (0):
formula (0)  exppresses that we can g’ee[g

move the 's_tjmbai ~ back and forth between

the antecedent and the con.seciu.enl: of an

imphc.ql:iow bektween Aguare br'ac_ke.hs . It
is b_g rmmear s O‘F (:\'11'.5 '.sim‘aie ”é&m‘ao‘ clahamfcs"
that we rermember and wse (0) . The siktuation

15 very éimila)“‘ to k\ne way yrost P“’F‘e
deal with e.q- the rules of de Mor’jam

(End of Rewark. )
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Next we ».s‘now that Erans‘oc:.:[-iorw ard
fne.jakion distrilbbuwbe over each other, ce.

(2’) r"‘"’" = N*‘\X] (Yor all x) .

’Pr‘oor —T\’Ie ‘oroof L5 B_lj hﬂu':ua\ im\ain‘c:an.':ioﬂ:

[-nu X = ~~X J

= {s‘ﬁunl:inj the antecedent
i to the cwnsec‘uenl: }
l brue = wx ~ ~ X ] )

and the va.lioln"l:l.’ of the latter Fo“ows o

M X v NaX
= { v over v ~ 4s  wniversally
Clisjuhcl:ivc g
~ (x v T x)
{ precl:"c:al:e calculus }

L

~ Erue
= (1)}
true :

T‘ve — Vvery é('m{]qr'... ‘oroor o-r i-.\'ne imP\ical:{on
in the other directiom is left to the reader.

(E’Ehd of Proof-)

Because the Lran.srrosiLion AS Mnive,rxan_g
Juncl:ive amd  distributes over the hej&l'.iow,
we bave as a c:oronary:

(‘i) —rr“an:aloosil:ion distributes over a.“

|v_3{c.a‘ operakor& A'tncluc\u'n_cj the two
‘Ojica.l cputamﬁpier“:: .
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Ffﬂa“j s (romm (0) we‘l:L: X, Y= bruwe, x
toge ther wikh [mbrue = brue] .,  we

COY!C‘U.J,Q
(5) Ix] = E‘VX] 3

(. wWe can Crce.‘ﬂ Eranspose or de- l:r"amspa.se‘
an expression between square braclets .
This rale s useful For Ca\cu\ahiona\ Prach‘ce.

es\aeciaug i combirmatkion wil:\-; (4)

T‘fu'a Comp\ei:es our introduckion of the

ET"QH&PO&E kiowrm -
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2 The composikion and the tramsposibion

The aecond -and last! — orJerakor ko be
added Lo the prec\{cal:e. calewlus  is the
50 - called C.omrosil;ioh. It is a \oinnrg
O\oera.l:or ko be dewoted 133 ar infix "3
— Pronouhced "sewt( " — and < (s given a
lm'_gl—;er- I:)inc{{nj power than the oblrer binarg
oEera.Eor‘.s and a lower binc\inj power thar
t

A\l

e uwnary oFeral:or.s .

Our Fir'.s!: ;oosl:u.\al;e a.soou.{: the c;omraosih"om
ls wvery im‘oor‘:ant but wnot too iwi:ere.&l:iwg

in ks own ﬁ:ﬁ'nﬁ. It reads

(9) d'le COmFo.ﬁiEfon (s associakive , (.e.

{ x3 (ysz) = (xsy):z ]

The second lao:;l:u.lal:e ie , in Fact,
a Pal’f‘ of POsEulqu-s \fﬂ‘minj c.om‘aoz.il:f'om
and f:rah.sposil:ioh :

(1@) E‘ne "\e(:l: - excL)ahge“
[X.;g = 2] = [~23~y = 4% ]

(1‘:») the "r"‘ij\ol: «-exc\qanﬁe“
[X.st_-j = z] = [Nx:, “lz'“}"B]

At Cirst, these rules look \aorr-:’(-‘gjénj b b

l:lfve_‘.; no ‘on_ger are Ovice we becorme aware
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of their "5_\5m|ool c\_\jnamics", First observe
that oll antecedevts are composi&iohs of

T the \eft—exc\oam_%e the

two O\c:erancl_s )
trarmstormed

one side of the Qaruiva\ence_ 15
into the other 195 exc‘na\nﬂfnﬁ the le
and the C:oﬂsec}uen!: while ﬂe_c]ai;inj both

~ L€, l:a\u’ktj their conl:rn.‘aost'lzivew and
l:r“ah,s‘oo.sim_g the o;oer-qncl that remains in
Plo.ce.» Note thal this recijoe works (n bol-.‘v
direckions aince removing a mejalzic:h or
tr“ah.spo:si&ion ‘s the sarme oas ac\c\{nﬂ ovie
— botls are irnvolubions — . The

rijia&*exc\ﬂahae has the sarme djhamics,
excefk thal this timme e r‘ij\'-pl: oper*oumcl Ls

(e ope rand

QXCLIG.HjeGl -

The above exc\nqw e rules con be
Com‘:\inecl ~ aboult w fc‘n ywiore later — inko

Jaa'o van der Woude 's rule :

(2) the “mmiddle - txcinanje“
[xsusy = o]
= Imx.:, - Arg N,.(j =) -1[,{]

Proof
Lxsusy = o]
= f(0) , ihe. 3 is ossociative }
[(xsu)sy = ol

[ left- exchange }
[ Ao vy = <(xsu)]
= {COH‘:FaPomiEfVQ}

i
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[ xsu o < (wsn~y) ]
{r;"jfr»£~excl—1amje }
[wxs (Aerswvy) = -ul

{ (0}

[Nx:, - Ar 3 N_Ij '=-)"1H]

(End of Praof.)

i

h

Remark The e.XCL)thE r‘u‘e:: may Br;'mj
about all sorks o(: r;hcl:{ona.‘ composi‘:iom.s
Gr 1 and ) T\ﬂ owur ca.\c.u\alc:'ons we
will viok lhesitate to éfm‘oiip_g these
comr)osi!:ioras ivi omre qge a.lonj with ol:\’yer
mamirsula‘:{ons, ever without saytng &0

QX\O!;’C{L',_‘B . T"lbts, EL)e hejal:ion of ~ oy X

éimriﬂ 15 ~N X
(End of Remark.)

%
N *

Next we iﬂveshiﬁal:e. w‘ncl—.\—:ar Ny L7a._‘;': any

clisl:ribui:t'w"kj Pro‘oerkées with resper.l: ko

Composi(:fon, To thak erncd we observe

For‘ anﬁ X,Yy, %
[~ (xsy) = z ]
[ move ~ to cow-sec‘(uehf:
[x.sj - ~ 2]
{ Vefe - exchan e}
['1!\12‘.3 ~nYy o S wx‘f
’{f‘{'jl"b*axciﬂqnje}
[-,2 X = Ny ]
] lefE - exa}qujc }
f'\'y:. NX o = 2 ]

and since E\ne E?M;Vﬁ\eﬂce L‘:e.i:we,en l'.\'lc F\'Y'.Sf:

(cee (t.0) )}

1

Y

i
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and the last line holds for any %, wWe

conc‘ucle,

(3) the "~ over i - rule
[N(X:‘H) = NH.?:NX-}‘.

» »
.4

Next we show that C.omEosiHon A5
oth O\oer"anc(s

univzrsanﬂ cii::junchive. 1
We do so bﬂ ex&a‘oil:inj the junc_lzivilzﬁ ltmma
dealt with im the PreamUe. For o.r\oil:rarg z,

we define Prec\icake transforrmer ¢ as

Follows :
[ F.x

153 the jurnctivitby levnma , We can prove Cs
umiversa”fg diaiuwckivf‘:g — and . hence, the
Cormpost tiovr1 s Universal ch‘_ﬂ._ju,ﬂchivliég in
itse second operqnd——- \or'ovio\eol. we ‘nanaqe
ko establish

[f.x =) ':j] = (_X = bomeuﬂ[ﬂ_ﬂ 1

Z 5 X ] (ror a” x)

1}

This turns oul to be very éimp‘e:

LFx =9yl
{definition of f1}
[23% = 5}
{t’"fﬁh&— exclﬂahge in order
ke 4solale X }
[NZ:, Y =) M x]
1 cowkra‘oosikive
(% % = (ves 2y) ]

1)

[ x = SOW)QE\n{nj]

i

!

it

i
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The - very {;imf‘ar‘m \aroor of i:‘ne ccmpo.siizs’ohjs

univer.s:a,‘ dijrnckivil:_g iv E‘ne [rsk oEeramc{
k

is  left to e reader . Thus  we ave
e:af:q‘oll'.s\wecl,
(l’) hhe CGH"IY)wsil:fov; 15 uhi\rers-a.\lj

di_?junci:ive i bok\n oPerands

As o result, we also have

(s) EFalse;, X = Ca‘se] . f_x.:. Calse = Cu\se],

avnd

QGVH\OOS»”:{OH {s wioniotoric wih\‘?
T“f—br)eclr te = i L'-‘O!:\ﬂ oreranols
» »
~
Fina.“c:,‘ we wis‘n te mentkiar f:‘ﬂa{-
commposiktiorm and haﬁakioh do not relake
niceiy and I:s'm!: ~herice - there are wio
ice conjunc:!:ivil-_g ProperHcs oC the
Composihon.
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9, T%e icle.nj:.n'l:q OF com!oosfb"or;

\We would Jike COM[OOE:H:(OY? ko bave
g ic(-em!::":ﬂ e|cmen’t. ﬂﬂererore, wWe Poshm\al:e
the exiskerice of o Comstant Prea\fcai:e J

5““.‘:{5??’)_3
(0) [xsd = x] (For all x)

which conveys Erat J 45 a Tfj\ﬁb- tdenbiby

QS‘Z’H’)CH&.A

'Re.mnark We carmok Lio‘ae to prove &Lve,

-

exisltevice oc éuc‘n a (rovm our Pr:viou&

posl:u.|al:es, because -~ as TRob Hoogerwoord
observed - all the latter are sa,':u'sfiecl of

the c.omiaosi!:ion (S fm‘alew:cwl:eo[ b__g

Lxsy = false | for all x,y 4w this case
(0) reduces to the h'ﬂl"ig im\aroba‘a'e

[ false = x] for all x .

(End of Remark.)

Frovmm () we derive thal composiktion
has ~d as a ‘fp[:*-{clew!:”:;\j eletment -

W

(!) ENJJX x] ( For all x )

Proof  We observe Lor any X,
~J 3 ox

{ Lovx

NJ 3 N X
[ ~ over 3, see (2.3)}

X1, see (1.2) }

i
H

i
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o (exs J)
= { (0) with x:= ~x}
N(r\:)()

(o]

i

X

(End of Proof-)

I existent, left- and r;’\g\n&-—iclcnkf&{e.&, are
Q?ucxl, A0 \we have

(2 (~3J =31,
leicl‘i ?o“ows Crom

~J

{ (0 with x:=nJ}
vy s d
§() with x:=J]

HH

|

3
L summary  we conclude Crowm (o) , (1), anol (:z)
(2) [.x&jEX] and [ Jsx = x] ;

l.e. J is bthe (Ewo- sidec ) identkity elerment

of comsoosi Eior .

The one and on\g theorew of this seckion
that will be arpea‘ecl te later on L3

(u) [X = X3 l:r-ue] , ond <ts dual

L x = Brue; x |
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Proof \We prove [ x = xstrue]
X3 brue

& {2 s mowobonic, using [true &« J 1 }
X 5

]

{identity of &}

x

(End of Proof.)

Wi th t‘ne iritroduckion oF J on OVEFWL&e‘mfnj
hum ber of mew btheorems wails to be

Fcr‘rﬂu.lat:ecl or 4inverkted . T this i'ﬁhroducl:or‘_‘j
text we will, bowever, Lwtrcuﬁ touch om any
of (:Lvese_ 'Presumablg, E\ve Erormous 3r'ow|:‘n
Avi ”Vnani\au.lal:ive obenbial” is best e.xP‘ou'neoL

by the shape of formulae  (3) and (W :
f:‘ﬂeﬂ are krie ohl3 rules , b0 Fmr, Cor
A'wtr'od.ucinj (and remowving) composikions .

» »
»*

The r‘elc\,l:iona.‘ ca\cu‘u&- cav , OE course,
be c\eve‘orzeol. in various wWays . More
trad( tioral presentations, for <nstarce,

Pos(:u.‘ml:e. ak orle Ce.” SWoOo P

° AS assoc:'alzive

0 J is the two- sided éc\e\nl:{‘:_\j elevment of 4

° { t.T = ‘\’3 J
o the riddle - exc\—mnge rule |

arncdk this (ndeed su{fices ta prove oll ehe
resulks (;\nal: we \/la;ve Q.bkal:x‘lﬁﬁ\’?ecl A0 Car‘m
The \arola\em w{E.\n this et of \oos!:uialzes,
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bowever, is thatl ‘nard‘_\j o.nsl:\m'n_g usetw}
car be derived from a proper subset of them |
It is oml__tj when the whore Eumc‘n is taken
Anto account that the Ca‘tulu,& opens wup
‘ike_ Pondoras Box . Tt 4s Pr'ec:'se‘B this
lack of C\I'-SEHLOLHj\ecLV)CS._‘: thatlt has Fr’om\akec‘.
us ko o\.iverﬂe from 5&4&‘4 oL ymore i:r“a.olil:rona_}

\oreaeméa‘:iom ,
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4 A little theory of left- and right - conditions

I this seckion we offer vio new posl:.ulakes
but instead deal with two s‘aec{a\.‘ livid s of
predicates to be called “left- conditions’
and "rfglqk-—- coneclitions ' . We do %o because
e e.ver_u,” breatment of the relational calculus
these "comdibtions” pop wp every o ofker
arid because amn ale\meh}:arg maskery o their
(s 8 e‘oraic \ar'osoerb'es may \qowe a bencCic(a.!
elleck orm our re\ql:{owa,l ca‘cmla\h‘on& as o

whole .

'B.\j de {inition,
(0a) P 15 a ‘aftzmc:ono\ikimﬂ = [\a.: krue = ga]
(Ob) g L5 o r‘ij\nl:“Cc:ﬂo\{Bow = [ bruey 9 = cp:l .

Because for all x . we have - see (2.4)-

[ xsErue <‘=x] avd [ trues x <= x|
we oy conclude
(1a) o 45> & left- comdition = [ pstrue = \ra]
(1b) g is a \"’fj\'rlz- condikion = [true; g = q,_] ‘

Noke that por"mu..‘a.e. (i) are Cor"\fna“ﬂ wea.\rze.r

characterizakions of cormditions thawn
rormulc\e. (0) .

QQMQr‘LZ It is inm Scnera‘ (}mu‘l:e usepu‘ ko

be aware of the wvarious e.cpufvalen!: forms
Of o rormu{a, ! ‘ao».rl:{c.utar 'IE sorne  of I:L-nebe
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for-ma” weaker thayi  others.

t‘ne: \V-§ fo“!:g 0( (e} rothu.hL,
ko be Prererred_,

b‘nc skro mg

t.‘ne

FO]"H"I5 afre

For proving
w«:a.iz versiovy 4s u.sua”g
(oilzl'ﬂ.gM the Valt'ol.ilty

wlﬂerea,.s AV] E&F ********
Verstion {5 re‘eralale. .

(End of Remarz .)

or (1) be.‘ow‘ a.” L\’Ieorem.‘: ov?

coyne Avi tomir.s;
lelt - condi-

BBecause
‘E_CE- ard r‘l’ﬁlﬂ:w condikiovis v

what Collows we therefore focus own

tions maim.‘g .

(‘l) \o LS o tEC{: - coma\ft':ion
= v is o ri_ﬁ‘ﬂtm condi Eiow

Prool

le(’!: - condition

is @
= {(Oa)} .
{ P brue = \oJ
= { [x] = fvx] . see (1.5), and

sHee (f.q) }

~ over =
[N (P:, true.) = ru\o]

{ ~ over see (2.3), awnd

[ ~Erue = true) }
[i:rue 5 v = N‘O]
= {(Ub)}

NP 5 o r‘i_gh!:-— condikiow

(End of 'Tjrao('-)

* *
"

First we invesjr.iﬁalze bow te form wew
TV‘? pou:[:',

IQCE*GOHC(EE'IQHS (roem exis&.inj ories .
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We car '.f:\ﬂow

(2) Xip is @ \ef&- cordikion

&= o is o \eﬁ:-» conditiormn ror a“ X,
avid
(lf) O-” \osiCal expressfon.s L:su(‘{: crom ‘Q.CL‘—'—

condikiors onlﬂ ore \e_-ﬂ:w cortdr ki ens

The ‘oroor or (3) is left ko the reader .
As rO!' (h) . existential cpuqnl:ir;'c.ation,
hecjal:fom, and the constant true suffice to
baild all \ofj{ca.) expressions , &0 that (4)

Follows f we cam dermonstratke
(4a) krue 4is a lefb- comdikion
(4b) “k is a left- condition
= o is a lefb- condikior
(4c) (E:_'__."a 1&) is o left-condition

e (__ﬂr; e (s o \ertmtorn-h‘l:i‘oﬂ),

The \oroor or (‘!Q.) LS \eft to the reoder .

’Pr‘oof or (l{b)
12’5 (i"‘) s i—-\’)& r‘e::u.h: rouow.s (Fovm

Lap s true = ¢l
{ |e.C¥:—-exc\—mnje _ and [ ~Erue = Erue }
[ | true = o ]

(gm of ’Proop.)

i

Pra or or (L;C)
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'E)g (0a) . the ‘r‘e:’:ul‘: ‘ronows fromm
(Erﬂs ) 1 true

{ & i universally disjunctive }

(Y:;‘a:: s krue)

{ frorm Ehe anbecedent of (ye):
[P.; true = P} }

b

Il

(E_‘P:: \o)
(Ehcl of ’Pr‘oor,)
» *
Amon all EL‘neorcms (‘h\t’ol\ll'hg ‘E,Cl:-v or Fl’j‘ﬂ&“

condrktions , e ronewimj one ranks very
‘mj‘v i imr_vor}:ance. :
(5) ‘FO"‘ left - conditiom P

[(PAX).s_lj R e K:,g]
(Cor a“ x,g)

Tts d.u.a.‘ RS

(6) Cor rij\':l:— condikion ¢ -
[ xs (y~g) = xsy ~ g
(_cor a” X, Y )

(IE ts the fa‘-:ape of these rules that bas

by _cjereoL the nrames "le.f{:uf:‘.onc{fh'ﬁh‘ and

r‘ij t- comdibion . )

,Pr“oor OF (5)
The Fro::r L3 bki mu.l:ua‘ i\-npir'calzion« In
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the owme direckion we use l:\-ml: is Q
left- condition and i1 the other direction we
use that TP 5 Q@ \erf: - condsbiorm .

e [(p~xsy

L

P~ x3y |
This Paré L5 esLa.H%sL;ecl l:ﬂ two Lwole‘oe.nw
dent Weakemr'vnjs of  the

ontecedent, wviz.

(p~x)s y

=3 {_:, L5 mona‘:oni‘c}
Xz Y
ancl
(Pp~xsy
= &5 A% H’ieho!:oﬂfc}
P 3 true
= {P L5 Q \trt-COHa\iE§oh}

F

[(pax)iy € pa xsy ]

Here we ronow o heuristical advice l:\na.,i:
we owe bto Lex 'B_fj[smq. - 5See ’Remqu

below — ond rewrike the devmonskrand um
imko !:lne ec}uivalen{

[ap v (paxdiy < x5y ]
'T[’H'su row, ro“ows 'Prom

v (peeiy
= 5 AP 4s a lelt- condibtion, (-e.
Lap = 1ps true ] }
e s Erue ~ (PAX)_:., Y
& { L AS monobowfc.}

aps Yy v (pax)s oy
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= {'ove.r'v}

(ap ~ (P~x)) sy
{ Pre.cl(cale. calcu‘us}

(np ~x)s y
& i( o ds momol:cuna'c;}

~

X_;_g
(Ehcl. OC "P‘"‘-"OC or (‘5))

i

Remark As the reader will have notbiced, wmany
oc our Proefs La‘ze. A"IQ, Form or livmear
caleul ations - Whenever the demonsirandum 4s
an im‘al;ca‘:iow or an Qquiva\emce., Le. an

with two sides. the ueskion arises

axPreasfon

ot which side to stark CaICwlal:iﬂj . A very
usefwl beuristiec is to skart al the vmore
c.om!olicalzeci side . But what i both sides
are e?““”ﬁ C:.Gm‘ol;c:.a!:ed? ﬁj‘sma's advice 43
ko l:rH to massage the emlbire demonstrandurm
s0 as Lo make ome side more complicqted
thar the obler. How Ethis can be dorme s

Qa ée‘aaque concerm . We l-.\—:in‘z that im the
@bcve Pr‘cor we ‘nave_ 5‘-;0\«:1.’7 Q. 6Mccebsrmi
Q‘opil‘c.al:fom c:p lesmq’s ’Pr;‘ncfpSe .

(End of Remark. )

Now we are r-ea.cig ko prove whal may be

called the wain theorem on  “condibions”,
which reads
(.:") E"’e ! ‘Qf“:/l“l'_si—-o{: - QOMPoaiE{nh“ :

for ‘eff:- cormdibtion ° awd
rij\vf:ﬂ comdition g
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L ps g = P~y ]
Toje,lzlﬂer WI.I’JLI [x._-, J £ X] and f J3s X EX1 s

ik 45 ore or {:LIE. Few »siwmle ru[es Pr*om E‘ﬂe_
rc(al:iona! Calcu[ufa that admit bae inkroduckion

o elivmiration o-r the compos{l:ion operahor'.

Pro or of (?J

P % preol(cake calcu}us}-

A Erue) 2
(P { P )i‘s ?la left - candikion, hence (5)
a—FF’fe& W“‘i\’l X,y @ = Erue, q! }
o true;q
{ ¢ ¢ a right- condikion |
P~ g
(_E__r_z_i of Proof. )

i

i

H

And ‘:Ll!'.b comcludes our Ereabtwment Or
"C:onc‘i(:ioms“ .
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s The Cone Rules

All our pos&u\akes 60 far . vie.

e Irvx 3yl = Lx 2 oyl

. L 4is associabive
. Ex.a_lj@i’] = ['13_;~_l.5-::)~1><]
[x_,g.—:;z.] = [~xs 2 -—=)-:‘_-j]

» [X,__‘, J )(__] 3
are »sca.l:i.sfiecl ic E\’IQ Lm‘P‘e (N 1 5 l J )

is imwlemented by the Ert"ole
( 1denmtbiby transformmer 1 A~ | true ) . This
Possfbilibﬂ wE” how e exc‘udeo{. bﬁ our

next and last Posl:u,la,{:e., Hhat we owe to

C.5. Scholten and has beew dubbed
“the Cone Rule’ 50_9 Jaap vari der Woude .

IL reads

il

(0) [ trues =% : brue | & = [x] (Por all x) .
It can be formally sirengthened into

(y) [Erue; ~x 3 brue | = = [x] ,

because the L\mrhcaL{ow

(2) [true s ax; truel] = = [x]

Collows fromm the previeus poskulabes. The proof

of (2) , which is ‘Dﬂ a case diskinckiow
bebween [x] = true and [x] =z false , is
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left to l:\oe reader

P »
“

Eclsﬂer W- ijk.sEra de:ar'jvnec\ avriokther rule
withh  the effect of o\f:sl:a'mjuishin_g the Ercrale.s.
Tt reads

(20) [ xsbtrue ~  tkrues yl
S [xs brue] ~ [Erues yl .

or weq,ui\/a‘&’,h!:‘g -

(?:b) ror a“ ‘eff:w condition s e and
rijhkucomditioms 9.

Cp ~vgl = [l v [yl

Alfred Tarsk: invented yet arother rule
with the samce effect, wviz.

(1) [ x 3 true] v [ Erues Ax ]

In the remmaininm part of Hhis seckiorm we shell
show  that Scholten's (0) , ’D\i)‘ksl:rq's (3) ,
and Tarski's (4} are all Q(;uu'vn‘eni . We do so0

b_g .sLnowiwg
(0) & (4) ., (W< (2a) , and (3b) « (0)

in this (irr"e‘evcrmi) order .

Proof of (0) & (4)

Firsk we rewrite (4} 41nto an Qq,ui\mlank
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imp(%caiive s\aape, viz.
(%) L xs true ] & o [ Eruey ax ]
aric prove (D)‘?(*) . We abserve ror- any X

(0)
{defirm'!:ion of (9)}
[Erue;, “ X 4 l:r-u.e] &= 4 [x]
I 2 4s associative
[ (true : =1x) 3 Erue J <« (=]
& { (%) with  x = (brues +x) }
4 [ trues -+ (Erues "‘“'IX):] < 1 [x]
{ coml:ra.ioo_silzfve
[erues = (Erues ax) ] = [x]
&= { monotonicity of [11
[ true s = (trues; -x)y = x|
{t"l’ﬂh&— exc\qanﬂe:, and [~ Etrue = Eruel J‘
[Erue; ax = trueg; -;x]
{ Pr‘ec(:"c,ql:e calculus _),
Erue

(Ehc\ ot ’Pr'oof')

i

i

i

it
]

H

'Pr‘o::r of (1-{3 & (?:a.)

We cobserve for any x

(4)
{O\eC{nonn of (q)}
[x3 brue ] ~ [trues 4% ]
& { (34) with Y= ax }
(K; krue ~ l:.me.; -1X.]
& [ [xstrue € x] and Teruey ax & ~x]1 ,
see (3.4) |

EK v 1><]

1
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[ predicate calewlus }

Erue

(Ehd O( /Pl'oo-c, )

Prool of (35) < (0)

For any left - comdition P and r«'3\0£-
condikion 9 we observe

lel v (g1

& {C.ow!:ra,\oosfkn‘ve of (0) . (e,
(x]1 & < [erues axs true] 1

'1[&5‘"!4(8.3 TP s true] ~v = Ltrues g s l:r“uc}

i

{'1\" 15 a \eﬂ_ conciktion,

(e. [apstrue = apl ., and
g s o right - conditiory,

(e [ brue; =g = «13,] }
A ftrues 1p] ~ AL 1gstruel
{de Morgan}
9 ( (trues ap] ~ Lags true | )
, [ T1 over ~ )}

i

=4 [ brue; qp A~ 1Gs brue 1

{ Erue; - {s o left-condition

i}

]:aec.a.u:ae ap LS - See (L;,B) - and
g5 brue 15 & riﬂhhm corndibior
because A L5 . Hevrce Lthe

\eﬂ:/rn‘g\qi: - compos?l:}on arphe.s
~ see (4.3) — }

A [ Bruey qp 4 1q 3 true |
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{1 i associalive }

i

- § true; (ps wq,) 3 true |
{ ‘efé/r{jh& ~ composition on  1ping }

H

[ true; (Ap ~ag) s Eruel
{ de Morjan}

i

A [trues A (pvg) ¢ true ]

& {cOHEraY)ositiva of (2) . Ce.
~ L brues 4 x s i:rwe] & (<],

with xi= pvg }
(e vl

’Qelﬂqo«rk The two sl:r'engk"rcming steps  in
the above calculation could have been r‘e\a‘qced‘
preserving zsl;evos bhacd we used
the forwal él:ronjer* (1) rather than

(0y ancl (2) bc‘aa\ratel . This, bowever, would
have olbfuscated that ljve, first ALT‘CHSE\’)EH('HS

is o ﬂenw'me reference to the l"H’.W‘_!j introduced
rm::l:u;\al:e. () or (1) . whereas the second

wi th eua]f& -
9
P_‘J

5hrehg¥":emiwj does viok r‘elﬂ ov) that \/JD&:EL&‘G.‘:Q
ok oll . ; This C.onc{r*m.s L('hcc;‘h A. Wc«”enls
WArrin thoat Hre wiotion of "ea,uivm\ence“

should be handled wi th care 4 Q%Mi\la\ﬁhteb lhiele
wh the one side implies the ol:\ner, and these

T

reasens cart radically differ for the two direckions.

(End of ’Qemat"i-)
(End of TProof.)

Aned this concludes our introduckion of

the r'e\axk{ona‘ caleulus .
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5 Etuwdes

For l:\nz reader w\’)o \'m.s i:r-a\feuecl. this Cm-‘
we include a emall sel of exercises. \We
have rok tried to sort thevn accoralinj to

seckion or d.'PCfculLB, 'simr..‘ﬁ Eecause we
do not rea,”H kinow how ko do Ehat .

From our own e.xperience we keow Haak
many ol these exercises can be C\t'scuu.raj\"WB-
‘5 hard, even i:\'\oujlﬂ oMl of thewn admil
r‘e|al:{ve$5 f:\ﬂorl: anid l:ec(r\nfco.“ﬂ /aimp\e
solulbions . OQur advice Gto the reader whe Saks
stuck 4is Eo stow trying, and reinvestigate the
\or"olo‘em much more consc{ous\g than berore,,
kee\oihﬂ ore eye on E\’IE cor-mula Lo be
Mah;\ou\ahed omd. the other oy the man(\oulal:(ve
\oos»silgi‘{f:ie_s ofrer‘eck b_nj \-.Lve Qa\cu\ubw '.Du.r{hg
that process, cmr;‘oifca\l:{on ef Some 0(\ l:\nc
‘ﬂeur"l'f:al:ica‘ \"m‘e.s thhat we scatbered E\qi‘*outg\v
the kext may lne‘ga. The reader will Ehen
ex\aem‘encc thhat the exercises when
carriecl out a\on_cj these lives, are yruch vrore
than ju:—;l: ’xercises 4n relational calculation :

l-.\ne_.j are exercises AV P\“ouc construckion .

0, (x=3] ~ Ly=3]
= [x*;,ﬁ:—sx/\_tj]

{. [X"-*?J] = [x=~x]
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For ¥ Q. ‘&:Cl:—- or r'fﬂ\nt:-- condi tion
Lpeip = rl

i

[~ (xstrue)l = [-x]

f‘“(“rec\. Tar‘skf's rotakion r’u]e-.
Ixsy = . fyse = q X )

For P o left - comdition
L xs(p~y) = (xavp)sy]

[x——-)x_f,:ux_;xl

For § o right -cormdition

[‘C;_a trues ~ g = 1,;1\’@]
[J = (B_x:: "‘!(NX__‘, "13())]

L= (xs trues 5)] = [1XJ v [y}
( this is BCE anoaﬂer Cove Ru‘ej

[x=2J] = b x = (%3 brue; x) ~J 1

[ x5y ~ 2 = x5 (y~ ~x3z) ]



12.

13

.
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[X'—%J] = [Xs (ljf\Z):-“s X34 /\21

For \° and 9 left- comdibions
Cpsg =Pl ~ L9l

[J1 « (2d; truel
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