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" How Yo evaluate in"egef.expmasfons, (po.rl— ueshill Hae .s\‘.m\o‘e case)

 The o”)evrdats T discovered o new .wma_,quow&erivev the Ceame)
o po,sjrg‘ x —Code. evaluajror _%v,_wsivnp.\e ,_ .{mLcaer expressions . This
, A_iecoverg__wae_ -,H_}%g_erecl,, _\:3 Sy ‘vbon_o\ev:ik\%_. w\nga} ol we
 showld introduce o linear re\o_res,en'\fo‘,lri.on o? the A,(,-‘TYECP'&L’QPQA)W
. expressions - w‘ngslnou,\cim)'l the ev.a,\,umtof,,o,oce‘;{' drees as i,Jcs, )
m‘au&?  The omswer \no«s_,..,o?cowae__,,_”*o do LO!'Hne,m cj.en,cé
) w,‘ex,ecu:hv,\ g a ,;,,,\j_n.ear__, Sequence of iyxsj,cr.ucl-i ons \Mqﬁwlo.Le ,.l.e,ss .
Aime  than ,,,p,e_.f%_rmi_n 9 o dree walke s _moreover, the linear
- .Sequence . W\QA(-X {a\@ \ess SPQCe‘HAQ_n'WeA +V'Ee e
 Tn rhog T used the linear dree ._,v!/‘,“e\argsa_n}ajri,a_z\w as the
S -5'\0«%\3 —pe wA 1QJV‘ ‘HI)Q o‘e\/e\ola mevr\) . \nere - lrhe \1 neayr \(EPV‘ESen'LQA'\Oh
,wj__“..,_,..yemeg% e Qs _Q ‘og-Proc\uc} _ For reasons to become c\:.e,osr,,, S
I will abstract Qrom the ..A,j.mlege,ru_ Q&Pcc'\' o? fhe
__expressions _ond. ,,_{hei.v;_,_,,,evaluak,o.n_,,monﬁ» A_re_q.so..n..”..‘bgmg,‘.,_J.r‘z\o..lr,‘; -
dhis ie i fC\BVQn" %r'“he discussion . |

o Tooohet Blows, dummg b has bype B, dummy ¢

So,me\nou/e Wh,e s \o,l-C> ,, T\oec\o}m{}j\ae T of drees
s Aeﬁned.as%\\ows S

W eT Rt
o LestY eT L %r all COan\s,)c el .

Net, e ossume Hhat Linckons £ and g hove been given,

w;}kk\ae“%llowmg*%{:e,s o %v _Sowme. ?‘xec\ tuﬁ:e\\’l o o
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T pe M reprﬁscw\ﬁ "“ne (\nou) a‘os—kmc-b ‘LJFG of 'er Va\ues
o ‘Lrees. This is V‘eﬂeojreol Lg the ?o“owing cle?ihikon

oC {ch‘-{on V., which has Jrz“ae T—=M:

.

V(b
%-c,(\/-s)(\/'{)

V-{c,s,t)

It

(T\nié c\egvﬁs{on 15 Cow»"aosi%ono.\ , -}\na} s, \/-(C.é;‘;>
ovx\a C\e[)enC\S on V.s Cw\c\ \/-JL 5 Vlo# on S omd,, {: .
c\irecHg) . )

Assuming that we know how o ..iw,P\ewxen# J?omo\, |
q we ore fn?eres"ecl wn iw\F\emenJ}a‘\-‘rovxs of V.

In po»r-\-ic\;.lar . we wish T eliminate the recursion Prom
Vs Aeghikon R bwlr we Oou,\cl a\.So Say 'HnoJ',bOc uois‘n 40
vvxo,ke the iMFlew\en‘ka\‘ion o? the vecursion exp‘icijr.,

The main design decision mow is thot we studyq
Vxss | %r $S oj: pe _‘_\_§J_r _of-\—, the motive ‘oe_ing that,
Grst, TVie] =Vaxlsl Cso we don’t loose an -H,«ing) ond,
second, Vs and Vi o the elements of  Vxlsdl
) —\'\nu.s, we \nor:e Io veduce the double vecursion in Vs

c\e?iniln‘ow fo on easier linear vecursion .

Hs o,\wa:‘s we \no.ve V[l =[] 3 ?uru\ermofe:

" Vax ({b) b ss)
{« 3

\/-<5> > Vaxss

= { v}
AV

U

Omc\ :

* «
) Here T uee o g)r cons” and 4 -gr “snoc ”
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V= ,,£,<c,,s,,Jc>,_ >ss )
- Vdes, kY > Vess
o ,c(:j.-,c&,.,(\/‘:s,),-(\/<,{A).. > Vxss
o= 1 eweka,l kn‘h“oc\uc{‘\on or ® (see ‘oelow)jl
- .gc e (Mo VLo Vess)
. gce. (Vx (sptoss)) .

il

1

) - In Jt,\a_i_s__‘,..,,c_;\.erjxo,-\—jo n me\noo/e ,,,‘m‘h‘oAuCCC\A Gn oPem,jror ® wﬂ\n

o e %“owmgdep\m}\ow o

he (mon sws) =  hwmn > ms

B @ra,\\ an\«ons he M5MoM, muneM, and wsc \_@{J M
 The \MoJrlveg)r mj(mc\ucm ® is simple: we \)%4- wish 1o
_colleet Vs | Vi, and Vess into Vi (epbsss) |
__in_ovder o obtain on ~ expression og.‘lr%g*_sl»ape we are
s'_L\AAA\na e SoMer
)7 Thus we have obtai ned :

Ve ese) = b oo Vess S
Vx estdpss) = gc @ Vx(s stess) ,

1

which cn serve as o \.Lneo»r\g.,)recursiye. Aeg nition @r V) .

Ctke erahive). ,..,Aegmhom ;i s entivel 4 standard , Qs

ik is bosed on the nohion o? o conhinualion ‘gamvne{ef D
~ (See ¢hibs: Conhi nw}iovns”...c:o_n.jci,buecl) o
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Ve have that the Q\mc-‘-ion (P o) s ver,‘e.sen-}eA,,,b;j.,,,b,_,‘.
Omcl_ \'ke ?unC‘\‘iOVx (%nc ®) is Vepmsen"‘ec\ \03 c. Now
every  x 0? -‘3‘36 _‘I_S'\' g{) BUC represents o (:wc{\on

s .we\\v, na,me\n. the Composi'\'ion of the Cumc"kovns S
V‘e‘omsenxeo\ ‘03 s  elements C (The list is *\'\.e,-appropriq:‘c

shructure here because QJ.V\C‘\%OV\ wmpos}konOmo\,_.,,\,\fsl,_ .
, cg:lceno»l-iov» \l,lave Similor a‘aebro&c \oro,\oerh.es.) We now

mi \n" ,infkroc\uce on o.\os-"ra ,jn'On, fumc"ion_wc? .,.‘*o_-Amo.P_ o
, \is?s over BUC  onlo the Rmc‘-ions Haus WaFresewLeA

B : T‘ms ‘Ych'l'ion jr‘nev\ wow\o\ ke Aegneo\ 0S -@Homs S
Do - e
-9 [l r Che ic‘enll%.?uncjion )
.cf-[b] D T
g lel Qecod)

o q-,(ac%a—,,g) . S Px o Py

For our purpose however , it is wore divedt and. 5 ,Js\ne,teq(;re., |
 wove convenient o introduce on _.o,Per_o:‘..or’-_» o o V‘e\'a\r‘es.en},,_w.

N f\M\C“‘iOV\ ‘application 5 that 1e , @ 15 re uired fo 60:"!6? R
PP 3 9

)# R . X O ms = q»x-wss O
 From e defhuibon of ¢ e con derive the Bllowing

c\e?inikon -‘gr, 0, ‘o:) means Oy wLic,Ly we,(:cmmémd u.sm% .

H c‘; . i*.se\r :

|

owms

0

[cloms
C(e4y) owms

. x0 ‘(,%,,e_, wms) o

!

Pe special cases — g Tb] oy led— of dhe lost
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\{ne we ,.o‘olrai,n.: ,

(xab)oms = | x 0 (ﬂobms)
(xa c) 0 wms = X O Ca-c®ms> _

| _Bz) P\ugging iv;x the c\egni%on‘of ® w»e o‘olrain:
(x<c)o (mpnbms) = a0 (3-C-m-n, > ms) .

Now we have all thod is necessary do deal wilh the
%\\ow‘m Senem_\'\sakon op V) . \%e ntvroduce gmcl-ion
F wi\n 6\oeci ic:oA-ion; ;, |

Fass = xo (Viss)

Then ;we o‘o"odn, Moo sjrmia\n-l@\rwo.m\ way ond  using |
(Wx)’s degmikon ond ©@'s c;e-?ini'l'ion_, Qs c\eghi?iovx
for F.o -

Fooe L] S voce 1 o
Foxe (b) >ss) Fo(xeab) . s
Fa(lstdoss) =  F(xac) (sotpss) |

o

heas  Fcan be used fo define Va5 follows -
[Vel - FOLLs) .

The ﬂ%\_e occurvence o() o in Fs ,c\eQniL‘on Can
be g)o.cjrorec\ out ver sim[a\:j ; 05 o vnaJtJ(er o? ‘(&C'\' this
is the inverse o? whalt nowao\acujs is called gusion .
\Qe ‘/\O\.\/@.: R .

CFxes = Gxss o I
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 where G s Aegmo\. La:) —J‘us-l omit the ol — :

6oll
- G- ({b) b ss)
G.x-(<c,5,'l:> > $$>

The km\e\/a.vr\‘ po»rls OP (o] )6‘ C‘eﬁwihon ave :A

G.(xab).ss |
G.(xac) (solbss)

noyg o

" Dewms

= mwms .
(xab) @ ms - 20 (fbo ms )
(cdc) @ (mbndpms) = =x0 Cgcmn > ms )

So, we bave [Vvsl = G.Q.ls] o O 3 lhe CovnPwLo:l—\‘on
og) Cvel  vow covxsiS,'Ls o? oo PL»o.ses'., the com w\fakovs
op G-[1.0s]  which bie\ols o list x o? type Ls_Jr ot BuCl,
ond  the ComPuf\‘a\‘l‘OV\ o? xzo 1. The érrs-‘ P\hO.SC., and
the V'esu\-‘rina liet , 15 ivxcle‘oenc\evsjr Of f and 9 : )
con be ,Consic\evfeol as o ,ngu'\'o.c]ric ‘.‘ravxsgrw\o."‘\‘on) Hhot s
x 19 d'u&\L o lineor rePYESew oA.‘ion, op. ‘\‘L:e -Lvee S
(with = G.01.0s1) . chmouu\d ;% s the Posl{-)\‘x—cvole
TerreseAa“ion ,,o? [s]  when We, n Contormance with the
Snoc opera&ions,,m,‘éreo\c\ x ﬁ("mm rigwf "o\eg:». CFor
instance ,  G-11.0¢c, (b, (bW T = [e,by,b,] ) o
 The Qrs—yp\noﬁ% Con e Per@:rwxecl “of ComPI‘e ‘kme”,
o which case it s known os  “code aenem}{on” . The
Secovxo\ P\hO-SC ‘Hmen ,‘oecome.s “Pro%rawx execd-ion” 5 on
lement b i list = ollows dhe oPero}iovxa\ iw‘er)-are"ra“{c)n
‘\o “Pus\m \/a\v«c f\o owLo 'Hw. s*o.c‘: 7 w\nevms av e.\ew\evnl
c cown \ae in*‘erpf&e& asﬂ\e Insjrruckon +o - Per%rm o‘aeral—ion
gc 1o the l-op Yo elements o? the stack™ .

- fs o 5PecioJ cose , we moy choose M,Q, ond. 9
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: nga\lows B —

T this case, V. is the idenkily Lonckon on T,

) ~ thus  we olo#oun e |

[l - GeOBlon ,

| G[][s] @) now is a. porser ._Agrkposigx,-_coole R
... expressions , o bo‘\f]fom..-.,upﬁ_ parser. o ke wore ,51>,ec{%:_|> c .
.A_Gevseno.,ub,._.,_weﬂ ,_\,no.\ced g)ro»H L8S

s (0D 15 “\emvafseo? CHRIES A.\owsln%_‘ o the inverse
S ...;.O.Pefa:‘\\oh .A ,_op repvesewhng ,._q,,,}\fee,.,\og‘.‘,,.o.,u.[_inemr“\fs{ o
) (@njrln re,s‘a__ec*l,,_, to {me;}ionm Lcle-pmcc\ in rh29:4 we have
o Gx.ss = o 4 ﬂo:uren_( Lx Ss> )Bu}r T SLQ,H nol prove

o '\r‘m& \')erej leoA See grw\u.lae (O) anl,(i) 1 r\n209 ) I

S

~ Eidhoven, A3 ockber 4o
S "RO‘OKR.'HO()aCVQOOfOl e




