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Squaring a guclic :'aermmLal:iom in siku
4 —7 =

In this nole we describe the develO\omenE of an
i - sk a.lﬁoréh‘nm for 5cvuarin3 what in Eraditional
maklhemakics is called a c_ﬂc.lfc Fermwl:al:fow, but
whal we call a ring . The oleveto]amewl-. 1S qus’ded log
Q c.alc.ulu:: oc Yivigs , wl’lEclq lqas beey de_sggsned_

{orecissel_lj for the treabiment of this and similar
al_ﬁorikLims,.

and_nomenclat

Nokakion

We consider a finite non-—emr)kﬁ domain.
Elerments of the domain are indicated by smal] lekkers,
Sequerices of elewments loj Cap(l-_al,s, Concatenakion
is devioked b._‘j Juxko\‘oosifaion and em‘af:;\j is tae

emtol:ﬂ sequence .

For this domain we inktroduce e viokions rinﬂ
and minﬂléng of rings
- for each non—ern\alzg sequence X of diskinck
elemenl:s, LX1 (Pr’omouwced. “rimg XV) is
a ying s E\ae elewrents of [X1 are khe
elements of X

_  each Tin3 AS minﬂlmj 0( riwj_5$
for mim_j'imjs b and Tk of Yivigs , h __m__\q
s a mmjl{WB of Tihjs (m., e mirxjﬁ[\'ﬁj

operator, is prancunced ”Vninjled“

“E}_‘aecu'(:ical;ion of the algori b

it ¥ Al et — e ANe e e wy e — e e —

For a ring b we wank ko comskruck a program
square S:a.{-.isgtj{w_g funckisval £>Soeci€ic::\!:iov7
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(0) { h = [U]} square Un = LUl wm [u.]} ,
¥ mEnﬁhwﬂs of T'mjs and Hae minjlmj O\oera{:or

were Prim}éi‘ves of our |erogravi noLaLn'on, the stalement
h:= h 21] h woulal do . T\')e_tj aren’k . however, so
belore eYWL)Rr‘QiHﬁ on khe deve\o\omenE of an a.boril:\wm
we [irst Bive sovne \aro‘oerl:ies o(: minjli\r}j&, QC rt‘znjs,

For rinjg, and. Heir minj{inj_s we \oas[:ulal:e & Pumber
ok rudes .

Ro: [X\(] = [\{X] ¥OT“ diﬂoink (Sec}uewces) X and
Y, the vule of vokakior .

Ry m  is asseciakive .

rivarm.

Ra m o s s_fﬁfnme,l;ric for cli‘sjoink rings, e, Lor
E

T-ih_cjs wikhouk comwmon eiemené.

Ra:  [Xpl m LpY] = [XpY] for disjoint X, p
and Y, the onemr.-ivo’a rule ; P s the Fivo#:.

Ry: [pglmlpg]l = [Pl w [gl.

These rules ko e,l;lqer wii—.\q l:lﬂe ‘ru‘e,s Rs E\qrouﬁ\q
RE , derved below, are al] we meed from Ting

Ca‘culu,s .

Rs:  [Xpl wm Lpl = [Xp],
Fc“owimg g"r"om Ra wiL‘n \f:_-:zmtokgﬂ

R6:  [XpYgl m [pql = Xpl m [Yql,
fo“owinj gr'om
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XYl m [Eq,]
{'RB on the first Eerm, pivel o
R4, a«sbocia{ivi!:ﬂ of m ., mobt ko _loe
menkioned any more 1n the E»ecvuei}

IXp] m [PY&] m {pgl
{'RO ov; e |a5[: kwo [:evrms}

[Xpl m [Yq el m [qp]
{R3 on the middle Lerm, ioivol: cp}

Xpl m [Yq] m [qp] m [gp]

{’Rl‘ on 4 |a5!~. kwo Ler‘w'lb}

[Xralﬂh_g [Y4] m [4] m [p]
[Xp]l m [l w [Yq] m [g]

{‘R_S on the first Ewo kervms and ow
the last two Eerms}

[Xp] m [Yg] .

Ry: [Xpl m [Yol wm [pel = IXpYql,
Fo”owfmj me

[Xplwm [Yo] m gl
{’Rb onq/l:\ae ?ir;i Ewo l—.erms}

[XpYgq]l m [ g] m [pg]
{Ry on !::\ajla.s{ [‘:3/0 {:erms}

[(XpYql m [p] m[q]
T’Rzﬁ, (:.wic,eP} MECL

LXpr Yoq]

Re: [X\ochZr] m [pgr] = LZrYq Xp].
{-’onuwin’g Qr"om

[XpYq 2r] m [pqr]
j,’RO o the Firsk Eermm 2 R3 on thoe
lask term ,  pivel 9 }

it

#

i

fi

i

]
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[ZrXeYq] m [pgql m [q7]

{'rzPe 2:3 the w}b#_ E\E? Lerms |
lZr Xpl m DY 4] m [g7]

&’RO on bhe bwo ouker |:€rm51!
(Xe Zr] @ (Y4l m [rg]

(R? with X.p = XpZ,r}
[X\a Zr \fc[,]
_ {Ro}
LZT’“YC]'/ ><.p] .

fl

]

i

i

Represenkakion,

Minjlmgs o&' 'r'fsz rok joe;n avai‘m\o‘a Primil:ives
of our program nokakion, we chroose o miwj\inﬂ b
of de'::joinL rings aridl an array H ko be c.ou,Pled.

b_g the VQFr€§cV1LaLioVia\ corven klovs

(1) {:OT eacl’) e\emenL r and FOT" G.” &ecybtewws
X and Y such that [X*rY] is « ring

of h,
Her = l—.\oe Ch—.sL e\emenh oc sequence NXr .

(In other words, for each element r occurring  4n
a (i.e. \or—ecise\_g one ) '\‘"W)j ol b, Hr s 5%

"rig‘ﬂ'-. successor 1N that r'wlg,)

Note that in the above convenkion e disjoinkness
of l-_lqe rinjs i o ds e.s.s-enkia‘. Rules Rs l:l'n"oug\n
Re f[rom ring calculus kell me Haal l’hihjhh s wikh
5vmau rfnﬂs reserve dis'oinfmeas, w‘n{c\a i’.nc\\o?es AMS
ko exipress khese l:.ram:eorma\l:ions in kerms of H.,
For ‘:Ee bravsformakion

0  fh=[Xpl) hiahm Gpl (b= DXp] . from RS},
a"\"“"‘e"‘k‘j o skir:a suffices .
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For the Eransformalion

B  {heDXeYqel}
hi=h m lpq]
{h=0xplwm [¥ql . From R}

we observe Elab {bs Precono\i{:ion imp“es ( see (1)}

Hop = the [irst element of seguence Y9
H.cp = l:\qe Fir_‘:l: a\emen&. 0? se?mencc X\a .

oand Haalk its \ooﬁLcowoL{Liow 're?tdres Yok

\‘LP = the [irsk element of é:e?uence Kp
H.q = the Dirst element of seguence \fci/J

w\niie for the elemenks of X and Y, H  does
riok change . Hence, e i:r*ansformah‘ow A5
&ccom]oliégved. by H: swap.(pg) -

For the Eramsgor—maki o

37
I
5
13
—
-
)
—

we observe baak ik is the dnverse of (3}, and
“herice - thal b can be accomplt‘a\ﬂed ‘:’H the

inverse of  H: Swap . (P, ?) ., e "-’[_‘j M swo;\a.(\o,c],).
As a c:.oroua\__n:; of e albove we have taak

the kramstormakion

W hi=h mlpgq]

AS aCCQmPls‘s\necL b}j H: Swalz. (P,GV_) , fﬂde‘oﬂ.no\en’;
oF l:\qe c{,m_‘,!:(om whether o and 9 BCLUY 4n e Same
'rihﬁ Or b or in different ‘rt‘hﬁs o-( l’) .

From Rz, e one.-m\oivol: 'rut\e,, we canclude

thatk
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)  hi=h m Lpgr]
is kthe same as
hi=h mlpgl m [grT,
wl')ic\q, l:?_&j L), 4s accomplfs\ﬂeol. by i H’S"""\r‘“ (p: ‘i/) 3
H: swap. (§,7) "

— ot am— e i | —" —— "

Now Wwe cawn S\aec{% the a\jorit\qm
For a "'“"j h  and an arvay
Wwe w’aw!: Lo

5%1&@1"&

more ‘oreciseig :

H c.ou,ts‘eol b_\.; the convention (1)
comstruct a f;r‘Ojram E:ﬂ}uare SaaLLsE‘jing

(0) -{l'a = [U.]} square { h=[U] m \:U]} .

bhe wlbimate program kext has Lo boe expres_seo{ (v
kerms of H withoul the wse of a.mci‘.'qr_\j &FTRYS .

The dzve\oxomemk consists of three 5‘:{1\5:.5« In
.sl:e.\a ({) we are covicerned with the correckness of
e finzl answer. TIn sLe\o Eii) we focus om the
desivred. "fn--si(;uilzg“ of dhe algorithm. In sl:.e\o (iii}
we Perfform o. coordinate Eran;?'oma‘:ion @0 os ko
express the wmlbimate Eext in terms of H .

((:) Ha.ving esha..loli.s\veci l’.\oe Po&bi‘oilil:y to m{?j|e wil:io

SWm.“ rtnjs, we jropose %e introduckion of an
invariant P delined by
T h m [PX] = U] m U},

whic\a our prograw slrmu mainkain erile, S\’)rihlﬂihj A .
For reasens ex‘o}ained ‘a‘-e\", X SLW‘M‘Q.S E_\j Eweo
Qlemenhs al a Ekime. 'nni.s (eaol_s Eo E\ne girsL version
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OF our a,b ort u'lm X

{h=Tul}
p, X & pX = U {P, see Noke ]::e\ow}
3 C_\_g_} l.enjh\n OJ; X 21
> cg_,\',,\f: grY = X
{lnewce.. we have in cormbination with P
himlpgr Y] =LulmiUl, or
- u_‘:ihj the owe- Pivo{ rule from
'rin5 Calcu‘us, iwobk T ~

W [pgr]lm rY] = Ul miul,
S0 ".qul; the s":quemen}:s}

2 lo.,x ==_;': Y
{T‘Ee,s&a.l:;“&'n P . ﬂnal‘, indeed, X

has shrunk 1::_5 bwo a‘emenl;s-}

od,
ﬂ:’)/\ Lenjlzlﬁ of X <2}
3 ! = l‘Jm[PX]
{h={uUlm Lul}.

Noke A sktalement Like -(:,X: \”X =U 4s su.ﬂao.seol
ko establish thal o and X sabisfy pX=U.

(Enel of Note)
So MucL; Cor- dne invariance op P on w\'u'c\n dqe

correckress or the pl‘nal answer As based.,

Y In the above a\ﬁoril:\—um,, h is massaged kowards
its Linal value “wnder conbrol of ™ the E?ements of se-
quence pX. For the abor-id»am ko be dn-sikbu, wve
a.oLaL["c{ohaJ Sl:bl‘aje SlﬂOulO‘ LDQ’ ’l’&&EFVQO{. ‘FOT‘ ELI&SE
.Q\e,menE,s. The ontj Poasiloiifl-‘g le{-“: s ko idenl:ip_g t-.'nem
with elements of V. The :‘:l’mphsk way ko a.”ocal:e
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he elements of pX in h 4 o choose X
Lo be a conlijuous sfjmanL i owne of e ‘l’l'ﬂﬂs
of b Since L\ﬂ(s, lﬂowever’, is not -ﬁqsi‘_\j main-
Laivied —which we do nob demonstrake bhere - we
choose e mext simp\es ways, viz. all elements
but owe Con‘:ijuous A @ T‘inj of h. This would

lead Lo an invariani
[\a FXG] A5  Q "I"i\f)ﬁ 0(: b .

In fack, as Follows from the lprogravn l::e\ow, we
can wmaintain the s&.rﬂonjer

&: \0 = E\QFXG]

T‘ae next versiovs oc our a\jorikhm thery becorres

(b = TUl}
JX;PX-.—_-U._; F G = emply, empt {Q}
3 ‘:lo [enﬁl:\ﬂ of X 22 i s

- 7Y grY =X

hiernce we have in combinakion with Q:
b= [p F%TYGJ . so thal the

skalewnent }

shi=hm [t’q,'rJ
{esl:ablf.s es h= [PFCI/T‘ YG] W [\"V'J, or

--u,sing ru,le Re [rom Y‘i'nj calculus —
h=[rFgYGpl . Hence 1
3 F:.; G:= F?/ > Glﬁ
{Qqul:all'sL;es h=[xFYG] and ‘nence}
3 P, ><~ K" o Y
{w-ee.:si:a.b[f.shes Q}

od
{Q ~ length of X<2}
hi=h mﬁ[rﬂx]

1]
s
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Noke The firsk and the second wversion of our

a.lﬁori[:%m on‘ﬂ differ 4in tral tre second version
conkains o.ssijwmenl::s Lo the newly tnbroduced

variables F and G. Hem:e, the Havariance of
P s sokill 3uqranl=eecl.

(End of Note.)

‘Qemnrk An immediatke conse%uence of our decision
to shrink X by bwo elemrenbs abt a kime ds bhal

A the re\aeEiEu'ow \n AS minjled. wil—.‘a Qa rin_g of
leijLy 5 . Rules R3 and Ré6 From 'r'inj calculus
show l:\ﬂaL l’i WOuH ok necessariiﬂ bhave rewmained
a Ting had we chosen ko shrink X lo_tj ove

Qlemémjr_ at o Ltime.

(End of Remark )

So much for the invariance of Q which cakers
for the desitred "in-sikuity" of the algomunm.

((ti) Our remaining ob'ijal:ion is ko express khe
obove oalgorithm 4in kerms of the army H  related
ko \q Yy l—.‘ne rePre.senl:a!:{ona.l Cornven Lion (1) .

- The juaro\ ul-?.mﬁ{:\q OF X 1",
Guided by Q . h=[pFXG], we introduce
yet anmother dnvariant, QP, delired by

QP ¢ = the first element of XGF A
d = khe FinsE elerment of GP

\/Jé’_ E%en "m.ve

1@»’;31'-\47 of X =0
lehjl:\n GF >< =

Hewrce, Ehre ju.ard LS
C.'#GL A H.C %d..

C‘.:O&.
ctd A Hee=d

oW
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For hlfre Avariance of QP we re(-ormu[al:e
Lts {:irslz CDHJUIWCE, Msl'n_c] Q - X

cC = H-(E\ﬂe la.sl'— e\emen': op F’F) .

The tnvariance of QF 4s reali zed by, Cim(:lgb
,e,xfzencl.{nmg the inilializakiomn with ¢, di= H,‘a_, lo
. and, Secowdlg, inser&inj E]na stakerment

C:z H.cp after the asaghmen{w "F; G:= qu" Gta;

Ps Xi=1, Y .

— The statewmrent g7 Y %T‘Y =X,
From QF, the guard and Q we derive
g = ¢ ond T= H.c} should hold , which s

Qsl:qlmii:a\oeo\. bj Ci,, Ti=C, H.c .

- Concemmﬂ the stakewment hi=h m YPXJJ
wikh \or‘e‘conol.{l:l‘om [-En\cj’:io of X <2 ,  we hoke
that for [enﬂi:bw of X =1, X =c holds
(see QAP) and u'mij herce, e staterment Js

hl:l’lm [PCJ

F\ssembl;ng E:\ne aioove locw&s,, ool leav(na out o.”
relerences ko variables h, U, X, F, G, and Y ,
w‘nic\n lhave lbecome klaouj‘a{: \/arl'alole_s_, and A4 (¥1g
e I:mnsfat—ma‘:iow.s (2), (Q), and (5) . we arrve
ak our ulbivmake program

{_\o = any elewrent oC the yivig Lo be saruqreol}
¢, d:= \'{.PQP
sdo cgd A Hoctd
— g.y:i= C H.c 5 H: SwWap. (P,q,); H: swap, (cv,r)
5 pPi=Ts Q::H.c{,
od
sife=d -—>$in‘o Je#d A He=d — H: swap, (p,c) &

Eindhoven, A.JM van Gaskeren
17 Seplkember 1065 W.H.J. Feijen



