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On _the construction of the reﬁu-lar Pen’cagg_a

The purpose of this note s to PreSent heuriskic
considerations thalt lead Lo Hf\e c,ons’:ruckion_, with ru‘er
and compass alone, of the re.«au.lar Penfagon. Ouwr e.H-‘or{:
was inspired by the wmp\e\:ca absence of such considera-
tions from , for instance, “What is Mathewmalics 7" by
Courant and Robbins, and “Introduction to Geometry” L’j

Coxeler.

Courant and Rabbins's presenkaﬁan s%ronglj -sucjcae.s{:ns
that it is most convenient Lo construct the regulo.r deca-
gon first. We were a little shocked by this s:ugges{:oh,
because we had no idea how a systematic develop ment
c-.g the COnSlcYu.c\:'ton could exorcise '*:L?Orlf ra\olnilz —Puned*ou{-—
of a hat  ( Why , For instance, showldn't we starl with the
vegu.\o.r 'ucoso.gon?) Coxeber only enurmerates the move -

ments 1o be performed with ruler and compass, without
ony Lurther explanation or justification.

* Rr
Jn

The Prob\em 'S ko construct 5 Foihl‘.s evenlj d;s{rijgu.l:ec‘

on a circle, or to Fen’ccnsecl‘-” 360 ° . ExPloi{:ihg the
5-[old sbmme\:rj, we decide to do so \:5 conSEru.cLihg an
cx.n::,\e of 72°. PBecause triangles are about the sim):\e5£
figures that contain cmca\es, we decide to do so \o‘\j construck -

incj a L\—]ang\a cahta{ning an anﬂ\e oF ?20.

Ssmp\ic\[;j su.e@es{s that of all such Jcrio.ngies we choase
one With as {ew degrees of [reedom as possible. An equilateral
«kr\ang\a has the fem}es{’ degrees of fr'eedom, but it does nab
have an angle of 72°. The only next-simplest tr{ang]es we
can think of are isosceles kriangles and triangles with
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@ Simply constructable ang\e._, such as 90° or 60" *  their
onhj degree cp 1C'reczc:\cam is the ratio cf. two o¥- their
sides. This leaves us with the choice among
72", 72, 36° 72°, 907, 18°
727, 54°, 54" 72°, 6o, 48°

12°, 457, 63

72, 30, 78°

of these, the [irst isosceles one --72°, 72° 34°-- offers
the simplest orpor[:;u,n}l::j to {ormulate an ectuaEion For the
rakio ol;‘ sides :  because 72 = 2% 36, the interior anguiar
biseckor of an angle of 72° ]acu"{:d:iohs the -’criangle into
two isosce\es {:rian%)es, VZ. NEEL\ {:\qe. oriﬁ'\nal Eriang'e
\wa.ving base 1 and sides Y e 3e_Jc

By simi\ar}(::j op {:r-iancales,(or Bz_,) some theorern aboul bi-
seckcrs,) we \mave e L 5—1 , 1€ Kdz—lj-i = 0, je.

Y = (H+N5)/2 . Since V5 s constructable , so is

(1+V5)/2 , hence so 15 the abeve \:r‘.o.ng)e with angles
72° and 36°.

»

We now have exorcised Courant and Fobbins’s rabbit
By coincidence”, the triongle we were most interesled in

contains the main ingredient for the recaular decagon , the



WF83/AvG 73 -2

angle of 36°, as well. We did not have io mention decagans,
however, nor do we have to Per-rorm the more claberate
construction of the regular decagon first.
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