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Fo\chng o Linaw{,j o‘pera}or: Q ,ne%‘ec-‘.eé. :lectmiag_e:, R

We. §onsic\er o ,Einaré},‘ oPera}or @ ,_oC,lr ipe X xA — Xagr
some ixed 1 pes X and A. Inquai..:&“_ows dummies b
anoL c ‘r»qve , (tj\oe A w‘nereas o2 JacLs ..-\»Z)Pe X \D;Jr‘n e

We can @rm expressions , ot ,%Pe_ X, like:

(oce_b)., &c .

What these expressions. bave in common s _.,excevpjffA.‘H\e}r.u%,pc,“_M._A
that 'Hneé C‘ePenc\. on_ one Vo lue opjrépe X _ _ond Some
— 2eV0 Or wove — "OQ\U.(’.S OP "L\,)Pe H:Beco.use 'HJeQro\er-
o? these \/o»\ucs is velevomt — (QCQVE),..@__C,,.,,],5/,%,_no:l,_,,,,:}_lqe__.,‘,s.,am.e; o
as (xec)@®b — -H»eg, con_ (:o.n_\/enienfu_u. ‘oeCDV\&fo.reclas-Hne

d
 elements of o list .,og _, E.Fe_ L@) . Thus o the expressions
con  be viewed as funcjcions, ) o?om. X ond on £ A,
e now wake this ex,p\,i,c,ijr, , L}j ,,'m:}ro,cl_uci‘ng.ﬂo__,newm_k_i,na.rg

| oPero:}or ® , 0? -\éj pe X x (Q(ﬁ) =X, ~ which We vequive
to sonlis%:

| - x@b = a«elbl
. (xeb)ec = xelbe) .

Moreover, because the ex Pres.&io.\a,..,;.,..,,(g;,eaL)___ﬁwc.‘,_ _is an instance
,OC ,}\ﬂ_g,...,expression OCQE 5 namelu wi“» oc,ta = ocdb‘o}c ., our

new opevator ® Musin,...,,,.gor,_,:lrhe,_,-ga.\g_ew_og . Con&i,s,jr_en«cg_,_,_w a\so

sat

Cxelbel = eb)ell.
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)
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B sfm‘o,\e , enem,,\,i,sa.lr.ia,n —__—-_AreP‘ac},n [Clt::) ony i sJ — We
 obtain the guowi,ng _recursive c\egini-hao,n %r ) (?vx w\n}c\n S ,

(1) xe@ (B)#s)

 (xeb)e®@s

il n

* Apart Gom ©) and (1), ® has other inkresting properhies:

. (x@t)e® s
- (x0t)®c

n

i

(@ Bllows fom () and (), ) is proved fom () ard
EECHE \:é}.i.nc\uckon_m on t, and () ..go Nows gco_m. (3) and (2).

s o recursive defluibion () and () serve equally well as
- (0) o.vxd.(i),-‘-Lns‘g?\elemuéprovm\es a_ bosis Jor - rogram
o .:\ran.sfowmwho - LQ.\aenm/eL , ,_\A.e‘ﬁ.,‘,enm.un_]te‘c_ ‘”\ e Oowne de& nition we

| A ma? - .mFlg.c.e,w \lr Leaqneo* Leﬁ., \Ir-‘ hDe\n\ceT?wle ,(:(.),,.,,.,.:{())(_ exam‘oj,e ,

s ,,.od“.‘ recursive wherecs \rude L) lanJL B

- Some 4,.Praf>4_er:Lig 5 o? ® are m‘nerrlecllnﬂ ® . For uexamp‘e , \C -
T c\\&‘lmkujlﬁ,s 'Prcum the nSH _over sowe. .‘oi_narg» ‘operx‘_o_c.. ©®.

§ ‘Hp\en 504;\033 0 - . . S

lemmo.: '\C (ab) c\i&:&rﬂoﬂle&, _over O

then \(@s.).n_.,.,cl,{stlrj,b_w{e5,,,,, over ©

E{onil- bé__mc\u.cjt on.on S8 . .

O
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Our oPero;‘or ® i3 \.OeH—Lnown;, ll‘ s called %\c“ @) in
RS Bird and Ph. Wodler % book € Tndroduchion %o Q,mcl,ional
pProgrammin ? C,\?revw'hce-Ha\\)iB&B). Ovs\ recen“ I became
3 ) d J
owore that its Properlriea represen" oﬂen occ:uw'ring,,, .,Pa‘Herns
in gmclriom,\ PrOQramming and -Hna}) -H\er,_e@re, it poys b
 know these \oroPerJries. Whenever I use the 4ec\m’u3ue L

 shall introduce ® oas “Uhe C‘eﬂ)ﬂalo\eo\ version o? ® .

OC course , Yhe -\ec\nniauc has o mirror image : %r operaxors
Ao? | ﬁwe AxX =X we have (r\gH)ro‘olec\ Versions o_C
‘kape “LR)Y « X = X, with mirvor imoge Properjries.

no-‘tice 'Hnoc" the above c‘eve,\oPmen‘t S comP‘eJrelg devoid o? oPera‘ll‘onaI
In“erprejra:hons: we ‘na.vc—'. fn"roc\uCeo\ ® ond c\eclucec\ ilrs,
procrerhes &:3 \oo\c‘m%\ o:‘ the SL\aPes O-P o @w Q)fmulac ,on\é
Gn -

ot Jr'neg have in common .

by dighi ng W

1. We O“PP‘E] the obove 4o dhe ?o“owina exoumP\e. \De Consic\er;.?\;c.n‘clion
F, o‘? *Spe g(ﬁ)——))(, which is c\eﬁneo‘ n terms of o constant
E and a L)‘mo_rj operonr, ® , as E;Uows:. ,

F.0 = E
F([b]“""‘ﬁ) = B@ Fs

ﬂp\:afen‘ng , ® hos *‘;)Pe AxX > X and we hove :

F'S , ) = [] ® F.s
F.([bl#s) = ([blg Fs

P

k'prom,w\n]cL\ we wmao ,,e“ Yhe icieé 'Hnajf F wcou.\ct Sm,lris? |
Jd 3 J
'Hne. wore %eneraj PVOPeAS > {?Or O.H {:,S TR e
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 This properky holds indeed , os dhe. s:,uw21 me by ke

.. On. ‘L sl\ows

QY F ([]41— s )

: { jn} lC\en'l'\Léj P-H-Ix
F

{ degml'\an o?@ 3

[] ® Fs

__and:
G F (Uz] -H-Jr_-ﬁ-s)
R CieRm'len o? F (u.&mg s O.SSDC[Q."‘!\/I'\‘&) }
b ® G: - F S) o

]

iu

f de?m%o_v) of ® }

:Béj \V\&'Lanlm:lmg (5) \MH) S:= U Omcl uﬁung F[],-— E we ouam:

@ Ft - tef

...VZBQCause nm“ner Jr‘ne exPresslon “:& E._; nor. -l-‘ne c\e‘t> m-lnons or ®
_contain F, @Wmu.a (6) can be used as a c\e)()m*-\ovx of F.

\Lsmg one. pair. o? ProPerJrLes o? ® we oblain:

(lwtdox = beltex),

 which ;s_._;(jus;mu,,_wEA;’ s origina) definition in which conskand £
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~ has been ,rep\o_ceo\ ; \o(tj o paro.mejrer. U.sina Q.no“r\erpair, kow.e.v_er,,_. ,
we o‘ojrain o8 41»\ recursive c\efivﬁ'hon: -

- Do
 (twb e a

n

te (box)

"

B winor cow\‘a\icochon s that , Qs ex\niLi"ec\ L5,+Le paHer.ns ATl
and [bl#s Ga Fls c\e-?i nition), 4he elements of the list are
,,_,,.,,,,,,in#erprglreclw ln  veversed ovder. Ip so desired this con be

 remedied B(j ,Iw‘roo\ucl'\‘on, o? 0 new oFem}or, T wnh sPecIQ_co,#on_:

+ ® ¢ = vev-Jt ® x .

C This is o shdard dransformabion et leads do the Blloing
R .50.\\&.101\ C , ) S o
 Ftrevdt) = 18t , _w\n_ere L

o (wt)ex = t® e .

 This s dhe Toil Recursion Theorew for (fwke) lisks.

2. ,S,u‘:,s,-mrmlfon‘. .fs Q ,'kernar\a oFero:lion,;maPFIn% Av,,,ero,,.,.expte,ssjon&-,,anc\_
o nawe .on-Lo on expression ) Bg %rou.‘aiu%-,,.,o,v.xe..,.<.ex‘:.neasignw andl
_the name in'to . Poiv#, Wwe  can .(:ovxe,i.o\er:_,_,,syJueA-Ai—.L,A:i.cm_._obst~ m._.}:lmaf.ﬁ

‘_.,.,_n,,,,,,,o,perc»{or 0S WeH 5 o? .‘jréj‘oe o Exp X (‘,Numewx_E&P_.)_._ ——>Exp e
Here ~we c\eno"e 'Hns oFero:"or \7:) .4 5> wnlk S ancL‘l:o:E

| v_,,,.‘,,}agew Exp ond v op | _Jra,}ag Name  we write

 inskend of dhe more wsual  s@isk) or Gglier) sGAR) .
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- Ae now c‘enoe “ne Q‘clec‘ version of 4 La Q@ b(uj meons o?
@ We con sjrudg lists of Su‘)&li‘twhonéj ond becouse @ is

the ro\o\eo\ version op a e ouode Some o(?,,,bls Properl'ies,g;r‘ .
Qree. With C and D J;;r lists of (name,expression) pairs we

have ?or ,e,xo.vnp\e:

s@ (c+D) = (s@C)ed

s@ ([WHAI D) = (54wt} @D
§@ (C+[(ut)]) = (s@C) < {wt)
(sot)@C = (s@C)e (to@C)

The loHer Pm‘aerjrg holds for every expression construchr ©
Leco.use suks'\‘#uhon <:\_is+riL>u'\e$ Over,'uﬁe exPr'essIon Con&*rucxvr& .
We SLQ,“ See Qpp\icajrions o\(’ these Properkes when we clisCu.ss

evaluators @r A-calculus expressions .

ﬂs Cv ‘Vina.‘ excmn\o\e) we Qonsic\er 'H\a, g)o“ow;n y vecursive ,‘C!e,{:)iv\i'\»iOn

O‘P 'H\e Binar\éj oPera:tor @ ——ex‘a\ana,lrion o“ows——:

xob = l_p B — Yo
1 & - yec¢ )
n BQ_ - (\32 ® CQ) -6 dz,

S

in which the B; dencte  boolean expressions.  in terms ,op x
and b and in which Yi s G and  d¢ dencle o.r‘oijrrar»o;
expressions i terms or, x and. b 5 with Ye op %Pe X
and. ciand diof fype A o

»-ﬂne double vecursion i 4&!4‘,\#& Q.Ure,r.na;ive ’o? Jr\m‘sk
ée&nihon con be eliminated 0S ?ouows . We introduce the
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',?o\c‘eo\ version OC e, wlled ® 0.3q.in,,_,, msPWecl ,l:&,.,-”ne..;skape,
o? the ,ekaeasion,, (3,_@ C,)® dz'- We observe Jr‘ra" o

\S}\\»c‘n can be used as o ,Aepim‘.'hon ,OE R lf Qm\(g)m We are able
Yo derive a Aeﬁnir‘rionmof,_.,,®v_ mw\mcL\ S_v,,..cloes._‘n.o},occu.nwo.n(u)morﬂe”..
For the most co.m,P.\_i.co:‘m\.u__,vca.se.,..-}ki,s_-, derivation vuns os follows:

= {Ae?lm:‘-nonop ® }
B Ae&nikon of, @, case B, }

- (gpocye dy) ® S

T L deflnibion of @ CGhoiwd b
Y, ® ([eydad #s) .

o this way e Bllowing defnibon Br @ is cblained:
 x @ ([blwe) = B - Y®s

o LB, > y,® (Lo, dy)+s)

R c«.in,,,n_._4‘;\:I,s,.mcier.hza}iav\__»,ié,we,n:‘jre_\%_,ﬂ devoid o ﬂQPe_m.:Lio na..l, ,,ﬁco,nvxo:\al{on,s.i
. o.wl\noug}k{helnsnlpam.me}rer*mgg\oe\vAerPreJ:ech,.s the stack
 needed far'}h& - jmplgmen;taﬂjdanmn. —_recursion , this in:lerp re}.,o.,{-tan.,

u

M ~has Plaazclﬁ no_ role in the derivadion. .

B = nc”noy.e.n;,“_.Lw‘sgptke,mkerw 4994 . S
. Rb R Hoggcru)oara\, e




