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Sowe correckness pr'ooFS for Hhe Safe Sluice

This roke is wriktten ?or" my  own Ffle l«’nqin)gﬁ
IL 5 o sl:er:\ain S»the Fd’r @ Teir’wesl:igalsiow or
the usefulness 013 the Gres- Ow{c[a.i (:L;eorgj for
demansLmLing the Pm‘Hal correckness of comcurrent
programs . The re;nveslﬁja‘ﬂ'on starts wit\q an
expiovation OC very small mv\\{:'i\“ar’ajmms, of W\’lic"z the

Safe Sluice is an example.

_ﬂoere are Qvuilie a Few l'ﬂdl'Ca[:l'oﬁ:S gor (:\ne CTr'l'e.s._..
Owicki theory to ke repudiated, such as
G L. Pekerson dis'ii«inj a correclness Proor for his
famous anorithm, »su.cL; as M“'Raﬂha\.‘ pu.uiﬁ‘—l(nﬂ a
boolz on mubual exclusion aljorfl:\'n—ns wiblhout ony
reference ko Gries - Owick:', amd  such as the \oro\i«-
feration of Temporo\‘ Lo_qi'c. The reason [or the
'r-e\ouch'aku'on [ Freaumal:’g l:l-ar-eepoicl., First, the
theory can not cope with tabal correctviess. Second,
the l:\qeorg can onl_\j be used (= had only been used )
ko Pr’oviole an apoz:[:erior; argumenﬁ. Third, the sizes
of Elﬂe Proors grow ex\aonen‘:im“g wn'{\q the 512es op

ELJE programs .

Over the last Cew years, biowever, our mastery ol
the Precl{cale calewlus has inereased \95 abt least one
order of majnibude. Also, com uLin_ﬂ scientists hav
becowme more Ieen on consciously 5e‘aarah'n_g their
and they have loecome more olert on mol

concerns
Bel-l:in_g entangled 1n kwiskted mal:loemai:ir:al conl:rqph"on:
Arimed with l:aese acc‘,ui'remenl:s and butbressed bﬂ

o number oc enc‘.our'cxjing anmp\ea Fl‘om f:\"le recent
past, we reinvestigate the usefulness of the
Gries - Owichi l:\—»eorj.

¥
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The Gries- Owicki theory 4s one of the eariest
theories for discussing the ‘oc\r’[:ia‘ correckness of
mulki#toroﬁ\“amsn It can be summarized as
follows . Congider a systewn OF annotaked
ﬂ.aeci,men(:ia[ forograms. The armnotakion is &uciq Elﬂq(;
it pr—ovidgg, o x‘or"econol{(::’om For“ eac\n o{ the
conskituent atomic statements. For kne anrotalioy

ko be correct, we have to dhow Haal

Y each program s ini';icxl assertion 4s sabislied
by the initial slate of the bystem

0 o s correct for each program an isolakion
(locai correckriess) 5 this ds dore by éLrowin_q
that e.aclﬁ \oo\.&erw {’t’} ) {Q} within a
program zaq(:is(fes TP = who' (8,.%) .

te) ik ds correch for Hme programs  in cooperakion

(globa\ correcthess ), this is done by showing
that each assertion P taker fFrom one progran

and each paktern &} o taken from a
diskinct [iograin sakisfies TAQ = wlP- (5 F

The mec\rmm'qu inLer\orel:a.(:ion o( o COT'r'ECI:l_Lj
anrokated Etexk 4s dhalk whenever a  statement withi
o program s eoclecked [lor execubion, the A‘aﬂsLem's
skate  satisfies the statement's Frec.onc[t'l:ion . The
oy vitbue og (‘.\’)Q VnEGl’harHlCal &nlzer"pr‘eLo\E:ion TN l:\‘mL ot

Qhalo\es M ko ” m0d.e[ in‘:enaleot ‘oe")avfours".

+

The Safe Sluice ds the name w‘q;c\q has been

attackhed to ore of the earliest solubions ko the
prob\em ol w—ea.tizih_q mubual emlusfon within  a
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critical seckion for a Aystem of  Lwo programs. The
solukion can bbe clesc.riloeo{ as ?o”ows‘ The bwo
Progr‘o\ms P a-ncl c;, oFeraLe ovt l’.\ﬂe kwo booleans
X.lo and x-C} , wnlc ore (:alse x:niL.'aJIg. ?rojmm
p 45 a c5c.‘{c: pregram with .boay

prog. p x.p 1 = Erue
s [-1)(.?, el .S‘QI'P]
3 CSF

4 Xpr= ?a‘:be .

’PT’o_sr“am r} &5 Projram P w{l:\q {a o.nc[ 1 /anerc&’lmlﬁeal

’Rema.rl‘is on wrotakion

Unless stated otherwise, aaCL) [{re or code (s

considered aklomic . This means bhat in a\o\yhdfnj

the Gries - Owicki E‘qeory, each line needs to be
refixed with an assertion.

. A statement [B = o1 s short gm‘*
do «B ~ stm'lo od: & . It s
characterized by ‘
inP, ([8 5], R) = B v W\P.(ED,’R)

« Al programs we consider will be c_gc.‘u'c, Therefore
we adopbed the convention of Just men(:iom'nj the
body of the repetikion. This mij\v!: be very un-
wise because the coenvenbion does rok Telease wms
~— the theorem of invariance Loeinﬂ what L is--
frorm die olsli_qa.{-ion Eo A‘now that !:\qe lcoo‘.}j's
postcondition impfies (ks Preconoh’l;{on. We will
vebracl the convenkion ak the fivsk occasion «b
couses d{ppfcu“:ies or w‘nal-_e.ver feivd .

(End of Remarks on notatkion.)

+
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Next we use L\aa Gries - Owicki t\fleorg to descrilne
o huwmber of correctress pr‘oo(:s For L—‘ne_ Sale Sluice.

‘Eraof 0

This 15 a very old Proog,
arl:er the Grieb-Ow:‘ch[ E\’!eory“ It s ha"zen i;v"ow\
EwD 554 ("R Personal Summary of the Gries- Ow:'clzt.
-ﬂ"le—or_ld“) , notl verbakim bul as far as its Eal’lﬂ\\oe
is concerned - [ts mairn charackeriskic is that it 4s
construcked from an oPermLiomxl understanding of
the a.{gori them . In that respect it mi_glﬂF be l:ﬂ\ol'cal
of the way 4 which the Gries- Owicks (:quor—_g has

alwaﬂs been used.
The Proof skarts w”:lﬂ the ivtroduckion of Ewo

boolean l:hou_cj\qt. variables Y- le and Y9, which
are initiali zed with the wvalue false. The Fr'o_g\--ams

oHow.S :

It emerged shortly

are modiﬁr'ecl w{l:\n oPeraLions on them as
prog.o {'PO} x.p: = Erue

st [axg - 5'P===l=m€]

s {'Pi} CS.ID

5 {’PZ} e, Y.pi= ralsbe, Fa|se.
{0}
( preg. is prog. with p and 9 in&erc‘ﬂanjec[‘

We wu" ok Tepea this an_tjmore.)
For the P s we can croose

Y0 : AXp A TYpe
i X.p A Y P
P2 X A Y-p .
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For l:lqe:-.-e c"noices we can fprove L—lﬂcﬂ. k‘oe annotatior
is correck: il 1s ol’.)viob(f;l_g correck For program P
in isolation, and because program g, does ok

moc[if_g any of the varia.hieﬁ mentioned in the ¢ s,

it is also correct For program P i cooper'al:[on :

Next we observe that each Pe imp\ies T given }
P: X.p vV nYp.
Therefore we can rei_g on the wniversal Va.“difz‘g of 7.
By symmelry, we can alse tely on the universal
Valid”:ﬁ of '
Q‘. XnC} -~ 13?
We are hea&iﬂﬁ for the wniversal va\(cls"tg of

R YP voaYg,
which Formahze:- the intended behaviour, lech! (s
that vio two programs are 2v aged in their
critical seckions simulEaneous?g. The amlg
stakterment that c.oulal. Calbirﬂ R is an asbfgnment
yi =brue . However,
w\p. ([~ X.q - y.pi=krue], R)

{de[ini%ions of w‘ta and 'R}
X v ‘19.0}
= {defiwf!—:ion of @}

Q

H

i

&Q is &m{versm”g va,io\}

brue
bevice R 4s universa”_td valid .

(“E__Q“c“l. of Proof O.)
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We cou.lq\ comment on details ¢n the above
\oresew&nkiom, bul we T—Q{:TG{H g—;—om dot

ng 0. The
tnain ojcserva‘.‘:for) i l:\'ml: Q—-,e ol:ove. Pr"oo{-s i
r.omptel:e.}\_., “Ybokkom - u,]o" :

Prool ¢

This {s a "top-aowh“ \or*caf, wLaic") yneans thal
the very Fira(-. l:‘nhnj we do 4s For*mqli&x'ng E\oe

imbended belmviour. For Teasownis or coM\oarﬂ'.som

we clhoose the same I:L'muﬂ‘q!: variobles and the

same program modifications as in Proof0 .
Please, ijnore. E‘ne annokakions unktil Curl:lner* nolice .
progp  {aypl  xpr=tbue

;,{x.P} \_-;x.c; - B.P:=|:rue]
s {x.p}  CSyp

3 {X'P} X, Yypr = Ca‘&e, Fﬂ.lge
{'15.‘:\} '
New, ocur Praor olo‘ijal:{on (s ko &how the
invariance of
'R= -15‘9 v ﬂg,CL
To that end we observe that om|5

Y= true can Ca.lsi(g . Therefore we irnves -
Eijate for ore such a.:‘:sfjnmenl: the comdition

an &sbfj niment

wllo. (LA X.p = Y.q = l:me], RrR).
fB__g the deﬂnf’:iow: Or

rewrite it as

w\\a and R, we ear

K.so AV H.rz
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The wvariables mentioned in the latter condition can
be modified by program o onl_g. As a Consequence
the condibion 4s Sw\h'spt'ed lr it is an dnvariont 0{
program o A1 ibolo«l:ion. And this is =0 on

accoumt of the obviously correck anrotabtion, w b

we ave ollowed Eo comsider row.

(End of Proof1.)

Prooft s daorter than Proofo , but thal
need nok surprise us, because tre former is
dermand -driven . For the same reason Proof!
is also less loa.roquie in that it does val mention
(:\42 c"ui(:e over‘s\oeci(:ic Pl s of ’Proc{ﬂ. This
need nobt Aurprise us e,il:l-net'", But w[ﬂaL is more
im’oor}:ant io that Proof1 imakes o less heavier
use OF Elf?e Gries- Owiclu. l:l'\eory. I ’Pr-ocfo E:L-:e
Pl v were introduced and there we lhad te ver'Equ
for all of thew thak the other program did not
FalsipE; k\’!-em. In Prooft l;[’l{.s ruor ol::lfﬁalzion
was olis—..\oenseol wi{:\q (v} ove sm‘re swee|?, viz. al
the emergence of the expression Xqe v Yo
Frorm Ehal moment onwards we were onl_g concerned
with providing focally correck amnotakion . (And it
ts even cpueshiono.ble whether for that purjpose we
chould have pmvidec{ all three rePeE-iEious asserkions

X. o )

Proof 1 also shows c‘,m'le c‘earlg bow ke
Safe Sluice could have been derved, using e
Gries - Owicki i:beori.j. Had we done so, we would
have introduced the y's, we would have taken R
as !:Lle Fu.nc.[::ionql specipical\(on, ahc!. w/e WOuld have
used the Co”owing pProgram ijment, conl:-a-.fnina
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the u.nl'unowh
for pregram -

(B > y.p: -.::l:me]
CS. ‘a

Suard B, as a Cirst aPProximaLion

.
L

_ﬁ’)en we WOM!
wlp-([8 - y.p: =brue], R)

We wi“ ol pursue &in,: here .

d have ComPMI:EO\.
and Eried to derive

'Proo¥ 2

This is a very short praat. Here 4t (s,
out of Hae vnagia hat . Trtroduce l:lnougglq& varialle

2, ond moc[:'gj the programs os Follows
prog.|° X.p:= Erue
. E-—l x'@ — 2-:..-:[:?]

s{xpilz=p} CSp
s X.P'.-:- galse

(Conjuncl:ian of asserbions 4is devaoked 1:35 the iv
_juxbai‘oosition )

First, E)’le avirnotation As eﬂeaLive

we can conclude

sivice krom ik

prog-fo  4n CS. A preg-q AN CS.q

{bg e ahno!:ai:l'oh}

=5
Z«':P -~ Z=
= {m[culus} (i
P=9

Second the annobatbicn (s correct because (ts

local covrectness is obvious and its S\OIQqI correck -

hes Fo“ows Lrom -~ the asbt'jnhqewf: Zln% ir
Y

preg- q being Q’;e oniy one thak coulal cq.[s(

E::F —



WFE&1 ~ &

w’(p,([—xx.F -> Z:::Cf,], X A Z-a‘?)
{ definition of wlp }

X.p Vv (x.p ~ pP=9)
{Precl. Qalc“}

xp
< { assertion to be Ju_séic{eo{}

x.F ey E::P .
(Epd of Proof 2.)

]

il

The above \oraof 1S \orcsenl:ed. as iF ik was dis-
covered, but n Fack (t was e oubcorne oC the
very Civet effort ko derive the Safle Sluice From
one OC 4.[:5 Fuhﬁlﬂ'ov‘)al SPEC{(:;GQL—{OYT':‘:" Because \:Lu’:.s
rnote {s vok on e derivakion o{: h{;k[e_ mu“:—ipr'ojra.m:“
we leave it ab the vewark.

T bave to admil that T was quiLe excited
leen l:lﬂe OLLDDVB ‘or‘oof zmer:aec{. —n’)e axc{(:ctmenl:
lnad., besides the proop ba:’nﬂ sl‘lorl:, ab least bwo

3raund5 .

Fl'r'sl:‘g , il someovie were to guess Cyom an
opemtianm‘ un&et‘:[—anah‘nj of the ?Dacc Sluice which
stakerment of the program is the rost cla.wﬂarous
orte as far as the safeby 4s concermed, his

choice would have been (in fact, it was) an

a.ssslshmanl; X 5= Fﬂ‘:’e, because -- a.ﬁ:e:— a”-- iE (s

Preciseig that statement which ‘opens the sluice”,

makes a juar-ol. krue - Now ‘9‘60\58 observe that
in the above \o\-oor the staterments x:= False
do riok even enter the Picl:u.re.: for the asserkion

{xpl bto be correct, it only maktered that in
proamm \o i{ was Precec‘eo’. b_bj x.p i= krue ond l:\rml
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pro‘c‘}mm g did ol modity x4 . Ten't that

nicely countkerinkuikive 7 Bul there is more ko

At - the relakive freedom we bave in scatbering around
the program text stakements Like x:= false, withoult
i'mmlfclal:ing the E»afelz_t._; r:t-oof, is preciselg the Freedos
we otill need for ensuring c;ompulml:ional progress .
(I have ot war‘ﬂed out Hus in any 655kemal—ic

mMannet 90:‘: . )

The secomd mource of exciternent with the above

could ot thimk of a:ﬁ other

e Pr*o_cjmm

pr—oof was that T
useful assertion to be P‘u_q_cjecl i into
kext . Nevertheless the Gries - Owic[-u' &\qeorg r:rescri]oc:,-.
ik, wnvecessary s0. My guessis that this is the rest
of presenting the Hreory as a theory For the
Con:sl:mc.l:ion or a‘sosl:er{or'f proops, jiv{nﬂ much less
omoorl:unftg to Qncoumntker useful e:eparam[:ions of
concerns, as is the case with Eor-dowm designs . My
guess 45 also that when a true addick of Ere pure

Gries- Owick f:‘ﬂeory would Proviole e ”mi::sinﬂ“
asserbions in Gne above cx:zmpie and when e would

give a f—'u”-vﬁwljecl PT”OOFJ rot on‘g WUu{ol [:L:e Proor

become lonﬁer’, but ~-worse-- 'rePeL—i(:iau.s.

/P'roof 2

This iz an uglg proor in the way evolves, but it
has « ‘na\or: end . It i ug\(j {n thal & s,
by now, much too c.ompls'cal:ecl o pr-oo( for the
Safe Sluice. The happy end is that Telersen’s
mjarfl'lﬂm emerges from ik,

We beﬂin with plu g4ing in a 61'n3}c asserkion,
viz. the \ore.cono\{kion ol the crmtical section .
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Pr‘og-‘a: x.lp:: Eme
3 [-1 X.q - 5“&;"9}
3 {‘R.‘o.cp} CS.p
3 X.Pzzfa[.ﬁc
Now we wish ko Fnd an K , as weak os
ossible, éali:%img
(O) ‘RAP'C;’ e ’R.C}.‘o ) ‘9:(}
(This i« one way of Fo;-ma”_tj ALaLz‘nj that he bwo
programs are nok 4in their c.r-il.—(caj section »‘aimu{_

Eancouslg )

Our p\'rsi: mppraxima‘:ion For 'R'\"‘I« s w‘qa.{ can
be Juglipied bg program e in {so\ai-ion, vi2.
Xep A -1x.ci, . TL‘n‘s (5 no_ﬁo_OA in coa\aeral—"on,
becanse progmam g Palsifies the second

COhJ(AHCI: l:j (:\'78 assig\nmenk x,c‘ t = l-.t-uen T|n€l'e-‘
fore we wealker Ehal c.onJuncJ: and our wext

pr'opoaa‘ for ‘\Q-P-q, 4s
'R-p-c;: X A (1K.$ ~ H-‘o.g,)q
This choice (s correct whenever
a) (©) is sakisfied
b) X-€} 1= brue hr‘ul:tﬂi(-\s'es H\ocl,
Ada)  Rpq ~ Regp
-‘CLZFl‘\ﬂ“:‘I‘OT) of "R}
X-‘o P (-; X.?, ~ H‘oq,) A XK, /\(-;X.r: ~ H"’}'P)
Il pr'-ealic.ake ca[cu[ubg CP
X A Xg A H. p. A Hog-
= {0\": Zl.cc.oun‘: o% (1) l:i‘ow}
‘9::(1’ .
(f) H.Pq, A H.c}\g = P=q

i

)
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Remark, When comearing (0) and (1} Ik seems

as it we bave put the cart before e horse, but
this is not the case: R occurs as av assertion
i1 the program text whereas H doesn 't.

(End of Remark.)
Aboul the ﬁimp’es(-. C\’IOfCE for H ,bucL) k—.\ﬂcaL ik
sakisfies (1), ds

H.P.c} : b= q, »

for a Cresh variable b .

ﬂd'b)_ In ovrder to Eml:\m"(-\_nj H"P"fz wibthiv
x,c;:.-:l:rue, we T-eplace the skatement with

X, b= true, q

This, as sucl’p, com letes this correcthess proof
for the Safe Sluice. But there is a litte bt
more ko ik. Lebl us summarize bhe ((-MIIH )
annobaked text: |

rog.jo : X.|2, b= Erue, o
3 [_"! X0 = rb‘rzip]
3 {.X'F’} {-;x.c; ~ iq:q,} CS.‘a
3 K.sz Fa'.:‘:e .

Now we observe l—.\')qLJ wibhout clﬂanjing the
annokation and (ks correckness, and, therefore, without
changing the validity of the correckhess arBumenf.,
we can weaken e juam{ 1 Xeq toward s

1X.g v |1=c[, - The price we Pay for this chm_ge
is that b ﬂ{la.s From i:‘rwuﬁ‘—pl: vm—iab'e ko
program variable, but by this investiment the
au\joril—\am o ,onjer suflers from Hoe danger of
dendlock or individual starvalion (without ‘oroo( here )
In fact, we have arrived at Pelerson’s mutua
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exclu::»iow a\goﬂ thim .

(End of Proof 3.)
The above \oroo( has Fr*o\oau}j about ope and

Qa haw mora‘- -nae ‘qa.lf mom' 1% lqicld.en i E\ﬂe
’Remarl-(, where it is staked that R is an
osserkion and H Lan't . A assertion has to

be established lot:a.nfj and it bas ko be maintained
Bioba}lg, and ELH':S mig\nl: induce wmore roo(’ o\o((ﬁaka‘on;
(:lﬂaﬂ J'uﬁ-l eg[;al:pli:\ﬂiw_j a condikion “Ee H . The
brick we a‘op‘{ea‘ was "de‘equ:ihg“ the recyuiremen[- of’
asserkion TR sakisfying (3 ko the non-assertion H.
Whether the trick «s of any Mse remains to be seen .
The firm vroral {s that we have indicated the
Przsumqlo\_cj 6imp|cr>E and bavesﬁ way ko wea.l‘-ten a
ﬁu‘o‘rd‘ beinj a Tossib;hhj we barelg need (n order
to abandon dead ock  from programs derived by
Using the Grz'es-—()wic!q: L\o&og.

Austin, W-H.J. Feijen,
30 Sephm}aer 1987 Pepartment of Qo'm‘au.l:er'
Sciences,
The u.m'veraiby of Texas
ak fusktin

Auskin, TX F8111 - 1188



