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In - situ Lrversion of a chlic Termutation

by
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Abstract
An o.‘goriunm is develo\aed. For E.\';e in- sitw

inversion of a cuclic \oermul:ai:\'on re‘oresenl-.ed i
arn array - Tﬁe emp&qa&is 1S Ov the quo modo
rabler &an on the a’uocl_; we are interested v
fmaltnj concepts and nokakions for C{-EG‘t'nj rore
eﬂ?ccl-.ive‘ﬂ wi& the Cormal devela‘amewt and Pr‘oc’f

of 'su.c\n o orilf.\nms, vather than 4in
ojﬂorit\am ﬂ.&eip.

s Parl:i cu|a.r

Tntroduckiow

Llet P be o \oermud:a\:{on of thoe a\emewts

of a (ivike, rnenempky universe , l.e. a one-
to- one funckion Crom the wuniverse onko the
universe . The 4vverse Permu‘:alion Q of

P is defined by
Q= = Pi=y
for each ¢ and ) in the aniverse .

('naroutj\qoul, ¢ .0 o meed for funchkion
aloplicaLt‘OW.) We want an a‘ﬁord%m tnvert
that c‘nanje!» an  array H c.onl:m'nt'nﬂ a
Permuhabi'on ko iks (riverse :
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(0) {H=P} invert {H = Q}

An a!gon'u'am for this ‘arololem is given in 1], but
wiUnouL exF‘amaLion. This 45 lz_gpical of the current

cbate of affairs w'fén Gljorik\ﬂmﬁ brat dea\ w”:\ﬂ arrays
v a complicated faskion . They are wot exF|a|'ned
ok a”, ey are G.x\oim’ned mpor-wmﬂﬂ inn kerms 0‘(

piclures, or they are explained more formally but
i such a way Efvad-. irrelevent, overwhelmin dekail
Crops 4o ot the Wrong P(aces s Mczlq}v-:_g -373 \oroog
less than convincing . ( An exqmp\e of the lakter
phenomenon appears 4w fol.)

In this note, we oJ:.Lem\oL ko \oresem‘. some  eonicepls
and nobakion ko maLze the deve\ormen{ and Proaf of
one Such a‘_gorftlnm move C.onv{nc;'wg and aPPealiw .
we d€V€10]a 2 solulioy to (0) 51;-1-;:"&7" ko Ehal o(j
(11 bul restricted ko tre case that P s a
C_ﬂc.l:'c ‘oermul:ql.-n‘on, Since this s wbere \:‘qe beart

of the Pr‘olo)em lies .

Notation and Nomenclabure

Consider o finile, nonempkﬂ wniverse . Elements
of the universe are denoted by lower case lettecs |
Sec],ue\ncef; of elemevlhs b_t_«; Ca‘ol La\s » E&ﬂe empl:g
sequence by emply , and cateration of
Sequences (and elements) by Juxtaposition .

For sec],uewces, Func.l-.iom Tev s deCme.ol }O_bj

rev. erh\olzg = Ennlal-.g
rev. v = 1
rev. (XY) = (rev. Y) (vev. X) .
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For any Honernroi:.g sequernce A of diskivicl
e‘emewb,

[X] is called o ring s ite elements are
the elements of X .

‘35 \oosLu‘aLe, rihjﬁ saLisaF_g L‘ﬂe
Rule of Wolakior : [X \f] = [\{ X] '

Relakiony bebween cwclic. wermutations and  rings
-t ¥ omd

A ving [X] and a c‘\jciic_ \oermu,(:aLion T
can be relaked using the covnvenmkiow Bal each
eiemenl-. L 0( x] is CO“Q\«!E’O‘. ‘:‘)5 P L .
of »imForLo.nce is Hre fact ElqaL the irverse Q
of P is then likewise relaked o the Ting
[ rev. XT :

" = |

{de(im’!:fow of inverﬁe}
Pi=j
= | Yy e Conventio;—;}
in [x1, i is followed l:)_lj j

{b_g the definmikion of rev} '
in [rev. X7, J is F[ollowed bﬁ L

i

H

cha'm_ﬁ bhus identified cgc.l;c. cermutabions and
I"l'mjsJ we Cclrr_nj ouk (:ine resk o dﬂe discussi v
in " kerms of r:'m_cj.s .

/Regore.sen tation ol corvention

We. c.ou.iale a Hn_ca b and an array H
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uf:inj Qne. (\o“owihg

’B_g_p_r_eﬁs_e_n_l:gxﬂ_l:iﬂ or1 Invariant : for each element T
ard ol sequences X and Y s.,aLisFﬁing
\q = [X'I"jf] 2

Her = the firsk element of sequence X

Note that, with this convenktion. an aPP'icaL:‘on of
e rule of yolatiom does wot afFecl the value of
array H .

’Q_gvelo}r:mewi; of the Q‘jorc"z\mﬂ

Thoe _specilication
For rin_g h and. arYTay H c.ou,r.v,erl 55 Qﬂe

Te'areseml:qtiow tnvariant , we wish ko construct a
program invert  with -punci:l‘ona‘ &Pec{ficql:fon

{ h = LU] } tnverk {‘n =[‘I"Q.V. U]}

and. whose ulbimake kext 4s exr:rez:e,ecl in Eerms op H .
Since 'rhnas are nowem‘ahg, we can wrikte E.L'n':. as

{\’;u [LLP]} ivwerL {‘ﬂ:‘ [\a T”eVU]} .

Further, for the moment, let us assume ool b
contairs ab least bwo clewents, and leb us deve[o‘o
program irvert Lo sa[—.isp_y

(1) {lﬂw Lu F‘i-]} thvert {\'J:: [q, e rev.U]}_

The_loop invariant

To l:)ejfn wi!:\’:, we. c)/wose as an interrmed/ate sotale

of  invert” o aeneralization of its énitial and final
E:Laee.. \/\]e £

o S0 l:y «int:roduc(wg Ewo sequences
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X and Y and r‘eci,uir{ng ok
0 : h = [q, X p Y1

be maimtaived. The initial state of  invert (see (1))
then C-O}’r'eb\oond.s ko X =W oand Y =empky ; this

follows from

(g % p Y]

= - ]‘lei‘. ~ Y:'QMPL‘y}
lg W p

= q’{\“u\e o( ro{:alzl'cm}
[u P c;l.

The (inal state of invert (see (1)) c-orre,srowol_s Eo
X = emplz and, N = vev. U ('95 ﬁulsséi l-:u[::'on) .
The iwil::‘a? stake can be Eransgormed into (:\ne Civm\
state 195 Sp\'?n’nl’{u'ng X ome element ab a Eime

wnkil X :amiaﬁy . To enforce Hial Hhe finmal state
sakisr_l.j Y =veve d , we no(:ic?_ daat Cnih‘a“_-j
reve X = Tev. L and Y =empty and require thak

Pt (reve X) Y = vev. U

be maintained as well.

The a[g ori hn

Usin Po and T1 as inveariants and oJ:,LEr'n}oEMj
ko shrim X  one element ab o Lkime leads ko the
Oljor‘fgnm
(2) XY 1= U, emply

{invariant : P00 A P4}
A t_.i._g X # QMF‘:Q
> with 1+ and 2 chosen to saEisFy X=r i
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ma.ssa.je. l’l
5 ><, \{ T = Z_ ')"\f
od .

L

The invariance of 1 follows From e Loct  Hhal
forr X = "‘ZJ
wp("X, Y= Z,. 7Y, Pt)

= {axiom of aﬁaijwmen{}

(rev. Z2) v Y = rev, U

= { delinikionn of ey }
(rev. (v Z)) Y = rev. U
= { >< = T Z}

(rev. X) Y = vev. U
{ definikion ’P‘I}

P4

We skill bave ko define massage b so Uhak
PO is wmaintained b_{,j each [oo\a iterakiov . From TO

and. X = r 2 we C’.owciude Hral ks Pa—ec:.owdfi:t'ow LS
lﬂ == [q, Ll Z P \( ]J

ond. iks Po:iu{:cowdfl:fon S wie (“ X, Ye= Z, Y7 fpo),
which 43

Hence, massage L, has ko &al:isgg
(3) {\n:[%ﬁ‘zy’\f]&masaﬁaeh {\ﬂ=[q,2y:’r\(]7],

'Qe.p\ac(nﬁ houghl varicbles by refterences ko I

Owr purpose riow is ko re\olace o.” refer'ences to
variakles lq,. U, X. Y, and Z of a‘gon’!:km (2)
by references ko variables p, 4. 7. and M. (This
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s known as coordinate bransformation.)

We firsk see how ke mlolemeni: mossage b A

Lerms of H. The representabion Afnvariant k03eﬁner
wil;\q the Precondifzion of (3) implies

Hop = the fivst element of sequence Mg,

H.q, = T

H.r = the first element of seguence £ .
The Y‘e‘are::ewl-.alziom irivariant IZOje.[:\ner w'i‘:"l f;\’le.
Posl—.c‘.ondi{fon of (’:\) im‘o\ie.s
H‘n = T

H.ft the Firsk element OF sequence Zl"
H. v tre firsk element o‘; sequence \(q, )

1]

T\’li:a, ko cl:\mr with the chservakion thal Hne successors
of the aﬁ.me\qus of Y and Z do ot Cl‘wlﬂﬂﬁ_,

allows us ko Lmrzlemen{: Massage b in Eerms of

H by (recall, Haat v, 6, and T are distinek)
l_{'olo_, l-foq/a l-l-'r ;= H-%_. i"{-ra \’L\?.
Finm“_g we olo:-,er've, usin_g E\ne represen Lation
invariank, tak

- in the initial stake of invert (see (1)), q = Hee s
- I'D_lj 0 , Qae Bmari X # emr,'[:_tj s given

oy H-‘{, Fe s oand
- 1?5 T and X=v4&, r:H.cl,

Hence, l:jnou.ﬁ\n{ vartables W, U, X, Y. and Z

can be eliminaked, 3i€’.‘c{.f\f15 e whimate pPrograw ¢

{P is  any element of Hae Yivig ko be imver‘:eo{}

0= Her
sdo Heg #p
— T::H.ff, k H.r’, H-ti,", H.T‘:--- H.(}. H'T» H*‘a



AvG 38a [WFESa - 3

Fl'wo.”_g, it As fsimr;‘e, to verij;‘gj ok the prog ram
s correck for o riv'rg mwf:-aiwinj Qa c-,inj‘e zlemenlz.

Conc‘udim_g remorks

The developement of the a‘joril:le consisted of
inl:roc[uc:in_g the 'ring as a su,t'l:cJ::[e charackerization
oF Qa c..(_.iclic. ‘oermmlzal:ioh, COuPiiw_g l:\ne résnj and.
array '\"e‘oresewtahons u.simg o 'reFre_sem(:a.l:ion
tvariant, develo (ng on algor-il:l"m in terms of
‘riszJ and G\.&opgim 6 coorainate transpormal:{on
to arrive at an ajjor'i‘:lf'lm in kerms of Hae arroy

represawkal:ion .

The won - standard au:.l:ivil:_g i Hhe dwe‘o\amem#_
was Hoe introduckion of the wiokion Ting  and
we wi” Sive ~in shorb- e \ﬂfs\’—orﬂ of (ks invenkion.
Tn o fitst effort ko give @ neat Presenl:aLl'on of
the above a\ﬁoﬁk\nm, the [lirsk Ewo owkhors
characker{zed” the dements of a t‘ﬂc[ic \oermuEaL{or)
v kerms of its arma T'EPFESehLme'OY? M, usim
expressions like H P These e.xFression.s LE;en
o!.ia?msecl in vast tumbers u’)muﬁ&a the kext., e
v*no.l:LemaEs"cou\ Formu.lae became a\mos.!; unmamo(jeaug
and. the re:.u.H;mﬁ kreabment rm'ser‘ql:ij Cailed To
CoviviviLe., In o wext e.rmfork_, 135 Qqe ‘%L Ewo
a,u.l-.lr)or«s“, Qqe ele,menE& 0(\ o C_jclic '(oermu(:ohh'or)
were characterized 4in kermas of a Sequence S
Bie\otmj P_X\oressions h’ke S; . Also iv dris case
threse e,x,\ar-e,saioms diffused in vast numbers \:hroujk')
{:\ne Ee.xf;, and Qne W*ebull:l‘nﬁ treakiment ~saupw(\er;\nj
Crow ' indexikis' - Fa.i[ecf. Lo convivice G\.[VV)D:,L.

e.q,uc.,“ﬂ miserably . The source of the Eroulle Ehen
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became clear: the so - called noatural, i.e. conventional,
relare:.enl:a\:{ow's of C.‘gc.ll'c \aerMul-_axl:fons were not Sem-—ed
ke our mawlr:u,lai;ive rieeds . The 'remedj then bLecame
cear os wellt we had Eo abandon convenkior .
We c\ﬂose o different nawme Cor C.ﬂc\fc: \oewmuka{:{ons
-ca“in% thens Yings - and started ko design a

'rn'h_g Cac.uluf:. The Ol.esiﬂ'/i o(: i:\naL Qa\CL&)%& meeo\(al:e‘_zj
revealed Haat [or the sake of Managembilfl:ﬂ &amx:”u
elevnents of 'r'i\njs showld have a viame. T the
comvewl:fovnn.s notalions OF T"i\njs EE\.&‘:Z. element

was Vamed. T the presence of such over.spec{c(:

norenclature even a $imlol€ rule s Uoe Tule of
rokatiors becowmnes awkward Lo Formm\c\,k-_e,

The above exercise a,Jrain C‘.thl‘ﬂ’hb many &
C.omlau.l:ing scienkist’s :lvmrression that iv deséam'mj
a,lﬂor{gam.s thoe cie.vdolomewh of Oud.eciuq{;e ma
rotakions is a ‘Qe}j L55UE, an {(ssue w {c\a S \'qu{ly

oddressed b‘y *Erad(‘:ionaj mox[:\'lema_i;{‘cs_

ema!:t’ccm‘

Hc.l’«’now‘edﬁem ﬁwl:-‘:

The members of the Einmdboven Tue.so[a_«j Afternoon
Club are ac&amow\e&rﬁao\ Cor Sorme \oerLEnenL comrnenks .
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