PREDICATE
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PART 0

CALCULUS

in the order 0(‘ de,c.rea,sin_c} Einda’nﬂ power :

Func{:ion a, arp‘iw;i:ioh

-1 ﬂejah’ow
AL conjunchfon, disjunc:Ea'on
=, < im|a!fc‘.a':r'on, Consequence
= # acpufvan'cnc.e, differerce
» Lebnizs Rule
[x=y] = [fx="{y]
« _Associakivity
E%uivq!ehce, difference, cakéju,nc(:ion, and
disjunckion are associakive Cpul'vaience ard
ditterence are mu&ua”g associakive Fuhc&ionq‘
anifchion is le&w lxssociq‘:éve, L-e

[ Foxy

—

(£x).y]

- 2yomelry _and _ Tdem potence.
= M!lVa'eﬂce, o{irrcrenca, COﬂJuhcizfow, and
disiuvmckion are s mrekbric | Conjunc_hon and
clt'sJ"unc.Eicn are .ic?{,m‘oo‘;eﬂ{:
+ Uit elements _and _fg_e.“_.gl%mﬁﬁ ks
Units [ X =2 true 4 ‘X ]
L X % false = X]
[ X ~ true = X]
[ X~ false = X]
Zeroes . [ X A false = false.]
LX v true = Erue |



Elernen bary  Rules

W11 -1

Distribution
[ X v (Y=2) = XvYs= xXvz]
[X/\(YEZ)“:? XA = XAl = X]
L X ~ (YAZ) = (XVvY) A (XvE)]
[X o~ (YvE) = (XaY) v (xa2) ]
Absorption
[ X v (XAY = Xx]
[ X ~ (X~ Y) = X ]
[ X v Y & x]
[ X~ = x]
Corm]olemen@
[ X « C“!XA\f) = XY
[X A GXey) = Xoy]
Golden Rule
[ X A = Xu = Xwy]
Imphcakiow
(XY = Xvy=v]
[X=2Y = X~Ys=x]
Y.x %\\/ = -‘Xv\\’]
[Xe = Y3 x]
Nejakion
[~ (X=Y) = 9X = Y ]
[ «X o X = Erue ] /
P 11 X = X ] '
L (XM = X ~aY]
L= (X AN = aX v ey
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Exercises

['PA(XE\{EZ)E ’PAXE’P;\YE’PAZ]

[ X ~ (X=Y) = X AY]

[ (X= X~Y) o (¥= XAY)]
[ X ~(X3Y) = X~AY]

[ XAY 2 Z = X = (Y= 2)]

L(X2Y) ~ (¥32) = (Xs2)]
[ (X=2Y) v (¥ 2) ]

L(X=2Y) ~ (¥2x) = X=Y]
[ X = true |
[ btrue = X X ]

[ (X=Y) o (x=v)]
L X+ 22

[ X 2 YA Z

i

(X=22) ~ (> 2)]
(X=2Y) ~ (x22)]
(X=22) v (Y2 2)]
(X=Y) v (x=22)]
[ X = (Y=2) = XsY
L(X=Y) 3 2 = X252 Yoz « 2]
[ (X=2eY=22)aP =2 Xo7F = N =P

Hi}

[ X ~Y 5 2

|

[ X = YV iz

]

X 7 ]

fil

gl

Z=T ]

I}

L (x=2Y) o ((\{72) = (xX=32)) ]
L(M=22) = ((xsY) = (xs2y) ]

[ X2 (Y22 = ¥ s (x232)]

L X2 (Y228 = (XsY) 5 (x22)]
LX3 (32 = XAY 5 x~% ]
[ X~ (M=32) = XvY =3 XvzZ]

[X=Y) 5 (xvz s vvz)]
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WFi2 ~ 3
[(XaY) 5 (X~AZ 3 vy~2)]

L((x=3) s 2) = (X =3 (¥=2))]
[ Fa]sc =) X]

[ X o false = 4X]

[ X=X = false ]

[ aX 2 X = %]

[ X=Y = aX<&2v]

[ XA =2 XAZ = X~ (Y=22)]
[XAaaY 5 YaaX = X=Y ]

[ XA YV E) = XAY 5 (X~AZ 2Y)]
[ Xv (A8 2 XvY = (XvZe Y)]

L (XA} v (XA = (aXeY) A (Xv2)]
[ IX]] = [x]

L Xs¥] = (Ix] 5[Y])

Ix]I v IY] = [(xv¥]

[X] ~ [Y] [X A~

[X=Y] = ([x]=(Y])

H

n
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PREDICATE CALCULUS -~ PART
»  Elementary _ Rules
Tt‘adihg
[ (Ax: rix A~ s.x: p-x) = (Ax: mx: ~5x v p.x) ]
[ (Ex: mx ~ s.x: P‘x) = (Ex: rix: s.x ~p.x) ]
5P|E&Lin5 the range
[ (Ax: rx v sx: p.x)
= (Ax: rx: p.x) ~ (Ax: s.x: ;afx)]
L (Ex: rx v s.x ]o,x)
E (Ex: rx: pP-x) ~ (Ex: s.x: P.x)]
Distribution
[Q\/(ﬂx”px) = (ﬁx::&v‘mx):j
[ Q~ (Ex:: px) = (Ex: &AP~K)J ,

For
L Q ~ (Ax:: Px)
[Q N (EX:: lox)
anrd For

L (Ax::

and

bOO’EaT’I

p.x) ]
OI’!E: - ‘ooa’n(: - ru'es

[ (Ax:Lx=y]:p.x)
i (ex: [x=5]= F\x)

=

Dmmmy rehaminj

[(@x:r.x: F,x) =

[

]

]

rror: - emiakﬂ ramges

n

(ﬁx:: Qan)J
(Ex:: Q\,—\a.x)] ,
r"m':_gez

(Ax::

Lp-x])

I

Py ]
Py ]

(Qy:ry:py) ]

(Ax:: \ox) ~ (Ax: q,x) ]
(Ex:: Px) v (Ex:: ?x) J
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[ (Ax P-X“ﬁf}«x’)

= (Ax:px) = (Axigox) ]
L (Ax:. p-x = ¢ x)

= (Ex:iipx) = (Ex:g.x) ]
[ (Ax P.ng,c‘,.x)

= (Ax::ipx) = (Ax c;,x)]
[ (Bx: px= g )

= (Bxiipx) = (Ex:ig.x) ]
[(Bx pox) = (Axi px v x) )
L(Ex: px) = (Exipxvgx)]
[(Ax: rx vsx: px) o (Bx:rx : px)]
LEx: rxvsx: px) « (Ex: rx pox) ]
[ (Ax px) v (Axugx) = (Bxe pox vgx) ]
[ (Ex:: px) ~ (Ex 3%x) & (BEx: px ~qx) )
L (Bx: rx: pox) = (Ax: rx mX oA eex) ]
[(Ext rix: px) = (Ex: rx:rx o pox) ]
[ @ = (Bxpx) = (Ax: Qs pox) ]
[ Exipx) = @ = (Axi pxs Q) )
L(Ax:imx: mx v px) = true ]
L (Ex: nx: arx ~ p.x) = False ]
[(By: ry: (Ax: r".x/: P-x) = py ) ]
L(AYy: ry: py = (Ex:rx: p.x))]
L(Axis Qapx) = (Q ~ (Bxi: px) ) ~ (Axe: false) ]
[(Ex: @uvpx) = (@~ (Bxit px)) ~ (Exs krue) ]
For

non - empkhy range,

E(Bx” P") = Q = (Ex::

7 x ==>G‘1)J
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[ & =5 (EX:: PK) = (Ex:: Q =5 Fx) :]

[(B._lj' r,H: (Ex:: l'"‘.x)):l

[ (A pox v gx) 3 (Ex px) v (B gun) ]

{ (Bx::‘a.x) = (Ex: Fx)
[(E*!-’F’-X) = (Ax:: Fx)

i

it

[ (Ax: rx ~ fx=y1: Fﬂx)

i

[ (Ex: rx ~lx=yl: px) =

(Ex:: brue)
(Ax.y: pox = q.x) ]
ity vopy
ry ~py ]

[ (Ax: (Byo poxy))  © (Aye (Bxir2poxy)) )

[(,B..xa}j-’ YN [Kzg] : ‘ax}j)
[(B,K= g x A><<5+I:P.>(>
= (Ax: 0¢%x A X<y: P..x) N

[(_E_x: (< x A x{gu:px)
= (Ex:USK A.X(B:P‘K) ~

[(6&3: XY A X< Y+ poxy)

r(ﬁxf g x: !S-x_) = Fq‘sej
L (By:: Y0 = (Ax:0¢x ~x<y

Rewrilke (Ax: 0gx ~ X<y

= (By: ry: pyy) ]
(4<0 ~ py) ]

(0gy ~ py) ]

= (Axy;: XY oA x<ypexy) o~ (Ax:roxx pox.x) |

L)) ]

x<lyl)  into anm

equivalent expressior thal ne °nger contains

@ qyuqnizifa‘er'

f(l_\_x,ﬂ: X <y (f_\z::/x<z v oz<y) ) ]

Find all le(t - zero,

réj\fﬂ:-unii elerments o

%(iﬁ‘-.f:nzera_, el - unit, and

oFer—qlzor“ =

Prove that a conjunctive (di:ﬂunchivc) predicake

tra.nsrormer is mornobkanic .

Prove l:lm.z[:, for rrmoenokonic -r,
{ F. (B_X:: )() =D (BX:: fX)J R ar'mt

LEex: x) &5 [ (Ex:.x)]
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[X>x] = (AH: [Hax] 5 [H=Y1)
[X=>M1 = (AH: [Y3H] 5 [X5H])
[Kr—.\f] = (AH: [HoX] = [Hv\fj_)

Prove that Ioreolic:ﬂ:e transformers r avd 9
‘Sa':fﬁrﬂi‘l’ls

[rx‘v‘\f] = [X\/SYJ
por a” X and \f N

are uhiver.sauﬁi conj unchive .
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MISCELLANEOUS

- A _little coleulus _of 4 _and v

For anmy two numbers x armd Yy we deem to
be delinmed the expressions X &0y and
X < 3 . TL:E:‘ ﬁa&ébrﬁ -—5_5 \ao:::l;ulaizem

Lz> xay = z23x A z:2y]

n

L2< xvy = z¢x ~ zgy]

bere, the square brackets devioke mniversal a’uanl:‘arit:a‘:fon

over X, Yy, and . We now can prove o lot of
properties, re‘ot,l:s'ﬂcj A, vV, and other arithemelic
operators . )

0. Additior distributes over both Fa) and ¥

! A and ¥ are associakive, 55\~nmei:ric,, and
idEMPoEen{:

2 [xay > x ~ Xay zy ]
[xvy ¢ x  ~  xvysgy]

3. Ixay = v xay=y ]

x
['XVE’:x v XxVy=y ]

4 Lzs xay = zex z2sy ]
Lz2xvy = z2x v z32y]
5. a4 and W distribuke ogver each obher.

6 [ - (xay = (x)v(-y}]
(- (xvy) = (=»a (-y)]

1 L Xay = xvy s |x=y]

@ [ xay = x = y = xvy ]

g [ xay =x = x3xy]

0 [ xvys==x = x<yl

. L 220 = zu(xay) = (2xx)a (2xy) ]

And so on .
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the kwo
"‘afhr" and "rﬂn'hr",

L xa pinf = pinl ] Ix &4 min{ = x]
[X. A4 Pfhf = X 1 [x v m;n[:‘ = t’hu'nr_] .
A lmjh\:, Cormimon iwizerprekahon s ynax por Fa¥
an d miv ror" 7 . We  shall obick to this  inter-
pretakion and wotaktion (n  whal fallows
e On _MAX_ and  MIN.
o r- Fu‘niﬁe and (mo_sl:‘g) HoneM\ot ranges T X
and. ror A‘wl:tjcr* expressions rgx we wii corsidar

exPressions
(MAX %: r.x ; rx)

Cavrr ]oe de-rt‘neck l:)_g

[ z2 > (MAX x:: Cx)

L z2¢ (MINx [(x)

T1'7€J.J

and.

(MiN

X1 Xt rx)

(. cm:"Hf'nj toe mnﬁe_)
(Ax:: 23 [.x) 1
(Ax:: z< [ x) ]

T—lqej ‘ih‘q?.t“‘l'l: M’mnng ProFer—Eie:. rr“om Mhi\rer‘sa\ ﬂ,uanl:im
ficatiowm and from max  and min We will  lisk
Lome, for MAX h—min‘g \
17. Splitﬁinj the rarge
[(MﬂXx: e X ~ 5 % ¢ rx)
= (MAX x: rox;: r,x) max (NHX X 5, % : rx) ]

3. S\olil—.i:mj the term
[ (MAX x::

r.x max

= (MAX x ., C.x_) rrax

4 One - ]oo{ni:m rule

L (MAX x: [x=y]: \gx) =

{s. Distributbion

. x )

(MHXK:: 5, )() _]

fy ]

L{MAX x:: Ex min gy) = (MAXx:: Fx) min gy}
L (MAX %2 Ox max g.9) = (MBXx: €x) max gy ]
[(MAX s Cx v gy) = (Maxan ) + gy ]
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It 5‘flouloL be vioked l:"la.':
for

taf:f:er“

bwe rul-e.a ‘nold.
rﬂnﬂe.b Qh‘_gﬂ

riort - emr:f:g

6. |

™

= (MH—Xx 4 r,x)

(Ex:: 2= [1x) ~ (Ax:: Fx ¢ z) 1

[ Fz = (MAXx: mx: [ x)

= r.z o~ (Ax:rx: f.xs

9 L~ (MAX < [x)
Cteetera .

i

f=) ]
= (M,_LN..X:: *r-x)]

For Firite ranges  T.x and

CornsideF axlore.-.,:n‘on:a

(Sx: mx rx)

4‘nl:fﬁer expression r.x s

anal (Nx: r.x)
—nbwy dt(:(nt’hon——

fa\.se: rx) = 0 J

[x=yls Cx) = fy ]

X: X V. S.X fx)

(Sx: r.x: Ex) + (Sx: s.x: rx)

—~ (5%x: rx A~s.x: FX) ]

CGT"I‘TJ-’EI’“ we "mvc

L (&
[ (ex
[«

it jU'i 1U‘> 1

Furthermore , all
GFF‘B .

The lalber

Fam.--i-‘qr !"bll-e.b aksout

firite summa bt en
£s o\ept'mcc\ ‘DQ

[ (Nx:rmx) = (Sx;: r‘x.:'l)_].
so E‘ﬂai: ik s ha‘:urq|~valljol

For  the corresporidin
ﬁhc-‘oomi~ rule  we will ov&en Mee l:L;e orquP 7
L (Nx: [x=y] A rx)
= ;_f T“.B _—
[}'1!".3 -—3 0
£
]
*. "



