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A partition o-v osibive Anlege As
/Se.?uemc.e P( ,lgf,s(étve /Lh{{)jzrs 0{ \ijCL l-qu LU

45 eallual to

I (oo Poat) ond (45, 400 o Gg.t) oTe
(:wo oL rFeran /()am[()f&ﬂs 0( N R c:mcl q’( Mmoo ES
thye srmallest index such thal P # Gm > thew

(}0 Py io‘,‘,) As c‘amo( to Preceofe (? c[’/,,,m q/f')
A (:Lve ex:czﬁmrhtc: cm:{er c( and O"ﬂ(lj i( lom< C}m

a) \/\/ﬂie Qa 0g Fam dm{ can, &'r Ao desived, geney-
ale a“ 10&3‘in(~41’7 ( N E\'ve \exmo(jmlalgjc

m*"d ey .

j:j \Woride Qa rog d’)a{ can e rade a” ascendin
00«7’4—(4’10’1’:5 0 /r{s‘ﬁ ie. a ,Par iuLl‘Cfms <r-'-'o, P,,-«-, Fk,‘_j,)
r N /bMCL) a”ﬁ P £ P, £.- £ Ph_, | AN (J’)e
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-

C) \/\j’}‘ml'ﬁ 7y 1'Dr'cjrqm d’ﬁq'l-_ (Ve L— ar\c[ N /:mcl’l ‘:Lml:

1< L £ |\’ erietTa a” ascer}c[m arl—nlwm C’r
N w\’)tci ‘%jle I-ah Ll’) L, thcﬁ Cmmsé

L L‘%m%n‘:sm, in ‘.exichraFlﬂc order.

*

/E)egofe Eacu(n one O( &l’ie 5 ECIF(.C ro]:)’elms
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]9 El';e M OTE cjenem, /rarol:em "r en&nxl(r) &\/\/
4

5e.L o{ AeguenCes tn ()ex: mp)fuc or'de.r
b%a” do Zo in  pome dedtd because . «prsl'ij

J'L)e. /I'Jr'vLJ’em As a{ (’recpueﬂL Yecurrih }gjr)e

and, éemdg’ the Teasoﬂm(j s ot
to dﬂe Movice .

4+

LeL V 52 Qa ‘?l"nt"'e /Se{: oC Agguences  over
Qa we{/- ovdered a]r})al:xé éucl’) as Qﬂe fv\nijl .

—‘—uan we aré GLLDI{'. ko )L\ano@e o v é’)e
wlﬂtciﬂ £y G LoLa ercle,'n‘n Le{

mphic m-den
Cj ;F aund. XE jse drve (]cm !calg iﬂbé and
lasl pequence wn Vv, wres‘oegi () Shd el QCX)

be d’)g (lemcgjmrimc{éuccessw o? a sequence X,

X + )(f en thal gener.
aLes a” becyqeﬂces o{) V AN (Ctjxtc(jra;\a(mc O'n'der
AS
Pro: X = X‘( /rJr'iY)&(X)

do X4 XU = Xi=S()s prnk(X) o
I\(‘ it 4 /Sovasolple, ko ra‘ho‘. a  Aeguence X /.’:uclv
ELml: X # X{ A S(X) X](\ R Ehen chrnm
/PTO can loe /!)?Ynyjl -{.leol Q I-IH{’ ba{ /&nl:o

Pri "X (XX 4 X)X s
do XX - X:= S(X) »‘orﬂo{ (X) od |

W[m'cL) AS bomeéhrne:; ko be /loreycr'rea[ over /\')rO,
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Nnother ‘tramscriplion o{ Bro  4s sssible {r o
P ¥
XQQ Con be ?cumi /Suc)’) dﬂa@.
7 Y

X0 A X+ x{

Pra: X := X{"
do X4 XU » print (X)s Xo= S o

e /{J rams /P?" and ?’r.? aTe /btmp)tftca-l—ums
ovey /P?j in  the sense thal  the slalemenle Lo

/{eré a _zﬂwence are l—.exl:ua.Hj amore /Lso‘alec{«

_n’)e ,101'”‘00(‘ E‘f)ajc, E"’)ESE /Pr TN s &nf»{eeal eﬂeva\le a”
Aeguences ( V A {ex tc mPt" ovrder (s
f ef L Lo the ~eader wlno rae\ Zj.eol ke do %0

NOLQ: :[H Q’?E aboue We, LTGLUE S’TO‘L M‘Z':QO,. d’m “\/.

Comsisks o beﬁ/uences el a,cme d’k‘i d‘l arye
ordered lexlczf.zra t("GL“ Tndeed the ﬁjgjrams
foncd

Newvr  are Eo ancmk cm(j LOLOL”J

Grdered  sel. 5 \Ct |
l( howeoer i s aboal de \m“n%j a ‘:oLa U'rde/n‘h%

ew OFPar‘iund\b

or fszc}/me«nce.s d'wre AS cm]

,mueml. écm'lcunn else E‘nan )leco ra \mc_ GTCLEI'”LT? :
(End of NOée.)j C ] J

+
r(;'r' L\&JO (:}'H/l‘e. éECVAQV?CQS X = (xna X‘l.\ Tt Xf‘q-f)
Y (go Eg; vt Wwe Lal’ie As ouy
MriiveTso d.e LY?L \EXtConTq\g‘mc oﬂﬂler"t‘hg

(X<Y) = (Xn< Yo)
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w‘qere A7) eqyua‘5 d’ie ,5ma”e&,£ index f:;uc") L\na(: X *,jnr

\/\}2 OJDS:{’.YU{L L")a{ ,, -Fcrr X% Y, /5{4(;\*; a VQ\uC OC
m a]wa 5 exisks.
Note : (jOne

LL ATGue d’)ﬁé d’] 'S de—?( ne JﬂCJ’V)
doesn 't a,‘o,oj ‘g the < sequences " America’  and
"American , which indeed’ it doesn't | @w‘. th s
Can a]w S loe Temeolteo[ 1‘:) /Foﬁ{{nxhqj eac

Aeqi4 e nce wi“n Aowmie <j I')O»T"CECLE

r{'V)S'l'@hCE $
(t'r?c{ cf Noée)

Nex{ Cmnfnc[er l:lwee Aec}/uences X, Y and
s é@g AG«LL_SQJ%Q

X4 Yg Z

Let mm be the /bma,”e.s{ Mdex buc‘7 that o E (jm )
and  leb 1 be &:]oe /svm”es{ Andex /buo"') l:\rm
Xp, ¥ E, . —"1')6&‘} we Can M’\{er
m i,
wl’)(clﬂ we /.‘.J'm” ”9)‘0\/3 .

From X < Y \CoUows
\‘/c. OLLLm ¢ X; = Y, A Xy < ,

and pfm X Z 4) I

(\/L 0L (L N: X; = Z,;) A Xy < 2y,
i{ m<n  woud hod we would have

(\ch D¢ LM Ye = & ) A A= Em < Ym
or < Y.
Con#arj ko Lhe a&;‘éu“’\‘o[ﬂ'mﬁ Y;{ ES o]

-n% al::oue _Pmperb Ee.”s S d’va{ amfﬂ'g
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a” }exico mplﬂec AUCLesS0TS o( X (;l')ew—e (s Mo AL~
tifuenca éc,‘-; shares with X an  amikl seqment
o'?jer* n’mn 4—1’>e ,_t'.v;hLl'al seqment X éi“laﬂ:s Wiuﬂ
iLg ,Cmmed{ajrf AUCCE SSOY Sjo() T}ﬂere.](m*e we oarte
{nkre.sjred Ar) #’)e naximuim Value 0( A1) 6(4(:1’7 Aqaé

there  exists a  seguence \( : \( > X in vV,
wlm'cl’) L)af: Q7e Pcn"m
Yﬂ <xo-: Xes oo Ximeyg s ('jmf‘"»jf-a) . e>h‘).

—nﬂem Y: S(X) évr +L)e, /ARG uence ( s _:)
AS c,]qog,em /bub'ecJ b d’)e Co*noliﬁ'm C‘j je

i) m > Xm o, m rm(nima’

i.i) %{ beiom P (:% V

Cc'c') <jm°""<,_,{j«€~f) A5 |-~exic2mlo¥n'ca|jj minimal
Suc\o a cL;oice. (s a'wzjs /{Joasdue l—_Lscmk::. o E\oe
dbrt‘nil—l'cm o(‘ m .

»*

o| Now, }eL LS 'T'P_Lwrh ko -“';e éPGcC@c /Y‘)m\:)\em.s
/Po:se .

ad a) In te case wL)e'm \Vi e.c}ua\,s he el 0(

a” a”r')Lil'l'mns o( Qa Vear osmlwe. AMJC er N., A
AS /Ebso]uleb OIDVl'ou.s (2‘—,“[ /P Cj

XF = (h USRI ?_) , a Mc},uence of M omes
X4 - (N), a becpumce o? ome N .

go lel ms  comcemdrale on  the conshrucken 0(
S(X), w\-)e’re X s a /far@é#m of N )
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distenck \Fro-m X2
I‘( X = (Xo, Xys - Xh-;) . we observe
_ k2g L C
- X \Co”ow.s IANLQ ue UM (Xo, Xysnoos tha_),
Ao d’mé X th %(X) can ol "M\Je

(Xo, Xy, s Xgog) An  Common  as inika

ment
- %) Xf;"'; X‘q_3_, Xh“q -+ Xh_”) £ lﬂ. Paﬂ"l'l"lfo"h
of N exceeof:‘:j X in  the lex 1'c2jm’o|n(c

OTC!QT".

Hn_nce, Clﬂoo&f\fg fm—:lbﬁ,

S(X) = (Koy Xyyoos Xme,. JW..N,(H{;_‘)

in h}"u’cl’) S(X) Aal—ijg;'ﬁs ) throu 1‘7 c't'é)
Since both X and S(X) are ) /farLELstm&, o.(\ N |
d’?é beckuence ( s ”"‘wa) must be Q ar -
Eclion of N“((?%-q + Keo,) A which case ¢}
£5 Fu‘f(.l ed. I b were on] Fo*r" &, a
umence OF N - (Xb«-a+ Xhm,) oNnes wou)of L')e

an' appropriale choice for (Yoo oo Yp,) . bul in
Ccrmb(fml:l'm Wi(:L) d) we E'{Zd [:)e:?(i}"” Ea'?e

(gmw“scygw,) = (Xkua**’» ;,\.,f), (e,

a Aeﬂlumce starking  with  the  mumber Xigeg 1
and emdir;j wil[v < Xleoy =1 oNes |

Thus S (X) AS de_((wed. on a” integer Aeguences
wééio al l easl  Lwo elamemé s, olteriing A5 l:\ma ﬁos -
bilodl{éj ko use /Pr ] {nsimd Pro 5 fcause

(o, N) # X& 4 S((N)) = X
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Tahk an  inkeger armo? X and an  Anteger
l:‘f;e /sec}uemce X N

X = ()((o)_, X(i)_‘ o x(k-:)) )
d’)e. /(Jrcgram EeCOmes

varia Sle ka Lo Tepresen

X(O)::O_; X(i):-: N,; I’Q::’-l,; {X%Xﬂ A S(XS‘-:X(}
do = (x(o)-.: N & k::f) - {X%Xﬂ, hence ka:z}
Y= X(k-—l)—f; k::l’l-f; {l’«’21}{')'20§
x(h-1):= x(k-1) +15
{(Zd:OScX,}Q.’ X(c’)) + v = N }
9{_9, r¢ o0 - X(k’ i=1 5 Y=Y~ ktr'ﬂs gﬁ;
{(ZC‘-‘OS(XIQ.' X(O) = N ., hence
pevmission ko f(:n‘nf}
od .
Note : O,oéimézaéfm.s (ke the *re)o‘aceme& o{ the
(juomi of thne Ouler 'rer.aeéitéue. Conslmc{ l::j x(g)#N
T j{)jrk%f are le{{ RS exercises .

(Er’) Noée.)

+

\/Je end the discussion o( this ermFle wié\o

Q /Somew!fm{-. ote.éai’eol am! 508 o? l:]ne. /r:ru ram’s
‘ij " e the muber of

ole,‘y.s Ar:rescribeof. Eﬂ the /Pr(ojram wLen TUNn on Q

#/:)jai,uem Eu'at /Maciﬂa‘ne .

A0 ~ Ca”eaf. ” Etyne ~ cmmlolem

Jo Jm »digo We C.ou.n(: L'l’re. /'num'oef or qul—f‘érons
o( N : An 2o wa to do l:l*u's {s bo {:F[ of dve
set OF o.“ }f)arit’écms /L'hla disfornt classe.s R to Couné
(:Ime humL)er" or m’!:f Lt'cms {n eaclﬂ c}ass , anc‘ ko

ac(d Qﬁese i’lumL)ers‘ 1t s Ea:.zj to alasacf(j
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Uﬂe }Farété('ons {:éj ‘oolﬂm at éhe(r ‘a.sﬁ .alemenEs,

ﬁw inslance . The méber" or Pa’s-ul:'lz'cms o{‘ N
El’vaL have Z  as (-,Iqeir lasl ejememé gq/ual_s (:lve

humL)eT or artitions Or N-Z_, oL:)Vt'ou:J 50 .
ﬂoaerepo're, fl’:en dept'wéhg J

ﬂ(ﬂ) = hmmloer OF /Parhl-{'ans o-( )

we lnave.

A(N)

4

(ZZ: iszs N H(M-mz))
= (ZZT 052<Nf [—\(K)) . N?«".)

Alo) =

\/\je bolve d"ti.ﬁ TEeCUTTE NCe )SC,LIEVY)E. as Cc»”ows.'

AN) = (ZTaoszaN: ACz))
= (Leziosz<Nor: A@) + A(N-1)
- A=Y+ AN, Neg,
- ax A(N-Y) hence

Ay - Y N

Thw, the mPeqlabie é#alamenk o( #Lue. outer repe.écﬂ
bive construct As thol?wl. AN Ecmes /Pr'Ecz'se_lj.

ngv a ,{Pars—;‘h'm \,JLID:':E la&L elemenl: ect/ualﬁ Z d’r{’.

Anner TaloEaLLaEIe ,&\Lalememé A% 4‘\’1\!01’\'&0[ Z-~1 Eimes

[orec(seb. 'ﬂ')ere@re we bhave  khal
BN) = [Zzitez<N: @-)x AN-2)) «(N-1)

45 EL)& (:oEa,I /ﬂumLJQr o{ Anvoca bioms o( l-_Lve Anner
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're|32axlaue /bjralemené J Frec(&elg « ( The term  (N-1)
ort imles rr‘v’m élﬂa )rmrl(wlt'm (o, N) w’qic[') 45 c[ealé
wﬂa 62‘00«1‘51469 because il is ot Cctlo@umo( locv A )

Suksln‘lulﬂng ouT Tesuu Fm— H we %ave ko

CO’MFMLQ
BN = (.er r¢<z< N (zwi).QN-Z*IJ + (N-1)

oy xfal’)o Wy

-3

Tt can be ‘seer’ Ya{lqer thlan{:aneousoiﬁ l
Ej eeynen —

b /Ma\”nemc;tt'ca’ Ainotucl(cm, or devive
ey cdecdus . thul

(You‘rb T‘rul cler'a'veo[ éé , C!'iecLQed A." b Mﬂlhemaéfcal
Andmc!«'mﬂ, “and (-.)'Jen ‘saw’ w(j (—.Lw_ ANnswer  was

correck )

\/\je ccmc:!uc[e E-\')aL iﬂaL T'Yme'r“ rePeaéaUe ba[ajr{fvwenékis
AN koo evers - Hdightly-- f?.:fn opfew YeE eaaleo[ Erairn
50 g’?aécjdf)e. \0

&L:e ouler one , f:t‘me-ComJo]exiL of ouy

rogram  4s  the  Eome - com ex: o(- E\qe outer
fefgi-iém\m comshuct ,  whic F&'.s 8(2”).

So Fm*' Fw ljne. *rea,lmeml. DF exam‘o]e a)

*

ad 13) In (—.Lve Case wlae.re Vo s (:loe et oC
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Qﬁcandc'l:j /Farlfjr:cms 0( N_, LL. #Ifue sek of a”

rbilicHs 'D P, P;q ) or N &aLtj '
{‘C::i Py € </f);q_, ) o jam al:JSol qj Cj \9
C

vious LL?aL

X{j: (GJ f,ee., 1) s Qa Sec]/uemce olr N ones
Xﬁz (N) N 1~ /aec]/uemce o§ ohe N

So,, }el. us  comcembrate  om #t’:e construchion og‘

S(X), where X s an ascendin thlq'm of

N s ol(_slincl Frvm X @ , C
.TF X = (Ko_, X5 0y )(k_,) ,  we obsewa
- !Q 21

- K ious A € ue.] YOV (KGJ Xgs-00 Xhog
S0 l'.\f‘lj X az/o[ Cj S€(X) can  mol l"lcwe )
(Xoy Xgs o qu_) AN Comwnon  as Lhiha.)
segiment

- { oo XKoo ooy Xiens Xk a ¥ Xk ) s  an  ascendin

a)'LlL!U‘Y) op N exceederg X N l;")e
Texsc‘Dijlwc evder.

Hance, ctnoosmj A = Lz 2,

g(>0 = (Xm Xoy ooos Xmey s 2}*}1 > T Em:‘)

An le(cL SQ(B éal(sg\ae.z. ) through Lcc) .

SCnca 19 L\o X and SCX) are %gscemolm @ar[—r[:(cms
o( N 4’){’, /seci,uance % 52 be Fan
ascendin arhi bion (xk , F X ) sadisty
Ym > gj ¥ L{ m 21, 4in which caseh () As gtfé 1(2
—ﬂ'ye reci/u.tremenf C'jm > Xy, 4D Amlalmol as  soom

as ¢, Hm > Xm As g»ip ed . The /m«nm'm} value
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0( m /SQL"SF N m > Xm A3 = Xy t+1
J < 7 ce as  well ,Jjw

In ovrder to A)al?,spn L) e howve to

choose (ng *”gﬂ(-:} = Qj.j(jj“ z) wLErfz

£ 2< Qxlj , Le. a  Aeguerce o]f Zero or
r(?ﬂ%ﬂ‘e numgegs cw Fo”owed. l:y (:Lve num bef‘ z,
such  thal ( 22 ¢ m <<l g,_‘) = N- (kaa“"xkq),

\/JLE‘ﬂ (:LH':': de{ﬂni‘r(@n o-r S(X) we  observe  thal
(o.N) + Xt A S((oN) = X[,

oﬂen\nj ms  the m)aporétmébj b mse  Pri.

Q&Presenémj L\v-e Ase?uenc& X 103
X (x50, -, xCe-d)
éL}& ff)rgﬁmm becomes :

((o)i-0s 5 ()e=Ns kimas § X 4 X a S04
do "1()((°)=N'\k’4’)”‘>{ 4>(’2,lﬂ€nce_ 1’0;24%
ri= x(h-1) 15 kizk-1, {sz}{rzo
Cij:mx(h-d) F15 kes Rt 5 {}2203{ 21%
(Zc’: o<i<k: x(C))+ Cij+ T = N}%?w,o
3{_9 ')’235 b X(l?)::rjjsr".:-'r*c(jg;kf"k{»f_o_i_;
foer <]
x(k)::jja»r:; ki =l
{(Zﬁ—' O\<C<l'?r X(C)) = N_, hence
permission  fo )Pn“né

od
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I{ we wislﬂ ko anol E%e /Fr"céram’s Eome -
C.omr;jexi(y, we have ko counl Ehme™ mumber DF
Qscenth'm /{aarl-i#cm: o‘r N ﬂ'?f&, lﬂoweueﬂ s 60
dffd® thal its undertoking  (uls ocdside the
Acoye 0( our currend dnterest T [ pacJ A 4s even
worse, Auhce /no}:mot L’)a.ﬁ gvey chu-)ol. Ak e|€m6nn[af;j
Fm*mm[a ko exFrfs(aj this  mumber

IV) moL too e]emeném books on cwnlninalm‘a’

ama\ S oT 0V (arml l:t'c) mumber ELHEm ﬂ Cary

be “tound thal d’?e Mumlaer £s o( l:")éj order op
{ buel S
e _ vVAN
4Nz
Fm“ ,ar" e N : a) A,‘Vnr)ressixfe., T‘esulﬁ }_

Hence., {'!ﬂmzjl') 18&5 {-[’vam &Mhi l:l’re numl:)er FoWS
expomenbiall e N grows . e ad explodes
i J < P

Se par Fm-' the +reatment o{ examlole b)

X

ad Q) 1 éLu‘.s case Vo s Llna et OY a“
ascewo[(h /‘oarl( Lfcms OF N w‘m'cL) xﬂa\!e Qa
/\Orcﬁcr‘ib(ﬁ e?j L—l7 L . Le the el o~f a“ Oasc.enolu'ng

/Pafriéifcm.s (Po, P PLes) 0{\ N,

NCJLQ ! ﬂ$ l:l’!e reacltr AMa ness | Elﬂe 4’1‘?&.4';«761'1{
of this exa/mr.\‘e {5 Mot Ea&teé than the treatmend
OF +['»e FRVIOUS One {or é( it wese easier , we

would  have deall with this ome first and we wouldl
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‘nma /bolue.o(. d’le Pr&vfoub one }O(j [&H—an L. Ea‘?@

or all Ua‘ms { E%rcmj") N, © WLNCL] e didn't .
(Eﬂc{ ar ,Noée,) <

IE As al:Jso!uLab oLvims El")aé
X[ - (10 1, 1+ N-—-L).

T”)Q value OC Xﬂ 4.53 o ItLHe l:)mt ‘25.5 Ci Parer:{)

and we concendrale om the  conshruckion o(f S(X),
_X + Xfé Fc‘r'sﬁ,

I Xe (Rou¥oon X)) then  S(X) has the
?T:}"E (XO-: Xpovos Xy ij;ﬁj;dci “H“) A
Wrtic

- 0£&m<

Bul also, ip m As chosen as the maximal value
%}r which l:Lvese three  condcbions  are bah‘spx’ed
then S(){) = (Ko Xgy oo Xmpey s UYs YY, - - TT') ,‘
( The reader s rec;,u&srle,d ko CI’)E%Q C%gnls ;) L

Hence, as a Co“ro”any, we oare inkerested in
the maximum  value o am: oem< L such thal

(L-wm)x (Xm+f.) < (Zc’:msML: x(c')) . (0)

Now back & X4 Ite value 4s some u)t‘)o. L
Eeolc'ws_‘ and  so  As {:lﬂe test X # X0 Soa [e{:
MS seek o mse  Pra WI’LL'CL) dves’l mmention X4
ol all TF X=X o value cr m  axists  for
which (o) helds  amd  0<m < L. Put (o
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av{c[znl:‘(lj l’)o’ds L'r we are /f’reloared to a”ow {or
M= -1 and, é\r We cle](}'ne X, = ~1.
Then  our funckion S s de{\éned on XU as
W?—”; ViZ.
S{ (x,. X))
S((-1, Xe)) =
(0,0, ...,0, N-1) = XU,

a x&ecpuewce of lavgélq L+1 .

Lo

usdrg Pra ,  we olﬂLac‘n
X("’)f=-1.:-

mi=o; do m+ L - X(m)i=15 mi=mtt
X(Lwi) C = X(Lmo + N—L_-,

IX=Xf]

do x(-1) # 0 — {X + X0, bhence

e

==
L.

ermission Lo primt
Fﬂ:: L“f; Tfr:"- X(m)‘;
dr= (2 m.<d<L:x(¢))}
do (L-m)x (x(m)+t) > v o
M= m~95 Y= T4 X(m)
od ,
Y= X(P’h_)*f‘ﬁ; }
L~m) « <7
gzi: os%%m: X(L)) + T = N}
do m+ L - ‘

X(m): :c‘jj_i mi=M+1, Ti= r_jj
od
X(L-i):zx(L-—I) + T

13
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Fm' A0MIe va‘ues o{ L. @,{CL) as L 1 or
LF 2 or L= NL’ the /humber* o{ asce,m[n:j Tmré cbions
o N f 'emk L rows nomm N rows -
3 Ej rqjo de & sz

From this w&arve mo a” owed ba
[:l-:em?m*e will be  brue fm* all values o\p L, m &r):
o( the ame and  the wid€.~f>‘9r9a0{ ArSe o{"
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