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A simg>|e theorem and. its applicodions

The Followih% theorem has been invented and proved
by JNE Boe — one of our students — .

Theovem 0 : -ﬁ.a,hc-l-ions F 595 F ond volues X sw‘-i.s%in%

@ f0 X

W fs) = Fb(fs

(2) 3.x~[] = X

(3) g-x-(b:s) = g'(F'b-x)'s R

also so}isp\a: fo rey = %-X .

The definﬂ-ion of g being toil-recursive we shall prove this
theorem using the ” invarionce theorem Fzr tail- recursive
definitions ” inkroduced in RH81 [2]). The proof Hhus
obtained 1s shorder than the oviginal proof by Bos in

which , however, the invariance theorew is wot used.

pLo_(_J_g: We prove fo reo = g-X b‘é proving F-(reooS):_g-X‘S
%r’ oall S. For ?ixeo‘. S, {he invarionce theorem allows us
fo conclude g-X.S = -r (reo.S) , provided +hat for
suitably chosen predicote P ond watural function uf,
+he ?ollowi\ng pmof oh\igocl-ions are wmet :

&)  PX.S

(s) (Ax w PxD = x-= ‘r'("’-o'S))

(6) (_Qx,‘:,s i Pox.(b:g) & P.(Fb.x).s)

3 (Axb,s = Pox.(b:s)=> of (Fbx).s < of x.(bis)) .
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The only proo? obligation with respect +o '\)? is (.
From (P , i+ ea.sflj -ﬁ:\lows that, ino\ependen*}!ﬂ o? P,
of.x.s = length-s is a good proposo.\. So much for of and (3).

The choice of a suitable P requires wmore core. 'B_g
imspechion of (2) and (3) and +the observation thet we are
nterested in g-X.S we conclude that S =t 45, for some
t, pro\oab\j will be part of P. In order %o Rrmulote this
we wight introduce t as an auxiliary porameler info the
oome. fs we shall see loter, +the arguwent tums out o run
wmore SW\oo’rk\_\j i? we wrile revS = vev.s H1 inslead C(ie.
replace t by vev-t):

Ptxs = revS= revs +t A x=f.+_.

With this P we derive :

w: Pi.X.5
= {definikon of P}
rev.5 = vev.S Ht A X= ‘f'{'—
= { “choose” t= 01 }{o\eﬁniko» o{? + 3
true A X = ﬁ[]
= {1 (0 } caleulus §

true .
So, Pt.X.S is sts%ch , Viz. -for +=1.

s : Pi-x. [0
= io\eﬁnikon of P}
rev-S = vev.ll#t A x.—.g«{
=1 o\cﬁnﬂ'ion o-r veo and + J§
rev.S =t A x=F0t
= { equals for equals }
X = r-(ﬂeo'S),



rh&2o.: 2

(OF Pt.x.(b:s)

= {c\efinihon of P 3
rev.S = rev.(bis) 4+t A x=4

= {o\efini-l-ion O‘F rev }i : and CQ.\Cu\us}
reo:S = rev.s H (bik) A x= 5t

= { funchonal application, o reploce x by F.b.x 3
rev-S = vrevrs H (b:t) A Fbox = Fb.(fb)

=% w1}

reo.S = rev-s + (b:t) A Fb-x= F’(b:f)

= 1 o\e{?inﬂ-ion o? Py

P.(b:t).(Fb.x) s .

The lost +oo derivakions cowlain one step with on oppeal b
the delinikion o? rev each. In +his vespect these derivakions
are wminimal . This is the Jusjripicnkov) Why P hos been
chosen in this woy. Nokice that these derivations ave of +he
'\:jpe Hhat ‘llo.fc“j leawe Yow any choices.

(end. of theorem 0).

Example 0 : The theorewm gives us a program or reo for {Fee.
Let £ be given by : f.01=0 ond Lisd) =b:fs .
Then § is the identity funchon , hence forev = rev.
By opplication of theorem 0 e conclude that rev = 3~D s
where

g-x-L] X

g'x-(b:s) = g-(b:x).s .

i

(end. of exawple).

Notice that the theorem is construchve in the sense +that
for given f sQ}is%in% (0) and (L) the o\e-?inﬂion ofo.
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-Fu.nckon q such that ?0 rev = g-X %Hows immeo\io&e\g
from (2) and (3). So, the theorem can be wsed for progrom
transformations . Exowmple 0 is an indication that efficient

programs woy be thus obtainable.

Example 4: The “wminimal segment-sum”, wms say , of an
integer sequence con be defined recursively in ferms of iself’
ond  the “winimol inﬂ-Qa,\-.Sesmen‘\r—Sum “, wmis say , o? that

sequence :

(8) ms.L[] =0

(9) ms.(b:s) = wmis.-(b:s) min wms.s
(10) wmis. [] =0

an mis. (b:s) = (b+ wis.s) min 0 .

Tt is easy o convince onesel{’ that (As:: ms.s<0). Using
fhis and  10), de{inikon (9) vna_\j be reploced by the
equivalent:

(ga) ws.(b:s) = (b+ mis.s) min ms.s .

Now, the pair (ms, mis) o{) func-\-ions may be considered
Qs One chnpo.si-‘e funckon SQ.‘\';S&i\ng the requirements o?
£ in theorem 0 . Applicakion of e theorem and. Some
C\eoming wp | — o,ﬂer all, e on\_n) ave interested in one
half’ of the funckon — jielols o {unckion q with

gxg[] = X
g-xlg-(b:s)= g-((b-rg)m_;gx)-((b-i-g)m_igo%s.

Then : msorev = q-0-0 ; hence, becouse wmsorev = ms
2

= 9'00 .
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The time complexity op the {unction 9:0-0 is linear (in the
leng'\'k of its Qrgumen+) whereas wms has gun.olralric +ime
Complexi’% .

(end of exowmple)

Theorem 0 moy be ea.si\j genefolised, into +the -Po“oa)iv\g

Theovem 14 : -rwnchons £, g.F and values X So.““ls%;ng

f.0 = X

£.(b:s) = F.bs.(fs)
g-t-xo[J = X ;
9-'!:-)(-0:15): 3-(!::'(:)-“:.5-4:»)()'5

olso so:‘-is?%: fores = g-01-X.
Eroog: We construct funchons f, g and F, the values

of which are \ists o? \eng-ﬂs 2 (rcpresenhng pairs) ,
as {ollows :

F.b.[x,s] = [ Fbex, b:is]
£.0 = [ x,01]
F(bis) = F.b.(fs)
g-[x,{]-[] = [x,t]

g-[x,{:]-(b:s) = aa,-(?'-b[x,{-.])-s.

U,sing mothewatical induchon we con devive

i

(12) f.s Cfs ,s]
(2)  4.0xtls = Lgties, revs wt] .

U,sing +his oandd Theorem 0 we now can derive :
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(Yo reo)-s
= {023}
(foreo)~$~0
i Theorew 0 , with f,q,FX = f.¢,F, [X, 01 }
g.[X,[]]-s-O
U3}
%-[]-X~s

I

which does the Joh.

>

(end o? Theorem 1) .

Theovem. 0 io nice because of its simplicity . The emergence
of the funchion res s somewhal surprising and might
%r Some o.pp“cakons, be o.nvtwéing . It would , +|1ere€7re,
be nice if we cowld choracterise the circumshamces under
which the fumchion £ in Theorem 0 satisfies: forev = .
Te. which additional condition must be imposed on F
such that ro rev = -c 2 To o.nabse this situation we
try to prove o rev .-.r in the hope o discover what is
needed to complete +he Proop .

Firs-HS, we observe +hat rev.s=s -Por oll sequences
s °F |eng'u1 at most 1. 'Tkeregare, we conﬁne owr
aHention +to sequences or ot least 2 elements and we
explicitly name the Lirst and the last elements o? such
sequences .

Secono\!j , we derive :

f- Crev. CCbl 4 & +Lcl))

= { properties of rev and + §
£.Ce: rev. (Chbl4s))
=1 )}

F.c. (f reo.([b] #s)
= { induction hypothesis }
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Foo. (f (bl + )
= §{ (1) 3}
Fc.(Fb-(fs)).

T’nmc\\_g , we deﬁ&)(’. :

£.(0b) # s +Ccl)

{ (W}

F.b.(f (s # 1)

{ wnduchon hjpo-ﬂsesis }
F-b. (f Grev-(s 4 [cD))
{ Pr‘oFer-Hes o-r vev and + }
Fb. (f C cirevs)

{ (0}

Fb.(F.c.(f. (rev.s)))

{ induchon \njpo%esis 5
Fb. (Fc (fg)) .

[ i i I

o

From +these devivotions we observe that oo Sumcien-l-

condition Yo conclude eg_ualil-_\j o«P Foreo oundl -F s
() Fb.(Fc.x) = Fec.(Fb.x) , forall bex.
For {unchons F sdi.s%ing (14) , Theorem 0 4wms out

be a Very 5pec?qj cose o? D.C. CooPer"s Ytheorem L[01],
Cal. I]C we wrile F as a binary inf3x operator we get

bF(cFx) = cF(bFx), foral be,x.

Notice that F is of dype W xV—aV , for come Uand V.
As o special case, i F s of hpe WxW— W and
F F s symmetric and associakive then F satis{ies (14) .
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