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WA comsider (:Lw. haa\z op PloEEfnj a curve In the
Euclidean Fiome l‘-’_tj marlf-t{hj Pixe|s (yorm a sr-n‘c{
covert'hj that F‘cmc- More »::laec(f&on“_tj, ﬂt'ven a
rea[-— valued fancbion £ onm sowme Finite L‘n(:erva,, we
wisl'; to marlz, For eac{fz L‘nl:cjer X in that L‘hEer'Va',
a ‘oe'xel w;}‘:[—) A'm’:ejer' coordinates (x,g) AMCL} i:Lmé
Yy s as cio_sc ko fix as Poss(blc : This latber
r{cputfrcmeni: can be forrmulated as

| y- x| s 4 .

or, acpue'va[enl:b, as  Ehe c,ovjunc{-fon of Q0 and Qi
Given .55

\We l;urf:l')ermore assurne E\*ml: r salisfies a kind
OF "simookhness’ Frorﬁer‘i:_tﬂ on  the tnlzer\lai_. bo wik

0¢ Lxeny~{ix 1,

wl’n'cin canm also be Fo;-mu.lakec{ as L'L)e Conjuncl:l'un

OF oy and D ,ja’x/en l:)g
Do - £x s Lxee)
D Folasrd < 1+ £ x

It 4s l'.\fu‘:; \-olacr[rﬂ t\’mL éuﬁjcsl::; E:\ﬂat f:lne_ curve

be \olo‘:lrecL in the order of Ancreasing  (or decreasing )
volue or because the Pl‘)tf] ko be mar‘veo[ por' X1

s rok koo far away -From the pixel Lo be marlﬂeol

for' A ( &L‘aus Siela’.c'hj !:Lle, ricer Pf'c‘:u.r‘e 3.



WFliga - |

"Ttﬂu.ﬁ,. wr[:ln tlﬂe Lnl:er“val given B_B Ewo in l:ffje s
P\ G\YIGL B, A’-ﬁ 13 . we w.” Qons{dgr a.
mnrlm‘mj program oF t\’te For*m

X.::.A
2 C_I_C‘J K#B - Ma\rl"*(x,ﬂ); Xi= X+ 9..9.1. 5

and rejarc{ & as our ta.sk ko extend this programm
w:l:l’l or:eral:i'onb on Y A':atA.C.L') 6"1&& QUAGU

is an dnvariant OF (:L;e, rerxci.-l'f::‘on .

Tl:ve reader rnay recoﬁmae (:Lre alaove Fa—ob,cm
Abaterment as one from the WOr'o\ of jrq‘o\qfcs,
We wfﬁiq ke etha\siae, L)awevet‘, that I:.’m this essay
ma:‘L—L,er bLnls rsrec(pc'c r:roucm ror 4bs orijm L3 a(‘
muck concervri to Ms . We are concermed with the
deve[opment of a pregram meeh’nj the b-?eci(:'cq{:toh,
bj Paﬂc'nj abtenkion to urn’wherlvreted ormula?
On’_lj, (e without [urther reference —~menbal or
obherwise — ko Pfxa).s, lat‘cf:ur'e:s, or wLm(:ever.

A X
*

The program abowve r*eci{u.{re:: Ewo adaiol:o.(:c'on:s,
e ror El’;e ;Im“l:ializ-a[:l‘on of Y and one or
33 aciju.shmcn& i Ehe AECF‘ As for the o biali -
zakior, we cannot say muc‘ﬂ wiL*L)oul: &a!at'Mj
éPecI'GcfE:'e:: or F Ante account . For the tivme
be;‘r?j, we may record (£ as

xy:  x=A A Q0 ~ Q

For l:‘ne éte'c, we comsider an c\ola‘ofza.!:{on DC !:Lve
Forrm Xyt = Xti, oyt £ and Ery ko Lol out
for wha t f.‘hf:ejer“ values of f this matmbtains
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Qo ~ Q- \we wc” d(’.a.l WfEL'I the nvariarices OF
R0 and CQ! in kurn.

i N .
Qﬁ 5 Amvoriance

The weakest Precoﬂﬂlf"“@” for X‘H”’”"B*{
ko e_&ﬁa\j:‘t'::l'l @0 A3
Gf 9+?:§ 5+ {1

\A/e Viow dmvebktﬁnﬁc for wl‘u‘c\ﬂ (fn{:eﬁcr) va‘ues 0(\;
thoe r‘ecpu.érecl. Freconc{:h‘on G--?’ L5 imr.a’iea[
bﬁ f:lﬂe achml PI"ECOHC{I‘EiOﬂ, wLn'clﬂ As

Qb ~ Y ~ Do ~ Dr : To that end,  we
al:.scr\/e

yt+§ s 7 * {x+1)
& [M.&l‘nj N, and the Eron:.iér‘w!:g af < }

Loa fx v £ < 4 o+ Feon)

M

{ ari'élﬂmcf:{c}
Cx + £ 5 £+
& { ustng DO and  the Eran.&a’kiw‘k_}j of < }
f?x + f € -r-x

{aré&]nmef:ic}

£s0

As a result, sbatement X, Ytz X+l y+ ¢
"aubormatically” maintains QO for €50
but {or other values of 14 the statement
had bekter Le 3uarclec{ 1:33 G.¢ .

i

Now we ex\aec/: E‘ﬂal:, tn view of Ehe Pr-or;erl:i‘w
D of [, we will mever reed ko consicler <ncre-
ments of y . ce values for £, oubside the
ramge 0, + ‘n’u'_: exFecEaL‘ion wr'” Eurn  owt
ko be brue, and. . anl:ic?r.aa‘:t‘mj L'.Lm.f:, wWe  Can
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Auymimari 2e the above ahﬁ'ﬁSfﬁ as

(0) {Qo}{Do]}
F Gt = X, yr=x+1 gyt
I true = x = x+1
fi

fao]

So muc") -Cor l:\m: AnVariance Or @0

(ice. X, Yr=x+l, yt 0.

Q1 s invariance

- . — v —— AL —

.nve. WEaJ?e.sﬁ PF‘ECOWC({LI'OH -\Cor' X,H!z x-tl,g-&f
o establish @f '

H € . -3+ [ (x+1) }:l"f

As before, we &‘nveslnjaize for which values of f
this 4 imr;’a‘ecl. by the ackual precondtion

~d o+ L) £ oy €
& [ moing QR and the bransibiviky of s ]
~h o Llxst) s =3+ fx + €

{Qha"!:lﬁmcl:fc?
[((x+1) £ £x + ¢

{ msing DI
f(+ Fx ¢ fix o+ ‘
{ o.rw'!:]nme?::'c}

lsf

summary, We derived

Q) {Qr}{ Dt}

1;_{: Erue — X,y
ﬂ .0 - x:=
Cr
Q1) .

}

i}

and (:Lve l:ranail:a‘vf[*_g op 3 }

i

In

= X+, Y+
X+ 1
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So Y'r’lucLl for él—m invamance )

Now we combine (0) and (1) tnko « b(hj]e

program fr-ajmenf; mmfnlsaiﬂi'nﬁ both @0 and &1

[Q0~ Qi} [Do~ Dt}
L G = x,ye x+r, Yy
I Ho - x:=x+)

f
{Qo ~Q1} .

The onlﬁ T'ema.{nl'hj Phoo( oU:\chEiom s ke VErng
!:I’ml- &\'ri.s Pro ravyn frq\wqmenk c{oe.s ot 5u$€er (?row.
the c{omjer o‘g a!:orl:iom, ie. we have to ch:k (:\’mlr

thhe c{;:juvwcf:l'on op E:L':e juax*cLs (s A'Yn]olf?cl }::5

the prec:mchL—ion or é“vc a'r-ékal:emenl:- In order
ko examine this  we exsaanol_ the juaro\s (wLn'[e
f.‘::fmF]f&l'hﬁ tl—:-em)e

Gar Y+ 3 fixstd

H. 0 L) y+35

and, lo and behold, we bave G ~ Hyp, so
thal there 45 1o a\anjtr of aborbtion . ( At the
Aame bime, ehis a.‘;o confirms our exPech‘:lm’l tha t

we WECJ. riet consider at‘ncr‘:mehl:.b of y bejuno{
0 or 1.)

Co“e.c.‘:i'nj the Pleces, we have derived that
(:Llc Prcgmm de\oicEecl in F".'jureo ]a‘al::: Ekc

curve as demanded .
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{ Do AD?}{HS’B}
Xy x=A ~ QV ~&

{L‘h\f- VI @’}
3 CJ__D x # B -
Moark (x,y)

5 ?_F G.f - X,5:=x+1,3+1
ﬂ H-0 ~F Xirz= X4/
G
od .

So muclﬂ For l:L)c a‘.evelat’menﬁ of f:lm:: o.ijor—f"&s-jm.

* x

There s lﬂowcver", a little bl more to be said.
The evaluakion of the guo.rcls Ga  and Ho
WI”, Ain 8enet“al, demahc‘. ﬂoo.(:e’nﬁ-. ioomf amlzl—.mel:rc,
and I:m" many runc:i:iams f’ !:lnere AS> 1o zsca}ot’nj ot
But for sorme cla.s,s of curves — rnost hotoriou.s’g
tlﬂe CoricC é?cl:l'ons-m Elncre_ is an or}aorl:u.nil-g ko
f:r'an_sror"m (:L;e aljor{k\nm &0 hl—-»a.l: ks execulbion w:'”
r'ec}w'r"e 4'\»1&'55@" arithmetic oh!_cj o And this s
soynebimes conmsidered an ao[in(:a«EjE - We next
/f:.waf csuclq a transformatbion for l:"ﬂ Case op a

(bjocc{fn‘c:) "ijeriﬂolq‘
Comsider Hre curve sfven b_g

0sfx ~ (f.x_)z- x'= C

Lor some (lal“gc) \oosféive A‘rwl:ejes' conskant C .
It is the ”Fo.ﬁfée'v’e Jsra.ncl'?“ or Q& ijerjoaja. We
w;‘:,tq to F]ol‘ ot on E!ﬂe £YI[:»€!'va} [/‘},B)J

w;&lq A and B A‘nl:fjcr-s éalu';%ing ps R £
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The reader may V?.rfpg l:\r-m&, oV (:\m’.b Alnbchm},
[ éaé.i':;-ﬁes Fr“orer*&ie.s Db and D1 |

We first &xPand Buar—c[ Gt fbeelfu’mﬂ Lo

de.x\are_s.s it with A‘nﬁeﬁer fleﬂﬁX]ar'e.ﬁbi‘Gﬂb Ol’“f‘ﬂ :

G
{ d&'ﬁhr‘!:f'on op G}
Y+t s 44 £ox+i)
{ arithmebic }
5+;{; 3 \F (X +1)
{bo.’:lﬂ sides are nomnegakive s for Y+
this (s 50 ’:)_5 @1}
(yri)t s (Lixeny)?
{aml-[nme(::’c and C‘lcrihrl’fon of F}

|

(1]

i

yrry+d ¢ x+) C
z { Otr'f(:t’)me.lzl'c}
{;S X'?+.?nx-3"‘-‘y+C~+f
= {o E)B 19 , Bt‘ven belo\r\/}
';z; < h
For the "t::omi:;letfw&:m(:olI“H‘l 3unrct H'D. we Q'nct
Ho = 2'; s h

Tlﬂ{ réeasov 1Cor~ A.'hl:r“ocluc{hﬂ f:\ne ac\ol(L—iona.j

Anvariant
(o h = x‘a+2nx--52—_3 ¢ Ca ,

is that the rer:eaf:ccl urdabmg of b o
assumed ko be less cost[g than the repealzed
EVa.’uqf:{en or Pk Tig’m‘:-lvqnol side far !:"12
buccessive values of x  and v - Furthermore
note that bW is an A'ml:ejer —as demanded ~
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Now we "mve almosl: succeeded n exFressn'n3
G and H.o0 in  terms of integer ex‘oressimg,

onl_g, be <t f{or the occurrence opj that ‘:

TRecause b is an dnﬁejen we Can elt'm{halzc

tl"n'.:» {; ot a qum‘m because oc
Lsh = 1<h

and -b.él‘) = 02h .
Tl’lub, wWe Fr‘nol

ey

G.t = i.-.fL; ard Mo = o>h

e now 31‘\/& l:‘oe Fu‘na' rogram ak ovrice,
’eavihg the skandard rr—ooé7 o\?
I

E"IQ tnvariance Or
T to the reader. (A l:"m.lz s needed Lor l:Lu'.s 45
él’)e aAxiowm of a.s.sighmené-)

X, Yy o= H, rou.hd.«(é@r'f-(ﬁz-l-C))
3 lhio= x¥+ 2xx —32—-3 + C o+
3 do x#DB —
Mar”( (-’(,_lj)

s Frsh -

X, 4, hom xt1, yit, horaex - 2xy 1
b oxbh -

X, b= ><+f,.h+ 1weX + 3
fi

od

e

The program bextk can be fur[:‘ner emJ:;e”isLeal, but

we leave (b ab kLn'.s- For sorne interesking debails
COchrmnﬁ é\f:e mal’l’ifhj we raper" to, for tnatance,

[vd5gs]

A F e
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The reader that feels H?e Consi.‘:\“ucl:(hﬁ a
Ho!:&l'hj a.ljor’bkiﬂm h;‘mbe_l(‘a may by ko do s0
Foru sy, & /b[:r*o\('aj\—:f: h‘ne »sejmenﬁ £ !:L:e "Qmé
ockant" of (:l’le PIQ;E- The exercise can be cyu.u’l:e
T‘ew‘ms’*c(a'ng, Alrice he w;"” fmcl L;,’m_c,{.,r d'ﬁ.ﬁi}ﬂfﬁg
the {amous aljorf'éhm that was svertbed 4n the

"~

earlc_,j Sixties bg J E. Bresenham [Er-eéﬁj \

f‘\c‘inowlec{qemehb We thank TRob Hociﬁer'wom‘“o[

anol Ahh; l‘("a.lolewaﬂ for thelr cormments -

Postscript  This rote 45 a rewrite of WFI1g,
which was writken ea.r‘)g 1940 because 1 Felt
A‘Hl:r‘ijqect but not bo\f:'{::-ﬂed. bﬂ [\f\/t ‘]D] .

1?& re rerices

f@i'CGSJ JE Br&senlvam ) m_gornﬁlzlqm for c:omraul:e.r‘
conkral o(’ a dfﬁital F’oé[zcr’.
I3M 53.:‘:3;77_', Juurhmj_, 4 (l) V15~ 30, f‘f(’.‘i

[vd5q5] J L.A van de SnetoaclrvEucl:. \/\/{'Ja{:

Comr:uEt'n_q is all about.

5\01‘1‘?&3&!"- \/Cr'a.3 New \(or'li_, 1993

[WI'C]D] N- \»\/( r'[:iﬂ. .I)ro.w;‘nﬁ l('n&s, cfrclc.s, and
&”t'\o_ﬁes in a raster. In "Beau E_cj )
our Pusiviess, a Bt‘rélvolaﬂ Salute to

Ed:iger W Dj'l?bhra "
.SFH'VB?.P - \/P.r"‘Ct_g New‘ YC’*’[Q: rqq¢
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