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How 1o e\/a,\m,e,inf\eger expressions (po.r'l i the simP\e case )

We consider. 4‘06.0\@*&5?@ T or. (GnQJre) binwré) Yvees , Qs ,.o\e(i)necl,
; ,.,.fec.u.rs'lveléj ‘oz‘ B , ;
0 T |

o {sky e T ,]Qr al st W T .

 Such drees can be rpreseted by lisk in vorious ways, one
o ofw\mc\n,xs _, %wen\:t) the. ?uwcx-ion L 5 o? \Lgpe T-> ,&({o,u),,
e cie.-gjme,c\ as._.n,,-g“ows PO . ; o T

B S
o Lded) = Talaw Lsw Lt

 Funchion L mops  Q dree onto o list O‘r 0’s ond 4),5,3 whad

B . _Yewmouns $o be showon s 'l'LimL L maps. o\\mmw‘ e b

Ai’ﬂ’émh" liste:  olherwice the same list could rerseW“ o

o\iﬁeren-‘ -}zeeé) w&“c\n Iy vmojr, ,,w.‘\a}t we ,vmh,s‘»o\er, o proper .
o v‘eFre&ey\_{a&-Ian,_, Thot 1s Yo scy L must have a

. ,,,_‘\Veg-l-__i,n\ze‘tae > v)\mc\/smeavxsjrb\ * o ¥u,nc'\'30n. P mue‘} exist N

o? -%Pe OQ({OJ ) — T 5 with the Pro[zer'b et

L (WsieeT Pl =s) .

Bl showin

g Whis, however, we frsh dranslorm e

~ dfibion of Y L ik o wore wanageoble Brm. 106 inbroduce
O binary .«,,opem},or,‘ 8, OC ) ;t\:“ae o cﬁ({o,.ﬁ)x T = ae({D,iD

\D;H«, +\ne.€ouowm3 c\ep“" LLQ“ :

(o)  x®S = x4 L;s



| (1) a@ ( [(@DJ#_@&),A%_M.

l"\'\’).OS : 4

T‘meb we Lave:

Ls = U@s ,‘ e

o L can be debined in dorms of 0. By usig U's
clegm"\on we Con c\enve '\-‘r\e g:“owmg or\j?m%o%‘ or .,

‘w\/\\c‘n |MP\|€s (o )

zwlol
(M) es)et

| x @ <> :
x o (st)

All I

This c\efm-‘non IS an m&la.v»ce oC e Pa.Hern We clnscussecL
in rhao8 (sechion 3) | \WQP lication of {he %rans{c))rmalwon

, Q.ssoc\oclec\ LD\'“« 'Hms Pq:\'lrern we o\o"‘mn

x

| (1) @ U =
(b)) xe ( [()J -H—ss) = (:X--H— [0]) ® ss
= (:Hkiﬂ)@ ([s Jc]+~- SS)

C Rues ) and (40 have been derived from. Jhe T@uom

recimrecl proper oC,@ (yoLxchx s u.s{ ®’s_ s ec;f c:a:hon
oS 'Hne r lc\ec\ \Eranon ot @ , "08eﬂwer um“n (OI;)

) f_a; ® ([slwss) = (ewle)oss . If.f,‘jfﬁ_ff"'f_’f";fj -

o T\mx‘ 15, ;}Le \/agLol:L Qfﬁ_ﬁ'lc.b fﬂ lows - @om _Lﬂz) and (ic:)
~ (ond the Pro‘xarlwes gr L _o_nlé_ and {kemgare Lo (ad) \mla\
Qr ony Lmar\j oPsra:lor @ that §Q:\'l§:()L€5h. (4b) and (4c)
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~ This is nice Lecausen eawo.:Li.ons. (’.L‘o) ond. (4c) con leo be
. read Crow\ : r]g\n.jr o left . in which case Yhe oPemJ-or S
,o\eg?i.nec\wKecu.rsi,ve.\._, _over o ,l‘ns#eo.o\ over S8s . Ca“ivag the
.,operaf\tar. dhus introduced © we ou'o.in ; ,
() (ewlol)os 0 = xe ([OJwss)
(@) (w1 o ([edl+ss) = a0 (Létd]wes) .

 (Nekice Hhat this odwmits of the operakional inlerprelakion

0 Be ,._5.'}0&,20\_",4.,..(1‘00\/61-,,#,AS,OQ_.,,.,,QXJ'*OJV\,. grﬁree ,'Hna.} 0 éocLi sf; es:

0 (ewlsdes = mo(lelwss)

~as well , @ ,,sPe.cia.\. inslance o_f hich s

~ which is alwost a solubion 4o the problem of deriving
o._\er Jr— inverse oPL we  ave dove it we _can So\ve S

0 fom otsl . Forkunakly, Ga) and @) defne zoss

%r,_,»,_vmnem‘a-‘jw oc ,on,\j,., , So We .mo.ta.‘.sjriu choose the

‘\)a,\ue of Doess. sz .,Q‘oogéing L
 Gd) Ooss = s,

 Boide (s)  becomes:

@) Lsell = (3,

o which does dhe job. Removel of o pair L] s drivial

~ becouse 5 = (5.0, so our. fuvxc-\wovx P coan be
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- Aegnec\ L:j ——-,fepea:kv\a {he o\egnilﬂ'on ogjo.—.—: RIS
Pa = (xo0)0 , wheee

xo ([O)wss)
x o ([{etd)wss)

[lo ss =
(&-H—[O])Obs =

(x+[11) © ([st] +ss)

~ The above is an example , probobly Yhe simplest possible, of
powrser c\es{gn ‘05 Pmaram wversion .

For ang dee o dhe lidh Lo is o representation of 5 i

,A\Pre-gx cwode: the 0s ond 4's are P[egxeci-}o%e

.re[aresen'\'ahons o? the sw\o%ee,s T\(\eQL)O\/GO\GQm'L\OhoP

| . ® %ives rise 4o o backward ,,Po.rs§w,\3 o? the et Ahat
s, e lisd s Pod'seo\ as Pasmx,Co.o\e,...l,__,.,,_A,Fo.v:.examp\.e, s

{ dfnibion of Pand Ly B
o Ml wLbsw L))o )0
= { ()}

(T4l +wLs) o [t1)-0
RO N

‘ { de.‘?ivxihon DCO }l B ,

(Do Wstd1)0
, , { ,c\grghikow o.r o 3

{ cle/pmnl\on OF Ly

]

W

 This example illushrates that lisks representing subbrees are
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Po.rseol, “ \oe@re Hhe shructure of the ,wx\o\e tree 15 known:
Yhe +ree is constructed ™ a boH-om—u,P Qms‘nion. ,

We now consider ,hiv\a\réj drees v,,w\nose Neaves and. nodes are

| ~ labelled  with \/o,lue,s. of an  as élejr‘ unsFecfﬁecl, EPe . For
the dime be]n% c\umwt} b .o\eno*es $\AGLL \/o..‘ues. The

c\ocxa:bpe | 15 now cleg',ne,ol, v’ecursNe‘g Qs Q:“ows:

WY e T Beeal b
(b,s,td> ¢ T | for Al b oand sieT .

| \De Yeo\e-ﬁne _ gxnc“'\on L Qs guows ",

L. {b) = [L<o,b) |
Ldbst) = [@hy] + Ls w LA

Do, he Ae\en‘aen“-\s» op the ‘lsrl L. are wow poirs Ccms‘nsL‘nca

o) & 0 or o 4 ond a (al)as\/o.ue., o

Thie 15 a aenem,‘.iso.#on of Jr‘oe: ,Previous case de“. , we neeo\

not redo our work: W a Way the  situakion is still the

 same. Al we wust do b dblain a porser s o dake
indo account thadl 0 and 4 hove been ,,,re‘:\oceo\ b\a .
<Q,L>, Omcl (i,‘o> V‘especkvelé i -‘-L\u.s,: o ,

P = (xol)0o , where
llo ss = ss

(4w obY]) 085 = x0 ([(Q] 55 )
(oc 4= [€1,bY)) © ([5,4] # s8) 20 ([{bs,4)]) + s )

]

I
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Decause 'H«e_on\ purpose of the 0’s ond 2’8 in the list

reFresen'}a.Jrion oﬁ "V‘ee& ¥ ‘\'o (A\‘S'Fn u,isL 'l'wo co.ses ———na.me\té

(b)Y and (B,s,’cs— R the 0’s and 2’ con be e‘fm]na+ec( o

as soon as the labels of leafs con be c\isjringuis‘neo\

. $¢0M ,,\a\oe\s of nodes . This g‘u/es rise to the Q:Howimg
VoJio.L‘on , N which b clenojre,s \ea.? lobels ond € denotes

node \a‘oe\s s SO We asSsume:
(Whe = béc) .
The Amla"%we T is now mcleg‘neo‘ oS ?o“ows:,

W) e T, Bralll
(c,st) € T | Br oll ¢ and st eT .

o T\nen. we ouai,n.:

LB = b1
Ldcot) = [elabswlit
ond.:
CPa = (xol)0 | where
[]O SS . .= S$S o .
(x-[bl)oss = 2o (Ub)]+ss)
(elcl)o ([sflwss) = =0 ([{osA)]+ ss)

I? S0 c‘eaireo\, the 0’s and. 4’s moy be 'Hnou.aH OC s
\nav?vug been incorPoro.Jrerl info the b’s and ¢s. Rs a
reswll | this ole??nikon 1S s‘\w\‘:\er Yhon the previous ove :

: a“ H\ajrmma“rers 1S ‘Hqcn,“l \0 ql C.
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2. We now a&s.ume,.,,,f\it\all b <|o> ' has ,,-.Lz“ae, In:L, cmc‘, cC n
<_<:,,s,,_{:>;. Mas ,,T\a,.\:c : Inf\‘_.x,InJ(: - In‘L 5 'H\c& v\'s) ‘Hle -lvees are
o \o.l:e“ea\ w:l—k .in"ege_r . ,\,/a\ues _in their \eo.,ves_,‘ and with bi nary

.ivxjtege,r Ao_‘:._e,rg}ora,_., (ke +,—,%,-- ) in their wnodes. ,

Trees now..fe{;re,&evxfliw ?n‘}e_ger..._vo,‘.,u.,es 5 the .Ua,\ue_,,o? tree & s

B Vs where ‘PMQ'\'IOH Vv )of bpe—r% Tnt, is c\c?ivxecl : |o<\j :

v = b

n

_where we use () as mﬁx notadion 1(3 r the .,..opero.ﬁr,, c .
Eu,ncjion,, - K_Pw-wﬁam,_:nne__._P_ﬁev_{o,u&,.,..s_ec_.l:i_o_n....J‘vs,.,.»Q.L_ .Aqrset;.:,,,,..vi‘l; _Yecon &me
Q.'ljree?romljrs lied .,._.rersenranion....‘T\oe.A ?un,cljo_n-»_, VoP s an
 evaluator ;i c:om)oulres%\e ,\/.,cx,\_mg,,,o,g,o. tree _,,Qmm ks list
vre{a{esen.“.ajrianm.,, _The. c\egm-]-nono? V s . C.omposs%om.l s the
value o? o ,CQ.mPosi-Le_.}vee,- v.depeno\s _on the .,,T_VQ,\.ues ,,,op ke

~ conshiluents only (,ho% ono_lrk_e{ P,m(zerhes. o§ T ils conshituents) .
~ The A,,o\egni&ion Qe P 3o such that trees are construcled n
 boHom-u .._,.‘,QQS\A.\IO.VI. . Because ,,.,QQ,,,,,&L\QSQW,‘}WD. P_ro_Per%‘es. )ﬁ,%\eu, ,
o c\e%niko ns ofrpcmc\. "V _con be .W\,e,rge_ol ik o new
~ de¥inikon Qr Vo P w;’HnowL .,w\uck emml (This drans-
,u»,%rmo.kon, is nowoedoys  called _,Q_A sion.) Cc..nms the new

 Variotion o?.“&\neu,.apgm)roru G! _.,,‘@om (P’sc!egm]won now 0. we

WePla = =50

. Qsbs e b
(x#[c))a (L Lo_,,L_L‘..].thbs.), x 0 ([ ,\ao,,‘(c),,L,lﬂt,,,bs. ).
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fAside: Whereas o .so:‘r,i,sges (xwls)oss = xo ([s]4ss)
Cwe now have (x4ls)dbs = 2o ([Ves] 4 bs) .

,, Opcro.lror. B con be considered as an ?n‘terpre"er Qr }njreger

~ expressions in ‘Posjrgx,_represew‘ahon. Tn B bs \fsjr ac

, _re\oresenlfs._y (dhe vemainder of ) the expression HID do be

.evgluoc‘,ecl . o.nc\lcﬁ Ve s[e,sen&fs tlrl'xe ffeva\uo’chon sxo.cl(» . L;S} . G
 can be considered as & wachine code program in which an

v ,e.‘eme,n'} \3 _,A,QW\O\&W,-\’S A;,,'lo.,J,t»\ne insxruchon '\o «[Jus\a. Vo.(ue \o On"'o
) dhe stack?  hereas on elemen ¢ is dhe  arithmelic S
 nstruckon .“re‘;\o,ce.. Yhe *‘opmos\ two slack elements ,‘03 Yheir
ovesut” . To dhis Woy , the above (iterakive) Aeﬂmkon

_‘QQ_a s ,no,Jr\ain%. bt an Gbetrach _S.Fecificmlion o a
- Processor .. ( See rL 240 g:r e;\,aloora,l-i,on,,s)

Emc“nox{en, 20 M,SEPT\CQM_LCY‘_ 9




