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The Linear Searc‘v, and 4ome mmore

Thase w‘qo are wmore or less familiar with
the Wway 4n which the mathematical science o-(\
Fro_gmmmiﬁj has evolved over the lasl Ewo

decades, may be somewhal amazed to find
a Presmpposedlg makured compu kin scienbist
reudclr'essinj ;a .simr.vle aiﬁoﬂk\nm ke  the
Linear Search. There are , Liowever, a

mumi:er o( COMPe”fnj reaseris F’or c\ohqj 50 .

One or E\vem is i:t—mi., even afker these
two decades, an imFr’e..s.sive |a.c"2 o['
Familiaritﬁ with the Limear Searc and a“
’:.L)q!: hovers aroumd b, is ésl:i” anr imraorkan[:
Adource of error, COH'FM.SI'OH, ard comF\.‘C{ -
cation for the every- day- programemer,
w‘ved—rer we like it or mnot. ( See, Cor
instarce, the discussion GVOlﬂ.ec{ b_g
Framk Rubin in varicus 1967 - issues or the
CACM ; it all centered around the
Bounded Linear Search. )

ﬂholz\qer reason i3 &\nal-. l:‘neae two decades
have not yet Prool.uceo'. o Cu.llg »soxl:israicl:or_g
c\evelo‘amﬂent op the a‘gor-ik“rr—n. The
presenkal:ioms that can be found = and Hhere
are many of k‘vem - range From éimp‘g
Al:al:imj the alﬁoril—\—vm withoul much atlention
for deve‘o\ament or ever o Prool; of correckness,
via those in whic the correckness arju.menl-
takes the form “it s rairig easy ko see', to
{ormal deve‘o‘omen&b that for o 500& veasor
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re!g o1 the Principle or MaL\oequu‘eﬂ
Induction . Tlrzere&red we offer a mnext
Presen(:a{:ion (,ol: which we can be sure thal
it won't be the last ome) .

But the most impor‘l:anl: reasorn for ws
to revisit the Lirear Search  is that it
provicle.:, K3 w&(:‘q a rother nice and «‘:('m‘a}e
€Xamp‘e o( progray  or proof deve‘opmem{
in w\nicL) t")e Pr“olalem stalerment ‘etxves us
..bar‘ei_g any choice on how to \or‘oceeo(.. I.e..
al almost any state of the o\eve\o\omen{,
the .5\4(1\0&5 of !:L;e rOrmulae and E%e
design o]::ligal:ions to be mel il &Eronjlg
dichgafe the next 5‘:8\5:. Since this s
o fre uenl-l_tj recurrimg therme. it can best
be illustrated 1:3_\1 means of o bim‘ale
eXav’ﬂ‘o'e.

» »

T‘ne Linear \Searc\ﬂ can be 5\oec£f-’eol as

fo”ow.s.. Given o boo‘eo\n function
b (i:0¢¢) delivied on the naturals, we

wi.sla to establish

‘[ var x : tnt
{a} Linmear Search {R}

3,
e} leicL; Q and R are 3a'ven 133
OF (Ec¢: 0<c: bl) )
R : R0 ~ Rt ~ R2
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RO : 0 g x
Ry (B 0<e ~egx: -b.l) .
’RQ: b.x -

Now, the Ffirst L\ninj we do (s dnvike
the reader ko C.om‘olel:eh.j igrere Preconc\rl:s“oh
Q ., sivnce our design of  the o«.\ﬁorifz\nm will
be eni:irelj driven g the ab‘fcjn.bion to
ﬁuarahkee \oo&&.conc{t‘lzion 45 ) Ow‘ﬂ al
the very end of our derivation emerges  Q

as the Precfse Cordibiom needed Eo euar..

antee = termiration op the comstrucked
Pl‘"O rarmy -
X x
%
Postcondibkion ~ . cormsidered as awm

eguaktion in unkipowrn X . does wnol admil
og an anal_le-iCal bolukion, because
funckion b  is koo ar'ls}l:rqryq \We
therelore bave to establish R b_tj means

of a r‘ePe‘:ihve covrmstruct .

A rePeLil:ive corskruct carmmol come

wi”wouk av invariant —_ . say — avid

a 3uar'c{ - B, say - - Ra always, we then
‘/)cwe ko ersure sevcra‘ l:laimj_:s ) to  wit

1] ’P -~ "IB ] ’R

. P s established initially, ie.

as a Preconclil;s'on or the reFaHl:ion

. T is waintained b_s_.j o &tep of
L\oe re‘oekil:fon, and
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. the w‘—:o‘e. construckt tervirmales .

We wi” dea‘ wi!:L; l:lf;e_se, Concermrns 4in  turpy .

Ir order to Sumra.nl:ee that PoAaB 2R,
we propose ko divide the three c.on_jund:.s
of R over P and B .

The uestion oc w‘m'c.L) conJuncb&a ko ﬂ:nc\ude
An and which omes in 2B s answered
b“t_,j ihvezl:r‘ja{:{mj the \oasfpf‘oilihea Por

inikiali zation .

For Q&La\o‘i;‘—;fhj COh]uHclz «0 we ‘oave
o wealth of values (:)or*‘ x at our dn':spcsaln
As  for R1, there s OH‘_uJ orie r'Ea(I':,l:i'c:
‘oossib:"l;'l:_\.f for x , viz. D, For Ra there
is rone a all. The lotter impln’ens that
Ra canvrot be part of the invariant
and must go into  the Sua\ral.. The 3qqg—c{
Hrus will contain exppre ssion - bl % and
in  order to cjuaranl:ee thad il is de-ﬁ'med,
we bad betler ernsure the invariance ol

0< x . Herce, RO  must be part of the
invariant . Fz"na”_g, T4 45 too Comrz'iCaEec‘.
te be admitted in Ezhe 3um—c{, As a
re.su“:, our program has to be o-p l:"ve -Porm

Xi=(

{frw. R A~ ’R?}

. do 1 RZ = - od

(R0 ~ Rt ~R2, <e. R §

Next, we ihve.shijate the él—.er—- er
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the reFvel-tlzfon, wt—;ic‘q bas to be designec{ 50

that il maintain e Ainvarianmk . ) Of course,
&ki‘o would be o‘zag . hut wikth that choice
we rore.See: lorol::\etfns AN 3ivfn a terminalkion

arquinent (.Wl’Tl'CL‘I is a task <kill ahead of ws).
Témre.l’-’ore., we had better see bto it thal
[—Jne f.’al:e‘o erfec.l:fvel_tj modift'e.:s Some of t\ne

Pr‘ogram vm“rables. But there is on"«j ohe
such va\r”fctue, viz. X . Se we are porcec(
ko vmoalff x . Moreover, f we are ko

e suUre l:ﬂe {invariance 0( Ro - 08X -

ther we bhave only litHe choice beyovrdl

a 6[:(:‘0 or the for‘m: X 1= X + "somr.l:lning
‘acst‘l:i\/e“

Now we turn our aktlenktiorm to the
reguirecd invariavce 0( Ry . The
Fr‘econc{itiow of the éEeF (s RO ~ R
o~ -(R-Q . Ie.

0¢x o~ (Alt0séAicn: ab. () ~ =abx
w‘m'c.]n im;oif'e:,

(Ad: 08¢ A (< xt1: - b.¢)
The posl:c.onc\fl:{ow s Ry, and the s!:ep’s
'rbtmc.':fona\ E:PEC.I'CI'C.QI.‘:!'OY?

[(Ai: 0gi ~ i< xtt: ab.d)
X 1 = X + "$omel:L|i'h3 pastf\re

-‘(ai:ﬂsé/\ L< %® : ""‘Ib.i)}

W

Thus, L::g the oaxiom or assiﬂhmenb,
X=X+ is ror*cco[ u.Pon us .
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As a result, we obtain for the Linear

5 e.a.r‘c‘q

X:=0 {“\\L Ro AR1§
;é‘o "‘b.x -y X tax X i ocl_

{R}, o

o. dasiﬂn wl’licL: has been Com‘:lekelu dictaked
bﬂ Eloc slﬂaFe or ’R .

* »

How to prove terminakion ¢ The
Theorem of  Invariance tells  ms E\’m{ we
bhave ko de;sijn o variamt funckion. i€
an  integer- valued furmction that is increasing
and  bournded frowm above  (or c\ecreasimj ‘

ond bounded from be‘own). In the above
solution for the Livear Searcl—:, dnteger
X is the OY'II_\.j Var‘ialo\e involved ownmd Ttmore-

over AL is dncreasing . S we bave Proveot
termination \orovic{e wWe can uarantee tive
exstence of an X Auc l-.ﬁ: X £ Xr
{ollows (o oe comjunckion o(‘ the {nvariant
ard  the ward the rePeLJ(:i\re conskruct .
Well | neiltFer jutarc( <b.x ror part

0 x - RO - of the invariant can r“evea.’
o MP\Oerbomwd for x . Herce, the
COHC'usiow X £ X must fo”ow C\”om

uuuuu

?1 R Ie. -rr‘om
(B_i: 0L ALSX ¢ -1}3,?.) )
i Poﬁsij:ase ol all. Forkuhalcelj, R s

\ﬂe‘]ofu,l, sivice It can be vewriltter, as
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(al‘:i)S('. ~ .lD'L : XS(:)

Now the existence OC an X such thal
x < X holds can on‘g Follow i we

can juar’anl:ee the existence o( ar X

for hich
0s X ~ b.X ;

and this is Pr"ecise‘g the r'6‘|e fulfi”eol
bj Pr“ec.onola'[:fon QA w‘m’c‘n has been
ijnor*eol. 50 Yar .
» " X

This com‘a\ekes the derivation of the
Linear Searclq“ F'qha-u_g, we  wish
ko draw Uoe altenbtion Lo the 4inmitimate
T’tla!:fonfa\ﬂisa betweer the ’Pr't'nc.ilole of
Maquemqkic.a’ [nduction and the Theorem
or Ihvariance (For repel:il:ive c,onskruc(:s»).
FOd"‘ this te become clear we should we
witlin ko appreciate a terminatin Fograym

J l-.tl {]c, P é

ai ior,

as a roor ak  the program 's posteon

re ardecr as an equakiorn 4An (ks free
\mriables,, has a :so‘ul:fam. I we aolor_vl-.
this view —and we do — . the Linear

Sear’cl’) as developed above s a roop
of the l:‘veor‘em ’ F

Q = (Ex:: R),

for any b . Now , we massaije Elnc
theorem a it leavih_cj the “ravnges o(‘
(:L'NE dummies understood '(as I”?ﬂl:bt\"ajf:_ E
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Q = (E__:X:: ’R)
§ delivmitions of Q and RY
(B bL)
=D (E‘;x:t b.x ~ (ﬂi: (<X s "1}3.6'))
= (ﬁ{ Conlzr'a.wFosf!:ive ard de Morjqn}
& (ﬁxs: "1\':9')( ~o1 (B_i:i<x=-tb.c:))
{ Tehaminj ~|ID as C}{ \oreal. c:a.lc.?;
(B_[:: CL)
<= (f_‘lx:: C.X & (Bé-.é<><:c.i) )

il

i

Tl've last bivae of this calcu‘ation P
kown as the ’Pr-inci\o)-c of Mathema-
Lical Induckion for the naturals.
Sivice ivi our derivakior we bave nol
Mmsed QH_‘jE"lih else  than standard

Pr'eal(c_al:e. calculus  and the Theorem or
Thvariarnce, we conclude thal the ’R‘*inci}o‘e

?o”ows Cromm the Theorerm . That  the
Converse holds as  well s bhas been dis-
Cussed exLensivelﬂ al many Fiace.s in the

lilerature . Thas the two are iust kwo
Faces o-g LL)e sdame Coin . Or! course ,
all this s krsewn . bul  sovmebirmes ik may

\'Je\F Lo be ac[:ivel_t.j aware of il It
offers the o‘aporkun{kﬂ to c(e.sijw a
Program wt’:em a Fr"oor b_'j maLLveYnal:ical
induckion i due . (s may bave E"Je
advan&a\je thal we cam come away with a
more f:ol:er' homenclakure, 6urﬂcienlz Qor
disc_ussihj ovre 6!:(‘0 of the induckion, o
te 6Fem‘z, MOTEOVQP, L‘ﬂa variamt Cusﬂcl:ior‘t

is nol 50 orpresjive|5 fsujje.s[:ive or the
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miserable "é':-e‘owloﬂ-one“ induction thal
bas been \or*e.senl:ea[. ke many of wms  as

the /i"rinc.ir)lc or Mat\oemal:ic:al laduction .

- —
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