WF#1 ~ 0
In, Own. or Out

\We conseider o r)om@. X ond. & convex Palﬂﬁom
LL AV E\ﬂe. P\awe. The wverkices are assumed
ko loe Glven clockwise . Furtberwiore, vo Haree

verkices are c:o”mear'.

The purpose of this woke is ko g{ve o syrookh
oLeve)oPmenL of an alﬁaril:tm'm thal  delermines
whether the Poiw{; X 15 irm khe inkerior, on e
boundary, or in the exbterior of the \Oolj o U
The o,lﬁor‘r'(:i’\m 5\’70u|ot, vroreover, be such that the
number of com ubational 5‘:&\95 reqyw"r-eol. As
Proporhional ko “ the ‘ojariuﬂm of the num ber or
verkices of the \ao\ggon.

+

For a(&ilmple) Y""‘:Jf)c'” Z we use khe mnokakions
. Z , on. Z , ond out. Z os  shorthonds

for Hqe condikions X s in the inkerior of Z
% As on khe boumdar(d C)F z . ond x s iy the
exterior of Z reb\oec;lcivel_uj . Furk\»vermore, we

ossume ke avaélmb(li‘:y of a Ehree—va\ued
thd:ion \o-e weidfn_g l-.‘oe. c;\oc.\zwma \aosi\;fow
of the point X with re,s\oed: ko o direcked livme
e

-e = 1 i( X 15 Ov !:\';e. c:.loc\zwme side oF— e

pre =0 f x is on e and

pre = -1 il x (s on the C.omml:er“c,loc}‘iwfae side

e

of

3

To begin with. we give an a\‘ﬁor“fu’lm that
i linear in the number of verbices of U . \With
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e in the domain of the (ﬁ.‘m‘awise -) direcked

boundar_tj lines of W, we have orn1 occount
of UW's convexity
in.d = (Re:: poe =1)
orvi. U = (ﬁez: b. e ;D) N (Ee:: p. € =0)
out. b = (Ee:: p.es= -1)

The ‘aosi Eior op x WH:L'l respecL ko W s pow
comeLeol bﬁ QomFuEin the winimum of the
P - values in. L, on.U., and ouk.uU then
Correspond. ko  Ehis winivaum beimﬂ QCVLLGL‘ ko {.
0, and -1 respectively.

W

For o logarithmic solul:s'on we propose ko biseck
the \oo\qacm unkil o Eriangle s left .  The
q’,ueskiown then 4s low ko gf.sec.L precise\H avid
under combrol of whickh trivariant.

Letk VWV be o convex \oo\_ujjon (no three
\Ier\r(ce.s co“imem‘j avrol E\’;e verbices bet'ng Siqen
clockwise , but we will not ‘re\veqi that all Etre Hma),
with ot least four wvertices. For U and =z
bwo tionadiacenk verkices of V' we c.oncluo[e on
account of Vs c.on\rexil:tj that the snbervor of
the line $e3menl: Yz £s  in the inkerior of V.
The line c.ormec;h“nﬁ Yy and Z divides V awko
kwo Conivex Polﬁjows VO and V1 . Now we cawn
state

in. ¥V = in. Vo~ an. V1~ X s i the
Ainkerior of L-.\’)c livie sej\menL yz
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ori. V. = (0}’}. Vo v OH-V“) A1 (>< 1s A
the dnlerior of the live sejmem£ 92)
out.V = out- Vo A out. V1 (0)

From Lhese three relations we conclude that the
viokiowr out Is bﬂ far the $im‘g5e5£ and  As
fikeli,j to 3{ve rise to the fewest case awa\ﬁsas L
the biseckion Proceo{.ure . 'ﬂﬂerepare we choose
as oarm  Anvariant Telalzlom To A ™ s Bx‘uem bg

’PG: V' 4s a convex Polﬂ\?on w‘il:\ﬂ ot LE%L
ol

E")ree vertices, and

from WL .
1 out, U = out. V

vertices are verkices

The c.orresponolinj Erogram becomes

V.= W
5 c_!_g the nurmber of vertices of + 3
- seleck Yy and 2

5 I_E B s Viz= VO
I B 5 V=1
&
od.

4 E:‘Ina.wc)‘e awa‘gsiﬁ

The tnvariance of  Po go“ows -F(‘om e woy  4An
which V0 and Vi are consbrucked frovm W, oy,
awnd  Z . The invariance 0{‘ Pir bas ko Follow
from o  proper choice of B and Bt We comn-
pute  Bb. ln  order Ehat the assignment  Vi=Vo
mhabln"sbe& ! the ‘orecono[ihon s\nou!ot “’”‘Pl‘d

owk. U = oub. V0

i
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A precondition 4s (ke Pt oand (0)
ouk. U = ouk. Vo A~ out. Vi

so that for B0 the choice
out. V0 = out. V0 A out. Vi

i

oY, chui\mlew&lg,
out. V0 = out. V1

will do . With  the assumpkion that the lime
segiverit  from y Lo z s o dockwise adje
o‘j Vo l:lnis covridiktiorn 4s imP‘led \oy -"ls:OT“ a
r:roof, see khe oppendix -

r ([ihe from y ko z) 20
'E)ﬁ symmebry ,  we take fovr B4
- (hﬂe -From Zz ko _lj) >0

NQX¥. we 3{\re Une hﬁﬂﬂﬂ‘e ana\jsis. \/JIEL; E\f)e
h"near* a\ﬁoril:\nm we COM\OMEG_ n. N o, m. V, and
out.V Lov the {:rl'anﬂle Y. It out.V \Oololﬁ-,
Hren , on occount of P41, also out. U holds
If in. V \nolds, bhen ., on account of P00 anmd W's
Corvexiky, also  fm. U holds I on. V' lholds
(i e. each 2456 o( ‘:‘7& L-.r‘fa'nj|e bas o P - Vo«.‘ue >0,
and  one' or kwo P- Vcalua_s =0 ) wWe d(b&iﬂj%(jb&’)
two Coases:

Ewo edges Lmve a P \!a[ue =D X, l—.\'zen
coivicides wiuq the verkbex Jm‘ﬂihg these Ewo 20{:}654
hence 4L coincides (see P1) with o verkex of
U, hence on. U holds

ovié det ‘/m:: Cu - Va.lue = 0 3 b l:ben

AL ANy the iriterior OF that edﬁe, I¥ (:\’70\}:

—



WF1 - 4

zdge 4> an edge of W, on. U lolds. If

thal adge 4= rot. an eo\gc of U, <t <5 an
adge (see T0) bebween Ewo Woﬂa.djqceml: vertices

oF LL, 50 l:"na(: (UL L£s convex) in. U holds .

+
This ComP\aLes the derivabiorn of the a{jor(l;\qm,
(:\5 was ko be axPecLec{,‘ S50vre Coase ana\ﬂsf_s C.ou\o{.
ot be avoided : il is wmore or less baked 4 4n

the Probiem stotenent The tule we [ollowed E‘new
was to kry ko isolate the case analysis 4n the
s\'m\o\es(: entourage encountered during the o\ev«&\opmenk,
here: the ‘:riomje, abker E\ae T“‘?«P-C!:i‘:l"oh" Hod we
\oermiLLcol ourselves case amalysis inside khe Tepe -
ktkion we WGu.{d. have had ko d.e.ml wil:\q (:Sne, arloi[:—rary
Corivex \90‘330\/\ V, Nlm'c. L5  ¥rioTe C_ompl(ccxi-_ed_ \:\qan
o En‘anﬁ\eqv The wmoin veasorn, however, Ffor
\ﬂcwmj w i bken this roke 45 ko dndicake [:\’101.‘1. we
bave discovered lhow bto minimize case anaijs(_sa vig. bg
o\.o[nj J‘u_s{-{ce. ko the 6t‘141P\€c.t"{'5 of the s\"mpc of
formula (0) -

\W.H ] Fejan

Plu.&lﬂ:n,
23 Moy 1985

ﬂ}gp_eno\ix
Firot we observe thak e lime Crown ko z

is o c.\oc.kwf.se boundarj line of Vo, L;ie ltne
from = ko y 4L o« dockwise bouwclm}j livre
of Vi, and - (lie fFrom y ko z) =
- P (live trom = ko y).

Set'.omoug we Consider kwo Ccases (:m"
P (liwe from Y to 2) 20
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- (line Lrom y ko 2) =1, herce

P Ut‘ne -?rom z ko 5):4, lrence (becaug,-e_
lrme From z ko AS QA C‘-‘ockw{.&e bouhda@ry

line of V1) ouk. Vi, hevice
out. Vi = out. Vi

-

- P Uir—m Fr—om y teo Z): ﬂﬁaén we

dis Lmﬂ wish bkwo cases

- x on khe line segment yw ( bounds
Alnc.luded.) , hence on- Vo and on. Vi1,
loe&'me -1 outb. VU and out. V1 » \ﬂence
oult- V0 = out. Vi

~ x vrok ow the linme sejmen’c yz, lherce
( becanse line between y and =z s

o bowndc\hj line oP Vi) out. V1, hence
out. V0 = out. V1 .

I am not par‘l:icula.rig \oieo\sea\ wfﬁ\’) this ‘or“oo‘P,
and I would rather bhave a much mere caleulatio-
nal arjumenk. Bul  the de_\relor)ment of an ade-
CVMC»LC ‘smc\q a aa\cu[us Fa”s outside E\ﬂe scope

of this note
(End of F\Ppendix,)
(End of Im, O0n, or Out.)



