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The Prob‘em or l:\ne. table of C.uS:JE..S

For 6N,  we consider l-.lqe Co”owing
Little program :

vii= {
s do n+e N Prinfz (h3)5 s N+ 9__4

It does recise‘j w\qal we want (£ to do,
vViz. Pr:‘nb the Ffirst N cubes of the

na bural num bers . Uwfcr’l:umal:e\b, At oas
of no use for our cu.rr-e.ml:‘_tj (vnajinec{
computer in.ﬁka”atiorv, WL|ECL'I \10\.3 no Cacilil:a'es
Cor ex\oohenkial:ion oy mull:i\o‘iml:iow,

buk can onl_uj cope with additive arithmetic
?geral:ions. We L\')erepcre ‘aroceec‘. o Irttle
L

rther and elimirmate the umrwarnked
e.xpr-ef:::iom h3 ;
T\qe wa ko a\imiwalze L iy stamdard:

we replace g \on‘n& (n? " with
{K = 1’13} Prt‘nﬁ' (x) ,

and the ol::\{jal:iow thew ‘eﬁ- {is ko ascertair
thal the Freconcl{f:fom oF L—\ne \ar*a‘nl: -
staterment doal:fﬁrfe.'ﬁ X=n> irndeed - Since
that preconc\i&iom al the same Lime is

o precondition of the entire re.\aea‘.(:aue
slaterment (ie. the b[‘_er.! of the re\acl-i!:iom_)‘
we ensure ik bﬂ aolor)(:fng

’PU-’ X=Nn

as an Ainvariarnt of l:t’;e, r‘epel:f'l:ive conskiuct.
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Thus we obtainm for our program

Xt = 0,0
s do nE N o
{'PD} print (x)
s {PO} vuxi= 4,
od .

————

The O):Jviou.::: way ke tmaintain T0 e
to  substitute (h+1)>  Ffor the dotks .
WLniclo is correck rejc‘.r'alles.s evern of the
Pl'ECOHoll'L'l’or‘P or !;l-m ass.-a'ﬂnmenb. Pult we

canmolt leave it ab l:\fml:, since dne
least as umnwarted

expression (rﬂ*da is al
as the Orijimal expression n? w’—ﬁcL, we
bry to elimiﬂake, U5£hj E\‘!E \ar'ec.oﬂch'kton,
however, we observe
3
(rn+1)

{ ar-l'l:‘nme‘:ic}
Hz'i- .3:(”2-!-3:\0 + 1
{by Frcconcln‘l:ion ?0}

X + 3xpi+ 3P o+ 1,

B

and  bhis  ds a“ we can Aay . But

subskibulbin the lakber expression Por the
dots 4s &Eill o vod | a‘&houj"; o lrtte
better, because the k’lt‘ﬁ“lt‘b': E.XPér'ren‘: of

Y7 hos decreased Irﬁr"(;n"m 2 to 1

Now we \ncwe. yecourse Lo the same

skavrdard &echn{?ue as be?ore. The
derived assijmmené

N, x: = N+, x+3xhz+-5nm + 1
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is l‘"e\o‘acecl wiEl’)
[P1l n,x := nti, x+y ,

under simultanecus ac‘or:l:ion of

P y = Zxh’ + 3xn 4

as an additiomal 4nvariant o(' the rePelil:ive
cormstruck. Thus, we obtain as a

next wversion of our program — omitting

the Print- statement —

n, x, Y= 6,0, 1
_'aCj,-E neE N —

{70} {P1}
n, X,H:: N+, X+y, .-
od .
Remar’k For T we c.ou,‘ol a‘so bave
ch.sen éomel:\ﬂ{hﬁ h'Lze Y= BT ¢ 3%
or = i’l2~ -rl’ll'bl WOIA'GI. de koo im

that 44 wou'd elimimate unwanted Aub -

expreasions. as we“" The rcsu“:c'r)_g

a&ss'jhmenl: to X o, lowever, would have

beerm a iEtle pore comPl;"ca(:ec{n
(Ehc{ OC ?emark,)

For mm'hl:m‘nimj Pi . we \ar‘oceec[ {rm
o way that (s ComPleLeI_\j ana\‘::jou_s to
OUr dcaln‘nj with o . For the
obvious exPr*es;st'On to be substibuked
For the dots |, we observe

3x (n+i)? + 3x(n+1) +
.[a.r-a'h‘wm ebic}

i
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x4 3% +3 + bxn + 6

{ by Preconoli biomn Tt}
y + 6bxn + ¢

{bj adoplzfnﬁ T2 N jiven l:ae‘ovdlj
9 + 2,

where

i

#

(Pl‘. T o= 6)‘-H+é

A5 _Ije{: an ac\ohl:u‘ona\ Ainvartant.

For the benelit of ma:’nl—qininj Yz
we Fiha”g observe

6x(h+1) + &

gqr-il-i'vmel:icl
bxn +6 + ¢

-{b_tj Precoho{ilzion ’PQ}
Z + 6

fl

H

ond  our wltimale program thus becomes

N, X, y, z2:= 0, 0,1, 6
{ <nv. 7"0/\1’1/\'?2}
sdo n# N -
h, X, Y, 2:= N+i, X+Y, Yt 2, z+ &
od

T have kwnown this Pprogram and its
derivabion for almost a deécade mrow,
but T never recorded (bt on paper. (\»Je“
onice, in fact, as a handout for a grou
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of Finnmish studenks visikting our uha’versil;g.)

The reasovr for ”lﬂidinj" it was Eaab it

was deemed so 5ikhr:|e , i:"'m;l: an ‘900{3
couldl be trusted to Cimd the above
éolukion -ror \nimscW. Quod non .

’Procesm'ona‘.s that were interviewed about
tre Prolpiem, would . 3enera\,‘, a.'wnmec\n’al:elg
(-’ocu,s o R "cl.t'{rer’-cnce éc\qcma“J WLIic.Lw s
ot amat.’nj because many of them

still bave Aomme sort oc bac\'zﬁrouhal in
numer(‘ca[ \ma&‘oema':icsn "ﬂ—;e_w, 0? course,
the ayuebicion would arise whelther to focus
orn "forward® or "backward” differences. This,
in combination with the absemce in wnost
Prajrammihj " |anjua_ge.s or L-\qe mu“.-iple.
asstjnmenlz ther raises Che \ora\oltm

e wl—-icl’; Ora\er to ‘ou!: the 5im\ale assiqgy -
merts . It goes wilr‘ﬂoulz sal fhg G:L)aL all
these liktle <nconveniences in 6o|v£n_cj the
Pr"olo‘em are khe fruwiks’ of operal-u‘ona’
reasoninﬂ: the are never encoun kered
when - a5 we id -~ the program {3 bl‘m‘olg
ca‘CulaEeo\ crom ks fnhcln'ona! 6P€ct'pica[:ioh.

The other group ol Pcoy:’«: that have
beern inberviewed about Hne Prob\em consisked
OC Comr:uuf:inﬂ ACienvice f!.-.[:uc{c\nE.s‘ masl:‘_u_., al
&\—m 50 Lomor-e or Ju.nl'or“ leva,. at bo&\n
bides OF l-:L)c Atlantic. Mamj of them
conmbenbed themselves with @ very inelficient
Frojram, a’uadralzic in N o7 wWOorseé ., W“’L?

Y1 o 3ME C&e_[imﬂ For- fmpr”ovemehf:- I ":OMHOI
tra b a\armin\cj .



WEL - &

The more firm and Eechic..al moral of
E"le. a.]ocs\/e \pr*ogt-am derivalbion A% thal
the introduction of a new Varicdole a‘wa}js
Cormes wilh the imbroduction of a new
invariant, and E\m’.s ‘S joocl to L&How .

\,\IHJ Fejen,
Sl:er"‘ﬂ:se.‘, 30 F\\or—;‘ (990 .



