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The Lexicographic Minimum 0-\"
qray
o ch_hc f-\rraﬂ

\Je consider a e._tjc\ic array b([:o.s{/\k\\l_)

of (ml:ejers s AN Tt be:‘nj c:_njc,lic means
that for an{g ¢ we ave b.. = b.(i+ NY .
Irn Lterms ot 1k e deflinme |, Lor an s

l‘j -
sequence X.h of ‘enjk\n N , as Ffollows
Xh -4 l:_)((. ‘r)s(, Ai<\’)+ N)

As o result we have X.bh o= X.(heN),
50  Ehat there are al wmost N differenl
sequences X . Our purpose is ko
io\emtiftj o le»:iaoar'a. bical y minimal one .

More Precise\_g . wikh Sequence ™M _givew
by

()  (Eh:och ~h<N: M= X.h)
(1) (ﬁlq-.us\m«,h-d\lt M g X.\n),

we wish to comstruct a program thal
for somme variable T |,  has

ﬂ: M = X.r

¥

as a ‘oo&‘:r:ohcli[:fon— Moreover, we aiwm al
o program w{l:\n o Elvme compiex(&g" thalt <s
‘t"nem- L N

X X
»
OL(\’ Lqrjet Projr'am WIH CDHLOL;Y') Q
repeL—iLive coriskruck anmd we l:‘ncr*efore must
propose an invariant. A HMML—‘*QF of

camdidate {nvariants t"t‘:ac\{lﬂ Pl'e.senf:
thewrnselves . One O-C"Jc‘nem AS
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(Ab: 0<h ~ h<n: Xr g X.h)

It is eaas__f|5 4‘miLu‘a'|'ze,c{, and Qom_joineoL wit\n
i’l"-‘-‘N _L\'Je heﬂal:{c:w of am acce\aba\‘o\e juarc\u
it imp‘ies .

/'\nol-\ner Possil:}e invarianlt 4s

(Eb: rsh ~ hgs: ™M= Xbh)

EOjeELwer wid’; r=35 at im\a“es R

Now sSovneorne maﬂ Corme Ulr' W(l:\'l o E‘ﬂi)‘"ol
or o Courth r-or:osa,], but (meanLvu"e we
36’: saddled wi”‘: the \oroUEm GC w"u'c\':

{invariamt ko CLOO&&

In view oC E\ne re\al:{ve‘ﬂ \’Ifﬂ\") devmand
on the req,uirecl e.fric{emcg of " the program ,
we do weol want Ebo choose an dnvariant koo
ll'j"l‘:"??arf:ec{l‘g, because Ehe price ta be
‘oo‘u’c{ for ma‘m'mj koo cxirﬁ o choice could
become pretby lfnj\n Not onl couwlel (L
hqmr:er- M5  in a,l:l:ou'rl(l’lﬁ Elﬂe. Q%Cfcieﬂcg qoal )
but  —ruch worse— it could prevent “s
Frovm keepinj the c\est“jn ofmp\e. 'noere.(-‘ore,
we 1‘“0\!:"18!“ o.ma\_tjz-e. our torcjr‘amminﬂ \or‘oi::ie\m
(e ¥ l!L[‘:\e rnore Cmul:iou..sl‘lj , ano[ E‘qeh 9\‘{::;,&35—_1

our invariant from our ano{:'nj.sﬁ

» »
»*

Our Firsl: o\oserva‘:n'on AS E‘nak, WLla‘:ever
o.|jor£E\4m we wmay Compose, carrgt'nj oult a
\-exicograplﬂc; comparison bebweer two

distinek seguences X.\a and X-q, seern s
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Lo be an 4‘nd¢'5pensa}:le ingrec{ien{:n Sivce
éuc\q 6ecvuence5 are Lo be compared
elevment-wise and "from left to ri'g\ﬂl: . we

will éomel‘:ow heed to aneshijal:e
invariant T'e'o;t:l'on
. 0<d

~ (ﬁ(ﬂSLAL(C{' X‘Y)(, = X'(f'(.")’
for P#‘c; . Two olovfou.s ways or
hahfo{{fﬂﬁ it are -\'3_9

C\:r—t),

WLH'CLw establishes P . and by
X.F.c[—_- X(‘d_ - dizd+1
which maintains P | The lakber

immec{{al:el_(j Taises lz"lc ueskiop oc w‘aal—. we

can 69«_(1 A l:L-;e Case X'P'O{ ¥+ )(qo{

Here, ELM'. Fotion of ‘exicogr’a\o\ﬂ{c ovder
—r()rces ) to c\ish'njut'sxn be

(2) X\ac{ < Xci,ol

and X.armcl. < X.p- d . Forkunakel}j, relatiom
P s ésmmel:r{c: i P and cp o Ehal
(:‘18 case G\.ha‘l:jfpib does nrot bhurk .

weer i:lqe Cases

B_Lj the c{eCini’:;'on of ‘exico_cjro;\o\nic ovder ,
1° con_jm‘neA wiE\n (2) oih‘\\OSI'E«S thal
sez;u-emce, ')«’"a l{XiCOjrC{\DLl;CaH:j Prececle.s
seguence X.o}, . t.e.

X.\a < X.cf'
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Can this be oc on 6i3niCn'cance gor’ our
purpose of idenks _ljinj ARQuence M
From (1) ~ one of e bwo l:\m'hﬂs we
krnow about M — we have ™M < X.‘o , %0
that to‘ﬁei:‘—;er with X < X.a,, we conclude

M #+ X.?

As o Tesull, we have identified ome “mon- M”

z

se?uence .

RBul the result is not Heo.r'll.j stronﬂ anouj‘w,
since we have sidentified ow[;.} one 'non- M’
sequence abt  the expense of  d+1 element
COm‘oar{sows, vig. L—.L:o::e. !'ec.orc\eol in T
and  in (2} - I we cannot PerCovm
su‘ssﬁankia||3 be(:f:er‘, we wi” 6CMP\5 Arrive
at awn c&\jor(l:\ﬂm that ds a’uqc‘.ra‘:ic n N
’fgerha\os, !:\fl{.s s E‘ae best we can do i()
nal:\v-n'nj more éPec{p{c. s kroewn a,&»ou[ the
$€q,t4ehc:es X . Bwﬁ A owr e.XamF‘e E'ne_!j
are Eiﬁlﬂ !’.[3 rc‘ abed .

Relatiom P obbracks our attenktion to

compron PI"CCI'XQ.S of X. ard X.c‘; :
Let H be such a \Orc(r:x, and let h
be <ts ‘-emjf:‘q . Froem TP we l:‘oen Conc\ ude

that  for any H such that o¢h ~b<dsr,
(<) Xp = H#Y and

(¢é) X.g = H#Z |

(or some Y and 2. ( Symbol # stamds

for comcaterakion.) Now let ms see how
we Can Yhnhl"out‘al:t x.\0< X-(l‘, (_,wiaic\ﬂ
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Was l:\ne Conc\u:‘:ioh I:\"na.l: we Orew J:r"am
T and (2) ) -
X.p < X.c},

= {(C) and (ii)}
HsY < H#*Z
{Properlr:j of l-exfcoﬁrqPL,;c Or'cler}
M < £
N {‘”‘:ro"eg&g ‘:c leXi'cojrqr:Lu'c order}
+ < '

[t is here where the lrl'ﬁ‘—lf: r‘ela.L-ions\m"a
betweern the seguences X enters the Picl:ureq
From (<) avid !:\"H?. G\&Ct'mt'f:-;'ow or X we  Can
cerive

(iii) X.(p+h) = M+ H |
and with the aid OQ (£4)
(iv) X. (q,fh) = &+ H

H

Now we conbirnue l:\ne a\oove ca‘cu‘a‘:l'ov‘) :

N# vl < Z2#H

{ Gy and ()}
X.(Pf["l) < X(@fh)
- fowith (1))

M % X(cp—lﬂ)

A

In summary, we bave derived

’PA X.‘a(X.
= <ﬁh:0$l’7«'\"l<ct‘f'.‘ M o+ X(@”‘?)) ,

or , bj o\.u,mm_\j \:rahsror“mat:ion L’l’-z&’?"’“?/ ;



WFiliq ~ S

(3) P A X.\a <><~q.
"*_‘.;
(ﬁ_lq-.(i-_-:_h A‘o<q’+o\+t: Mg X.h)

As a 're.sull:, we have identified A+ 4
"iorr - M" zserluence:. at  the expense of

A+ elemen Cc’m‘aar{sohs. And  this
loo"{s VHMCLJ yrnore Promisfm‘gi

Fina”_g, we kake ac[vah(:nje of  the
sgmmelrrg belbween P and 9 to conclude

(/-{) T -~ X.C; < XF

ﬁ
(Ah: Fs‘v ~ h< prati M4 X.h)

—nﬂis Conc‘uc\es ouy exPlor'al:ioh oF a
lexs'cogra\a‘m'c compcxrisow betweern Ewo
-EH?CPU.EHCG.':. X\O and X-Cf/ . ‘9-‘3‘61, >
be it that we |have nrot Bel: addressed
the remaining Case Xop = X-CP . We
reburn ko that in o moment .

X ”
*

The c:::nseciuenl:s of l:\qe. lermmata (4) and
(’_’s) are -b_ﬂ !;L;eir' ve,E.:’ "a\'mresm C&ang

Cor Anvariants of the
Q{o: (Ah: Po € b A h<\a: M+ X.h) and
Qg (Ah: %sh./\bﬂ],a M# X-h)

and the cpu.zsh‘on thalk ther rewraims i<

Y
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how to c‘noo.se o and % -\.JLI:'ch L

our Oﬂ‘_lj freedom left-

Because X As ‘oeriodic — vecall,
X.h = X.(h+N) - there 43 o reskrickion
A:HVO‘VEC“. v C‘-L‘IOUS('Hﬁ ian = . ﬂ‘.’ (:L;e

Same Eime we aalar.vl- {nvariantkt
Z. p<q
in order Eo ensure F*‘f/ : For decicl{nj

on qo we ©vrow Eurm ouy a.l:l:eml:{on to

l:\oe as _tje(: Mholiscussec{. ctase X.‘a.:)(.c}/.

'nqe ana‘gsis jivem A0 (‘ar Lw\.a on‘a
5£€)c{ea\ "n;m - M" Aec}uences . T view
of our wlbivmate joal to <solabte @

sequence Mo, the ana‘_ujsi:s of the
Case X‘\o = X will  (have to) be driven

‘::9 l:\m: desire to Sfive a zbe?ucwce ™~ .
F}-om X.la = X'Ci{ we conc‘ude f:";cx‘? X
has q-p as a Perfoa( . (Tim's may

be showm 5_5 6‘—wwiv~:j that ;or‘ any b ,
X.F: X.L} = Xa(‘?f‘l’jj = X. (C‘y‘ilﬂ) 3 WL’HCLI
fo”ows in Rk a,l:rm'c%l:-rorwarc{ Mannier from
the covrmneckions  (§) - (idd) and (td) = (V) ,
3ivem before . ) T canJumcEion with (v)
W ic‘n bhas ot been msed HEI" - we {c\nen
obtaivm

(‘_Z—h‘ﬂ PSL)AI"I“(C}! M= Xl’!)
Now we confrent this with imvariant Q(i,

(B_")' ?DS’O A‘q<q/'. |\1 #XLI) .
and here we sece  Haat wfi:L) E\ﬂe c‘ﬂoice
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4o = P T l:\ne conJuchion of these two
condilions ImF‘fe.s M = X'Y"'
ACLDPEt'ﬂj E\fm’c c,\noic:e w e Eker’e?ore cam

T’e‘_j on

(5) Qq, A X.‘o.r.)(.(;,
@
M wX.‘a

X
X *

This Compi-cl.-t.s our ana‘jsis op E\ﬂe
Prob‘em and our design of a Horpe(ju”i.j

surbtable invariant For the re\ocl:{l:u've
cormstruet . I sumymary , it runs

P OSCl A~ (@L 05(:./\!:(0!.: X.\oc = X.CP(_)

Z P<9
Qe (Ah: b<h ALI<P! M+ X.h)
Qq: (Ah: ;aﬂsl—nz\‘wq,: M+ X.b) |

wf’c‘fl as o litte accompranyln L‘ﬂeorg ELN.'
levnmata (3, 4}, and (S? This

and the 5€\/en5 (0}  anc (1) As . 4n Fc\cl:,
all we need to know for carryinﬂ outb E‘ne
Fork\ncomnfm cormstruckion of a program texk
e::im.]:'is‘m'rrj Posl:conc\i Lior M= X.‘o

x . 2
»
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Afker the above hhas been said and
done, !:\ﬂe cornskruckion or E‘ﬂe pPregram text
oﬂers o Cur'l:‘ﬂer' surPri'ses, Q.XCEPI: For the
3ua:—c’. Of l:\ne rePel::'E{ve comstruct w‘ﬂic‘n we

sLya” cli:.\c.u55 iy L:,olal-..” or - Here <= &:\ne
text, |avis\q\5 anrmoktaked ab sewne C.r“ucfa)
F‘ace& .

P. > A= 0, 1,0
{IHV.’ 'PAZ/\Q\aA Qcp}

:.,ClG‘ ..o —P

rer——

(£ X.‘o.o[. = )(c}ol — di=d+1 {L—w}
I Xpd< X.g.d -

{By P, we have X.p < X.g,
and hence. with the aid of ¥

lermmma (3),

(Bh: g<h ~ h<grdsr: M3 X.h) .
Conjoimecl wikh Qq/ this jie.‘oLs
(Ah- F+15‘n ~ \'1<q!+ol+1: M+ X.h),
50 thal }

{p, d:= q,+cl+i, 0

the rest
“ X.t}.c{ < X.P,c{ —>
{’Bj ,P, we Iﬂave Xc;< X.\o,

{mainl:m'mg QCY[’ and crr course
of nv - |

and with the aid of lermma
(4) and Qp,

(Ah: 0¢h A b<psdsr: MeX.h).
Cormijoined wEE") Q? - UWsing

0gd -~ this 5ields
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(Ah: 0sh A h<(p+rdt1) max q : M3 X.h),
so that }
p.d := (ptd+1) max g . 0
{Mm'néainﬁ Qp 5
S gi= pri {Inv}

Whal rermains ko be dove As to comskructh
5uarc[ and to Cn’nc{ a bu{{a.‘ole variant

{unckion . As For the lakler, choice
P-l—?-i-ct— is nol too Car‘—rel:c\ﬂeol, sivice

we

at

may observe t:\»mi !—qu c{r—sl: bwo 4::«.“:«:‘---..~

nalives each increase +op+ol, by
exac£l3 1, and the {:"H'l"“d alternakive l:g

least 1 (even by at least 2 ) . %o,

this  is ol'im*:j. TBut ds Ffo}rd bounded

(0)

wWe

the

'Crom RLDOVC .P

From Q\o ounal c\a.‘:umn (0) )

(Eh: 0ch Ab<N: M= X.h) |

conclude thal ‘0<N is oan Anvariank of

rer:e[—.il;(onn This 3ive3 Ms  an

u.r)‘aer"boumal on P that (s linear in N .

We

linear u.ta‘aer—l:aouno‘,s o q and on d

but

now could \or'oc:eec{ 'Fl'f)cll'l’}j or im‘oosinj

3

we can do bekker {n one fell Swoop .
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The invariance or P<N imp)u‘m B b
the Prec.onolil-:'on ol  stalerment
pi= (p+rd+1) max

in  one way or another has to imply
(prd+1) max g < N

or, equivalently,

(6) prd+1 < N A~ g< N

This Preaonolil:ion does mok él'mr.v‘_\j Foll ow

from the Er-ojr"am text as is , uwnless (6)
carn be Ltaken as a Sua\ra{ of the
reje Likion . If we carm take it as a ﬂuaro( s

(:\'ze Preconolfl:iow OC i:t-:e A[—.erﬂ {mrzlies
|a+ct,+o( < 21xN -3

and as a Tresult - Pwyvcl beimj 2 ua] Lo
i inii:u'a.”‘uj — the number or éLet"s ol the
r‘etael:[h‘ve construclt will be at wost 2xN -3 .
This, then, hice\j Comr:‘ie‘s wik‘o our

ef(\iciencuﬂ rec;uvr‘emeﬂﬁs .

Next we shall dhow that (8) can be

takern as a juo\ral. indeed , bﬂ devrmor —
5Lr‘a[:a‘nj thal its nejalzion COnJoiweol with
the invariant imrl‘n'e.s M = Xp - We
arjue b_ﬂ Case anqlbai_s :

Ca,se N < q

l\ls’ar
=) {uat'hj Q\a and Q }
(8‘1 OéhA‘fl<P: M-"-‘XL’)?
~ (pAh: P+1shAL7<N: M+ X.h)
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= { M:&imj (0)}
M = X. lO .

Case Ng prd+i
Subcase __X.p < Xy

X/ < X.
= ?us:‘n;’ T and (3}
(B{ﬂ CI,s_‘.‘n ~ h< q,+ol+1 : M+ X.h)
= {u.‘:t‘nj 2 | (.e. P<?}
(Ah- CPSH ~ h< Pfc(.ﬂ: M+ X.h)
= using N % P+a\+1}
(&h:$sg«h<N=L‘M¢X.l—,) Qs 1
) corijorrming with Qp and
(@,L;{:D-{:Jh/\ lﬂf\o M*)(L) ¥
~ (8Qh: prigsh ~ haN: M2 X.h)

= {using  (0)}

M = X.‘a
Subcase ___X.q < X.p
X.g < X, P
= Lt.st'rij P and (4) }

(Ah: psh ~ b < P+o\+f . M3 X.h)
=) {C.ohjofml'nj w(l:‘q Q\o}
(Qh:0<h ~ h< prdey M+ X.h)

3 [using Ngpidir  amd (0) ]
(alse

= { pred. c:a,c.}
M - ><. \a

Subcage . _ _X. 12 =, >.5’..Cp
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X-F:.- )(c(‘}
= .{u.siw_g @.q, and (5)}
M = X.’a
(End of Cas&s.)
So in an_x, case we ]nawe M= X. as

Qa r:osl:cohclil:a‘or) or &\—Je rePeEEL—iom

We conclude this derivation I:.\B o\e\aic.i.-fhg
the raw code, P\vro\seo( in Lterms of the
0ri3(nml C_ljc.“c. array b (CN: DS(: A 1K N) .

b, g, d = 0,1, 0
5 do prdst< N q,<N
- if b-(PT(—‘U = b.(cwd) ~ di=dy
0 b (prd) < b (ged)
— cp,d::(}*rdu, 0
U b(cwd) < b'(l‘”"’U
— P,dt:(‘ofc{.fi)m%JO
3 R '~ X |
0 G54
od
MrX.P}

Final 'Revnqus

G.) There are sowme l:ec‘ﬂrn'ca‘f[rie.s concer-
himj I:ch &vae mljérikhm that i:\m: reader
may wish to hknow, ko check , to a?preciaﬁe,
orr to {Bhore .



WFi2ta -~ {3

From the ﬁunrd pf—oli-i <N and the
invariance oc VRS it follows taat
dt+t <N s o valid Preconcl:’(:t'on of
the <>Le‘a or the rejpe bikion . Hence,

d< N is an (nvartant as well . Tn the
\iﬁlﬂk op the irivariance o( g5 Elﬂi; means
thal no execution of the pregrarm will
ever "rl'ﬂGL“ x‘am X. ' I E\ﬂis t-_.ou.ncl.s
ihcohceivaue, the conclusiovs must be
that oFeral:{ona.l Teasernirg AS imPossible.

ko c_omr;re‘ﬂencl, )

The rePel:c‘l:tve cormskruct canm do wik"7

the muan fsimr))er and wea ker Bum—d
d-( N e q(N ]

l:)ULL (:\we Pr-t'ce. ke be aidd s a wroen -
neﬁ\fﬁ{\ale loss o-( e&’iciemc_lj, viz. from

at moest 2xN -3 ko abl wmoest 2xN -4
elerment Comparisons. For w«s, the reasom
to “bkoleratbe" the eronje.r 3uar~cl. iS5

nok onlj a wmakber of QCpI'CieHCS, but thal its
ivicorporatiorm rec;uires rio exkevisive
Juskid’cakioh avid that we can handle ik in

Lerms o{j the h\f‘leonj a\reouij o\eve‘\o\aeol.

—me ‘al:‘:er- r‘emmrk is re.|a.l:2.ol te L-Lve
experience E“la": oll sorks oc ecCorks ko
Aimizrove  on l:\qe PrOﬁrmm's e?p{cienczj

were all  aktended 1:)3 a 4erious

complification of the arqument. I
this r‘esrecL Neosst 51« oac\q Lm:.- Fushec{
the exercise to a livit — see s
imcomr:r—e\qensila‘e “Fast Canonizalkion

of Cireular Sl-_rinj‘s " in the Jou.rnal of
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Algorithms 1 (1961) -
o The weaker ju.qr’c{
d <N A @(N

is akbractive however, il the aljar{l:}ﬂm
is ko deliver the (least) \oer—{ocl of X
as weU, because this cam then be

ochieved l:_l., r.:osl:c{xfh_cj E\qg re‘aeL{l:t‘Ve

construcl with

i

}I N¢d - period. 4 -
i NSCI, - Pen'oc\:: N
fe

by Qur main purpose in tae for‘egoa"hﬂ
\arescnl:ak(on l’laa becn to \?eL (:\-ze o\esiﬂm
PrOCEf:S across . IH c]enera N ‘:‘ne Correr
stormes o a clesijm ﬁr‘ocess are forrmed

53 a nummber of oulstandin a
(whk:ln uswa”tj are prowmm pled -{)5 heurtskic
considerakions and by the desire to kee

e.&ijn decisions

Q. dt&ijﬂ 6imlole') . Tt «s \noFco‘. ool believad
that each tirme a o\e.sijn decisiorm has been
taken , a wore or less exhauskive ex\o‘or’a—-
kiovn of (ts COY\&GC‘,L{QHCQS Wf” lead to a
PainL wtﬂer‘c (.—.\-w need for a wnext c\esijm
clecisiorn presents ibsell. In our present

exmm‘o‘e the cormer stormes are Formecd by

. L‘oz mere decisiorn to aELach (:Lwe naime
M ko the f:‘mal answer
. the decisiorn to Ffocus om a

(exicojrq‘olﬂic Comlaqr{som ‘sel:weew two
/-Secf.uewces
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. the ador.wl:iow of the invariants Qp
and Qgq but wmore n particular

the choice of Go -

wWhewrn armed with ‘such a limited riumber
of cormer stones, we should be able to
reconskruct the c{esijw withoul much effort,
ot om|5 Eocla_(j or Ekovmmorrow bul even nmext
year. (There s /somclz\m"mj cam‘o‘a\:csﬂ
wrong d a Uhiver—siﬁg Professor of

Pro rammt'nj peeds to br\“hj motes to
juiae _ is lecltures. b} In k\n (% r*e.s‘aec{: ,

I was io‘easo;nl:lﬂ »surprfsec(. when some
time ago TRichard Bird sent me a notbe
Coml:ainfmj the a\jorfk\ﬂrn thal we Jus(
c\cvela‘oecl. T‘f;e éurpr«'se was that i:‘ne
devdor;mcn{ bhad been cxP‘w’necl to himm

b Nebby van Gasterevr  without the wuse
o(:’ Fewcil and pPaper (during a rail journey).
I am very 3r’a\:e u, ko thern for lﬂavc‘hg
dorne thal experiiment.

cJ 1 am G-L‘:o inole‘c:lztc\ ko Edajcr (VYN I)jj[’?.&':l“ﬂ
and Carel 5. Scholbtern for a “considerable
embellishiment ,back in 1439, of a first
Aralt c\escri”m‘hj the c‘.eue‘opmcn{- o(‘ t:\m'.s

\OFOjr“qt'ﬂ--
W.H.J. Fegem,
29 November 19906 ,
Si:erkﬁe\ )



