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A lil:lee EXErCise 4V der‘iving Vnu“:iproqrams
| 4 L

b_t_., W.H.TJ. Fe_ijen

In this nole we record an ex\aer-:'menl;
in  derivin hqu.“:{‘or-aﬁr"ams ’;rom their funckio -
nal 5Fecf‘:|jcal:l'on-s_, wikln l:Lwe. Pred:’cal-e.
Ca‘cu.lus and the l:L:eor”_t:; of OWicl'!I' ancl Gries
as our onlﬁ tools for r’eabonin3 . For the
benelit op the exFerimemE we have aelec(:eol
an exam‘aie ProHem l:\'ml-. As  bo _»:,imple. klrml;
it reed not divert our allention from the
sub_)ec!: makler, wl—lic‘n L5 l:\ve. process or

derival:ion .

Someone w‘no 15 rumiliqr" wi th l:\rve I:L)cor'y
o(’ Owiclm' and Gries may , rt'_g‘q!: ak the

oukset, be amazed oaboul our choice ko
use kthat l-.‘q?.ory Cor the purpose or dariving
mu|£i‘or'cﬁrams, ance, aﬂ:er a”.‘

() isn't that theory koo én'mp‘e. to deal with
6omel:iﬂin_3 as complic.a.l:eol. as \aar-a”el

programs 7
(i) and 4sn't it the case thal thal l—.\—:eorg

addresses \oar!:ial correctness omlg, thus

e,omplebelg |\1or-z'h3 the imporl:an!: {ssues
of daacﬂoce and individual starvabion ?

(i) and bhasn't that theory been de.::(_gnecl
J‘ual: for a|aoa=h3r~fori veriffcal:{on ctf
Vnu“:ipr"ojram.s ?



WFEHL -

\A/e [;‘nink E\na!: E‘ﬂtée cpuesl-fon.‘. are IQj;"LimazI:e,
ond we therefore wish to bPenA a word on
them .

As for (i) . we bave to hbear in mind
that l:tve l:‘neorg op Owick( and Gries emer:geal
in a Periocl when COMPuLiﬂj scienkists had
Ju.sl: bejun to e.er‘ore. the \oossibiiik}j of
deriviwj msec}uenl:ial— programs. In L‘nose
da_&.,s the for'ma.l devivaltion or mu‘(:f rograms
Woas nobt within the scope or fmmecria,ge
interest, and d-ert'm"':e‘g loeﬂond the then
technical cam‘aal:ence., We mention the
latter so exp\ic.{lzlg because meanwhile we
learred that the Po.ﬁsiloi‘fk_-j ko derive
programs Forrna”_g cannot come withoul
l;L,e wi”;’n:;jnc_c,s, ko a.loqnolom interpre_!:al:ive

'rea.born‘mj . Tn l:l'le vmidl To s, oFerﬂl:iana.l
una\er'%l:andl"nj of rogroams and interpretation
of mathematical aaormulae obill were the
Prealomi»nanl: oiaf:ion.sq In Parl:-iculqr,,
compubinj scien bists  still had to devalo‘o
the lor*eoh'ca(:e caleulus ancl 195 how we know
that without ils mastery, pregram derivation
can hara”_x be dove. With  this in wind,

(£ is cpui[:e u.na(ersl'anclala‘e w"l_(j (-.Ine El-;eor:g or
Owicki and Gries has received the el—ijt-rm
of \'mvu’n_q been E{_Qéijj_f__d Jus{. for
a\oo:sl:ere'orf Verl'pl'ca.l:fow: ik ")0\5 alwag&

beer &tﬁgd_ For El‘mﬁ ‘

As For (), the oan l:\m'n_g we can do
ror h\ne‘ moment s to rerer' t:Lve reader to
our For[:‘ncom t"ng Qxam]ole. Tt 31'\12:; us the



W2 -2

O‘apor(:u.milzg ko derive
solutiors o the programmming  pro Iem, with akt
the one end or !:\ne S\oectr—um o  solution that
o\isia\aﬂs @ Wea.\f:la op ‘aol:ewl:ia‘ \oaraur_‘i:m and
doesn't suffer from the danger of starvalior,
and with ab the other end of the 6Pec|:rum a
solubion that c{i.sr:‘ags deadlock and , hence, wno
:Dr'awing from ‘l'ml'(:e.c{.
experierice we can say that the speckrum s
a|Wa55 there and that the "Soocl“ bhalf of <t
remains wi!:l—u'n reaclm ‘orovio‘ec( ove ad\ﬂere,s
ko a de:nﬁn c\isc:.iph'ne in which ome doeon't
oreself koo eaa;l_g to premabure

a  whole zstecl-rum or

[oam.”elfsm at all.

commit
c\eci.sions,

As for (), what else cam we S0y than
that the wmost efleckive weaponr aﬂaimsl ‘urkin_g

Mal:"lemal:ica‘ com\oiexi‘:g ia Q éimple formalism
to beqin with. Ard as 3&!:, we have wvio

indication that the h")eory of Owic‘zf and Gries

c.ou,lo{ be Loo naive.

X »
%

The t\ﬂeor5 of Owicki and Gries can be

brieclg E‘.XF\afn ecl (o ¥ ?OHOWS . A mu“:iprojrcxm
s o seb of :’:eci(uen‘:(al programs, that may
The theory

be annotakted with assertions.
l-.e.”s us &Lml: we cann  then r‘e_l_g on l;\qg
correckness of the annotakion whenever
for each asserkion we can show

—  that {t s established b_(j the program

in wl'n'cl-v H. QCCWATrS , I:Lm so»-CoL”eoL

local correcltness op the asserkion |
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and that it is maintained by the
akomic sl:al:emenlcs or {:Lze okher \arOj\'amﬁ,
e so- called 5‘0\::":»] correckress of the

asserkion .
T Prt’mcf‘o'e l:\'n'f:: is it Note &\ﬂal:
the l:":eor.g, we  will a\waﬂs lhave to be wvery
*’-’(P“c"t about Wl""CL’ are the obtomic skatements.

—

Avy usinj

Tn dealin wi th mulE{Pl'Oﬂrams we use
weakest \c"ber*a.i P\“ecomol(l:i'on.s for the
characterization of statements . The most
hiokiceable dilference with weakest precor -
dikions is that we viow bave for the

o\.[l:ernal;i\fe. conskruct (wa'w: ovre _gu.ar‘o\)

W, (FB 25 8).R = B v wlp SR

Ik ewl:f&‘es us ko Conclude l:\ne local correck-

ness of asserkion B in  the program Pr-ajmen&

;_E B — S\’il“‘o £_l_ {B} R

L5 (:Lue. vrosk im\aorl:anl:

ond this, n Fact,
for what Follows .

lt\'u'hg we reed Eto lknow

Near the very end op sUT ex.ample

derivation we will alse use a roqram
tran5CorMAEion, the va‘fclil:lj o(r

the Po\lowmﬁ lermma  thal
we vnmentior wif:lﬂou{ Pr-oa?. The purpose
of the transiormatbion is to reduce the

or atomici by, thus em‘nanc{nﬁ the
but without

wf icL: ‘s

C.aP':ured 1:)_!4

3rm‘n
G\Ejr'ee op Po&ewl:ial qu'a\lel{sm,

im‘cairing e PrOjram'a Correckness .
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Lemma We consider re\a‘acin_g on altomic
alternabive conskruck

LQEAC—-»skeF EE

in  ore of the t..omlaonne.nf: programs wikh &\qe
sequence

{_E‘ B o Slll'r: E
-;i'_F C - Slif'a £l'

of two akomic alternative conmskrucks. TThe
‘emma. AsS l:\ﬂa'l: I:qu re‘o‘aca\fnen{ Az

ha{,r—m‘eﬁs to (:L:e. Correcbht&s of t:L:e, awwo‘:‘al:{o\n‘
Proviolec‘. B ot falsi(:\l'ecl -L)_y any

abormie skalerment of any other cOmPonehE
Xrojram_ Moyeover, dqe r‘eF‘acemenL

0es ok inktroduce the o\anger of deac{locL )
(End of Lemma.)

And aflter these Pre‘(m:’mqm"es_ we are
Teady Cor our tbcamso‘e derivalion .

*® ]

\We consider o Eerminat:inj muli:érat‘oﬁcjram
in th'cL), at ‘:"79- OMLSQL, e.acl': comraov-wnf:
!or'ojr—am Consistbs oC a éim?‘e a..ﬁsi_gnmanl:

e

to o |ocai booleah variab
Prog. ¢ - D y.i: bool 5 yis= B.i ],
for some boolean expression B.c sl ko

be determimed. The Prauem is Lo

&jnc\ﬂrow{?}e the com‘aonenl:_‘a in .‘:—.»uc\"i a way
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thal the CI‘nal astate or the mu]&i‘grajram

satislies
(6) (Nis: yoe) = 1,

I'.Q",sorfc;.se)_g one o¥ the booleans y has
the value Erue . The s,tjnc\'uroniz-c\.l:l"on
has to be realized bj~meam5 op akomic
stalerments o? the Eraditional E:Hae “at
most ome access ko abt wnost owe shared
variable . Furk‘ncrmore the 55nc\nr-oni2al:(ow
has to be Carrl'eal eult %0 as ko vneek !:\ne
{-’o”ow(nj " rair-ne.ssn r’e?u;r‘e ment .

Relakion (0) , viewed as an earualrion in Yy,
has as many solutions as there are COmPonené

Erograms, and the (airness r*ecyua’remenk is
that our ultimate mw}EiPr’ojrm—n Can senernf:e
each solubion of (0) . Since we do not

allow this rec}uirememé ko r:enel:r—a.i:e our
discussior, we immed;akelj sakisfy it

by deciding that our olesijﬂ be 4ymmetric
in the component programs .

Se muclq for the [Orol:'em staterment .

Our o\esijw process - and l:l'u':a s E}jpicq‘.—-
compr-l'se.s kwo -5’:0585~ In i:he, Cl'r.s‘: s!:a e
we design o program annotation so tha
its as.su,mea[ correctreas Amp'ie_‘, k[ne Synchro -
nization condibion = (0} 4in our case -

In the second A:l:c;je we use the !:tqeorld of
Owic‘zz‘ and Gries ko 'TEaIiZ-e. !:tve corre::{'ness
o( l:lve annotakiorn . (W/3 10@_:3:'1—1 w;‘l-lq &Lve

Cirst &;l:aje .
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Given the assi?ﬂwment b= B, we
cavmol assert wmuc more Elaan that ’Pr'Ojram(:

establishes Po.sal:c.oncli[:ion lj-i = B.c , and

we cannot }'10]06 ror muc‘ﬂ riore than f:‘nal;
the ol:Lnr pregrams will wmainbaim it So

we decide thal

Y.l = B¢ IS o correck postecondition
in ?rOjram ¢ s

wiEL, EKP\"CJ_&iOW B still bo boe determined .

Expression B has te follow from whal

we how Rknow. viz. thal the mu“irr-ojram
esl:a.lal[s")es ‘oosf;c ordikior

(Ai:: y.to = B.c) ,

avd From wl'ml: we bhave to 3uar*an|:‘ee, viz. [-,L—m,l
il establishes Posl:corw\il:ion Ty We can
now salisfy (0}, provided we can design B
Suc!q E‘aql l—.“!e Pos(:cowcl( Lior sal:isriens

(Nise By =1 .
or —eq,uivalenlzljm
(1) (Ec:: B.o) ard
(2) (A Boo ~By = =)
And  this is p\"'ecfselg what we shall do.
Choice  false for B evidently meeks
(1) . and it is the only choice that does

S0 wikhowk Em‘m’nﬁ l:"»e imra‘chl:{on's
cons»ea,uenk inko account. Bul ‘:\’)e c\noice (s



WFI1t1 - 7

ne good For (v, s0 thal we had better
consider thak c.onsec?uewl:. It mentions
an eryualﬂzg sign, and here we bave to
remember that the cm‘_sj way Eo conclude the
Qavua‘il:y of two ar\oitrarﬂ expressions i5 b_g
Using that e(i,l&q};L_lj is transikive . Thus we
arrive ab our next (and last) choice for

o, ViZ.
'6!- = Ay = E .

Cor‘ sSorme Ar . Haviwﬂ Sa‘:isg'cct (1), we
are left with  the ololija\:ion to emsure Ehal
the postcondition of l:\ne mu“:ir)rojram
satisfies (1)

With our c.lnoa'ce for B ) 'Program C

can establish (1) by an assignment -
te a ?resh shared \lar'l'a.u«e r . In view

OC i:"xe desired 53\mmelrr:5 between the
com‘oonenl- program.s there is hardly any other
Pobsi}::';il:j either.

And here we have reached the end of
the First 51‘-0&5&. .Sumrrwarizin'cj . we
ac\'u"c,vecl that Ehe mu|l:i\or‘03r“am wiE\—z s\':arecl
variable & and with compowenl:.s given

by

?rog.i: L.
3 Ari =L
3 Yoo 2= A=
-{}jt. = AF=t }
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meets targek relakion (0y \or-oviclecl t\'re
asserbkigr H-L = M= v ?roar*amt-'
15 correck. Tt is  this proviso whie‘o
we 5L]OLH T‘eaif&e Lr) l:lnc secord b’:aje of
our desijm.

* F

Lntermezzo

I 5Lnowinj t—.Lze 3‘0\:a‘ correckness or
av; asserkion P i one oC the programs,
we bave to show thal for each alomic
Stalement S in a different program ,

T = W'P. S./i"

s Ekeorem. But whal if it i_sn'l:?
The arnswer is t-.\oal: in that case the

annotation or E‘ne programs is vl !al:rong
enouglqn Tt (s skandard \oraclzice [;‘qen te

Skrengf:‘ﬂew the annstakion bﬂ adah'ﬂ_g a new
assertion C. say, as a corjjuncl: te T ,
and bﬁ aclolu'nﬁ a new asserkion D, say,

as a cmi,unc& Lo the \orecond:’&fon of &,
and to design Ehe newlg inkroduced asserkions

in such a way that E\ﬂeg are correct oand
satisfy
C A D = (Powulp 8P

Note thal Cor ﬂiven T and S I:\m‘.s
implic:.al:ion _Bielcl.e. an eci(uakiom in {s\qe
wnkown precdicates C and D, and thal
it has at least one S:olul-u'on, VIZ. FOT‘

CAD = false

(End of Tnterrmezzo 3
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Now we address the reo*uired Correckrness

o¥ asserkion Y.t = Ar = iy 'Pro‘gr"amtz, Its

local correckness is abvious . For its 3|ol:m|
correckness we observe that Ehe 0n|5 stakermenits

from other pregrams thal may Falsf?s it are
l-.ine assijwmen[:s ko & Car w‘m'c‘q we have
to 3uaran|:ee l:\me I:me_z, dorm’t . T.e. we have

to ensure thal for any Jo g*es
(yoio = =) = wp. (0ie)). (Yo = w=¢),

or -ecwiva'eni;lg, using the axiom of mssi_anmenl
and jHc¢ -
(Y-t = o=() = “yer o,
or - .Qc}w'valeni:lg , using Frec\(cake caleulus —
(3) QY. v U
This, bewever, is lﬂar‘c\lﬂ a theorem and

we therefore skren then the annotatiorn as
indicated in the above Inktermezzo:

e

'Prog.i.: i -
{D.i}
P M=t

Bll' P = '\7*“‘-‘:
(€.l [ yiz v=(}

-
-4

B}

(]uxi:q,‘aosil:ion op asserkions deviotes &Leir
Now l:\oe 5‘o\oal correcfness

coh_junchon )
is Suaran['eeal,

of asserkion y.i =

Y=t
pr'ovl'ded. we Cawn dest'jh C and D in
::u.ch a way i:\—mlz
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(4a) Rssertions C.. and D.c are correct ;
(ub) (-P'-J j:{ri: C.c ~ DJ = (3) )
And E:Lﬁ.s is Predselg whal we 5‘na“ do .

As yet we cannel do Muc\—: wil:Lp r'eo’u{remenl:
(o) , but (4b) evriables us ko eliminate C.
b‘:i 3y and Preclical:c calculus", b)) is
eqb\i\la\‘enf: to

C.i = (Aj:j#c: aDy v Ayt ¥ o),

We ﬂb‘:ren‘jt\nen\\ !:\m'_s rec}u;rement on C.( a
little bit by removing the disjunck o 4.c,
Bielo{t‘hs

Cte = (Ajij#i: 4D ~ wid).

(This '},Lrenjk\weninﬂ" is dowe in view of the

Cact that Ci¢ {s a Posl'as.ser-ln'ow of an
assigrniment Eo y.¢ : anticipating thal we
otill have &0 ensure C.is local correctness,
dis akHrackive Eo have C.. & solukion space
as ino{epenc\en{ of Y.t as FossiUe. Moreover
the 'Zslzrenﬂl:\oeninﬁh £s Vo T’f:al 6l:r'en3t-‘7em"nﬂ, &ince
asserbion C.. occurs An cov\Junan'oh with

the a\'r?.aul_nj established asserkion y.i = #
We riow have an abundance of choices
C.c s -Vor' instance

Y h
-}

= C .
COT’

(a) ra‘:se

(b) (Ajj#c: wéc)

(c) (Aj:j#¢: =D.y)

(d) (Aj:j4c: Dy v oEC)

but we will select the weakest one, i
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we CMOOSQ
CL (ﬁ)J+£ -1'.DJ A4 l\}q‘:(.)

The more pra makic reason por k\m'.ﬁ cgnofce 45
thalt  the wfeager we choose our asserbions the
fess we conskrain the FoEeHEiai ‘oara“e.‘ism of
our ultimate solulion. The wore fundamental
reason is khal we can o.\wa.gs; .sf:renjl:‘wen an
later on , dhould the ticed arise .

asserkion
Ha.ving sebbled @by , we are left with
the task of ensuring (4a) . Assertion C.t
(s so wi‘cﬂj diflerent [rom an other
asserktion in /Pr"?_gram ¢ that there is ‘ﬂar"c”_\_.,

any other way 0 erisuUrin ks |oco.| correckress
11 .
ol |E|u

s we obltain

than l:_\j "!;e.skina'

o

’Prc_q.i: ...
{D.{)

3 JU':::L'

3 I_E C.(. —3 .S\ﬂ.l'\o E‘,

’
3

]

(A?‘:rt)
n

g-l-i"_: .
‘ {CL} {H = U=L}

'B:, A'ﬂc.or‘ooraL—in_o] the D's  in the juaro\, we

have commitled ourselves Fa rc\or—esen&akion
of f:‘ne Pr-ea\n'ca,l:es D 1::3 . say. @ bunc'n op
Fref;\'l :sl‘)a.real boo‘ean Var"fa.l:‘es, oane \oer

roqrav . In view of asserbion D.c ,
heir /'mfl:ial values had belter be Eryue

_ﬂqe 3‘&:@‘ correc‘:\’less OC CL orpers o

Fto
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pro‘:‘em abt all . The as&i‘jnment,s A}::_j ,

For' _j*ﬁ‘ > J‘L{.sf: Yna.lqe. C.c tmere krue . In
this re.sFecls_, we could also easi‘g occommodate
assignments Dy = false . which are

absent now

The latker remark is of course related to
the observation that the multbi pregram  as
we have (£ now. 4is o \orei:l:_q naive one.
Without a.ssijnmen(:b D= fal.se,J we can
,s,impl;‘P_cj Cl. into t"l& T"eijchtal a‘bernahv’e
(), and we can eliminate the D%
o..“:o\jef:\nerﬁ The re:,ull:inj program swffers Crom
the darger of starvalion ani thal is wnok
whal we are af&er. So let us  accommodate

O.s.sijnmen(:.s D:= false

iBg the Flace or occurrence op asserkion
D.¢  in /Projmm ¢, the a:».sijnmenl:
D.c ;= ?qlae ‘nas ko fbblCQEBOL A= ¢ s ond
os far as El'ze correctness of &\ne annobkalbions
T is concermecl there are no obher comstraints
on where to r"l“fj ki . For reasons of
" maxi mal Pr'o‘gre&f;“, however, we F'uj i in so
that the 3ua.roLs becorme Ltrue “as soen as

FoaSi'He“, - immeolial:el_cj ?o\low.‘nj Vs
Thus we arrive ab what | apart from a
final transformakion, will be our ulbimate
program . Fu”ﬂ encoded and ComP)eLe|5

ahm){:aled, b ds

Ihil:ia“g: (ﬂi:: D. )
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I g
D
> i_g (ﬁJ'J#'L '1D«J ~ ’V#(:)«—» 5\’«"9 E;'_
CH :
{

e L
(ﬁJJ-‘#L 1tDJ v '\-’4":-)}{9";5 U’:L}

We omit the proop thal there is no danger* OF
deadlock or starvakion.

The ana} transformatbiorn concerns Ethe
brea\m‘nj up or l:\oe ral:‘ner coqrse—ﬂr—a{ned

olternatbive construct inte @ sequence of

-Fine—ﬁraineol ones . Here we can mse the
Levama wmenbioned in the bt{sinning op this
nobe . Since the guc\.rol_ Ls aQ -?\'Vll'l:c
conjuncbion amﬁ:l '51'\'1(:.3’1’10?:2 of the
con‘_junck.s' 2D,y v w# is ?a\&igfto\. oulside
”Pr'ojr-qm ¢, the evaluation ol: l:‘ne, Co"nj\.«thcl:l:on
can be carried oul conjunck- wise , even in
ony order . i ha”g, each akemic

stabement i_£ - '.DJ v FL -6\1-")-3 Ee is of a
l:\jpe thal can be ivnpfemen ted by “"al wmost one
access ko ot rnost one shared variable " .

And this conc‘uole.s t:\ne derivation or
l:")e a\jorfl"\qm,

*

\We may wonder low thre \coizenkffai
‘oara“e.lfsm would have been constraimed
lhhad we chesea o 6|:romj er C.¢ T
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we did. With e.q. c.\not'ce, <€) ., we would
bave obtairmed ollbul the same knu}h'Pr'u raw
axccp[: that the altermatbive construct would
have been L_F GIIERE D) - é"&(P e .
The rcsu“:cnﬂ m\jom"ﬂ—rm would bhave been
o "Ewc»\a\nase a‘jom"lr\ﬂm“_, (" which Civst
all cwrn\aonen{: programs r)er{?or“m their
assignment to o  and viben L—.\—:eg have all
dowe &0 E’lﬂeh I:Lpe{r Q$5{3Hmeht‘.‘: ko u

In  our curremt a‘jor(uﬁm nNo  suc
"Sgsbem-wide &\\jnchroniz:m{:io\n \aoiht“ exists:
the Etwo bhases are éwecl'lg interleaved .

Wi th I:Lze still stronger choice (a) for

Ca , we would ave derived programs
containing Lg ‘?a‘s:e. -5 bk(\o Ce . This

would an c\eeclr cub down  Ethe Po‘:enh‘a.l Flurther
qum“eli&\’h ,  even c\ra\mahcauﬂ s0, because

l:‘ve Vnm“,-iproﬂram wvulo{ be Sumc\”ankeeal to
come to a Pre\ma\l:u.r"‘e bhall .

Eindhoven, November 1969



