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Four sorlinq o.\goriJ:Lms g;r.‘ ‘Wepric_& op,.one, -

We consider (Gnale) | bo.ﬁs. Cand (Q‘,m‘le) liste oQ,, .co_mparo@ue .
elements (like 'ln-\-egers). Lists can be considered 0s
re‘:re.\sew\‘a*ions of \oaés , in the .g.“ou)in%% ey . we-c\zgnem,.
o fwnclriOn @B Qom \is\:s to !Oa'ﬁs bgﬁ S

@Bn
@-tb]
B -(s+1)

~ This is a proper - c\epini,-“_iovz.__A,_,_L),,ec..au_se%___\o_o.%;._s.ummo:honﬁ,y,.lj_lse.,_“_,.,_.,_

list Co:‘emx}r jon, 1S Qssocl a{iyﬁ;..i_,ﬁ, Actuall ,:Haeovx\\j

c\\ﬂ" erence  belween Baﬁs Cond \151;5 45 ij\o,‘: + s .Asamm,e,lf{c,

 whereas 4 s not. 0

| We use e Q:r the “is an ,e\ me,n‘jc A,QP.» re‘ml( on\ooJrL)

| ,for ‘oags and. lisls 5 with the dbvious ,.f.,..W)E&OLDj.,M\.g__.',, ‘._er“‘e..xmgle._,w -
%r eve \ra e\e,men*: b an\ l\&'ls e Y,“\oo,\jﬁ. S

Cbe®s

\365

i

Similarly, we use # Br the “number of elemenls of 7
j;)uws ction both gw \oa%.s ané*‘\lﬁ"&sw‘“n Hhe e,%.m‘ lg B

obvious wmean {,ng . Thus we._,,._,‘.‘aqx/_e,,_w _v:‘em..m_‘;Je.‘,;ww_w«

s = #(Bs)

 The oscending lisks are Yhe omes sakishying predicate
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) Ab] = tvwe
o Aewt) = As A AL A (Whe: bes Acel: bge )

w mom

 For every bagunique ascending lish vepresenting that bag
J ! ¢ P
exists. T‘r\:@ such list exis:‘sg.._wi“‘_i,bc,___;slanwnm..gx the &e;%el._, |

| Cdhad i s wa ique ,Q:Uo.w,s .M,Qfom_ the .?ovl,\owin%,_.Pro[:.erjra,y -

w\n |Clﬂ _we s‘no,i | nol: proveL)e ve..

properkys  Brall lels sdso

 As A Ak ABs-G o sb

 Oe ngo nveshigade dhe funchion L oith dhe Lllosing
s‘:ecuﬁcg}lon B .

 specifiabion: L hos bype Bog s List , withs
e BUm) ea oA AW)
' From this specification we derive a definition for L, s
o ga,.\.\ow,am . _For the dime. ,_‘o,ei,ng __e_Con ,-B_.m_e our aHention do

Hne(:ovéjun o B-Lx)=x : this is the wore _spec [ﬁc_. _ Lm\r .

O 'HVJQSPQCI ICQ,"'IOVL e

S

= 1 delaition of @, o inbroduce « @ 3
@B (L-¢g) = &.0 .

e L Leibniz , do climinake the @5 3




rh2o7 : 2

and:
@ (L-{b}) = {b}
= { C‘epinf'tion of @ }
@ - (L-{b}) = @G-Tb]
& { Leibniz }
by = Okl .

Next , Qw any Hoo \bogs x and Yy e | ‘Jrlw o oo
c\,e?ivxe L-(oc+3~3) in terms o-F Lx and L'QS 8—\%5, s
a c\esian decision : o.HLsowglq this QPProa.c\rL  seems

sWee'Hé reasonable , there is no Covn\ae“fnﬁ venson ?oni{..

So

we derive:

b

@ (L (oc,+\<—))) = x+y

{ ‘mclu.cjn‘on \napou\esis , See Le\ow}
@(L(x+3)) = @(Lx> + @(ng)

{ Speci ica“iovx of @® , See below 3
@-(L~(x+3)) = @ (Lxeo L~5)
& 1 Leibniz 3 S

L‘(oc+~d) = Loaxo Lj :

The Q.ppea‘ b ;wclu.cl‘ion L\é,JPO'n]eSiS o LUs sPeciQleion, :
9 cn‘:j CoWeCi) OC course, Provic\eo‘ -oni 2 a,no\. ave
smaller than X+y . The reciuiremen-L 'l‘L\aJ' \oo-ns “x ond
gbe swaller  than x+y 1S ecibt;va,lewl' to the requive-
ment  that  both Y ond x be nonewspxlgs H\is requive-
ment  con on\j be wmet i? x+y has at least 2
e‘emen‘ts) u‘)‘m’c‘n s -Hse wmain Veason whé) the Sing\el'on
\o,o.a must be ireated as a sPec{al case  (as we did above).
| Thus we hove obtained the &Hooina, o‘eﬁnikon QJV‘ o
Ly e dhie definijcion the newoperajror @® occurs.
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c\eginiliow: ,

(]

L'¢ =
L{b} = (bl
L-2 = f#i)l e Ln’X‘.@ Lg

A l[:x:_,a: ac+xé=2 N oc#é/\‘é%gé Jl

gpec{gcoc‘rion: ® has 4‘5}}’3 Lisk x List - Lisk R with:

(Vs b :: @(S@‘L) = @ +Bt )
-a o

:Beﬁre c\es%aning AeQniJriona {:ar ® e consider the remain-
n proo o‘o\iga:how ?rows L’s SPeciﬁcc}ion3 we do so,
o} Cowrse, Q:r eoLcL\ o? lhe Hhree cases:

ALg)
= { above c\eriJ-ion op L 3
A (] | |
= 1 .cleﬁwi-l—‘.on of A } I

-h'u.e 5

and.: |
AL {LY)
= { Siwxl\ar[g 3

free |

Om.c\.: o
= { c\eﬂvﬁlion 01() L j
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& { ac\cliiiona,l 5Peci¥?cochon op ® , See below 3
AL A ALy) .
= { sFecchaJriovL or L, kla inc\,ucl-ion M{ijmu\e.sisj

brue .

Se, -Hne a\oove Ae@nilio\n Rr L SQ:L;SG@S hls s,Pec{f(.i)C.o;‘-i_oﬁnw.

,_.,,Pnoyio\ec\ -Haajr. o a,\so SC«,'hé ies:

O (Wsk Aeet) e Rsald)
 Becasse @ s now applied o ascending lisks orly, e
,, -‘?\rs‘ . Poﬂ: o? s sFecigcmtion —on the previous page—

i mag. e Wea,\cenecl o»ccovrc\ing\a. Thus e ,Q,Li\.'ain. o new

sPecnﬁcoc\iow g:r, @ .
 specification:  Br lisks sand bt list set sahisiies:

 Qesed) = BsaBE A AGel)
&

 Rs A AL

__as _ Sorhin That

 (This specification just shakes that , within dhe reabm of
S o.s.ceno\in% lists mpresenlri_ng \ooué)s, @ A.repre,sen:‘;aw )

) Func,jrion L wmaps \:)a.g 5. onf‘.o,., ,_,,-\:L_ai_r } ascencémghsj'
. Yepresen J:,ajcioné If the bags ,.,‘Jr\n.e,m,se,,‘,ye&,w ,;aace....ﬁ_.fﬁe_PLe,&.en:L.chw.w,,...._.,..___w
5\3  (not necessarily osce.nchng.,), ,,\i&“‘.&.,y.,‘,,A'Hn.e.-,,,.,;_P[C)“C.e.,s.b_.m.j& known A
. jj 'S, "ane-CuncjnonLoQ?J wmb\'zs.ﬁahsi B

on"o the asce nolm% \15'} Yepresen“m 3-\L\esame~bg.3_ B

@ iini?:;\y Tusec[ > with the obove C\ﬂgmLO""CL "
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slpeciﬁco:hon.: fumc‘hovx s,orjr_ hos '&')Pe List - List A with:
| sorJr. = L° @ ”

a

c\eﬁn}lion:

0 #uy2 — sorl.s @ sort-t

It S,SL: CBS+®‘I: = (B»u. A
s+ 11 A 140

SOT‘L'LL

| 1
- &
CoroHowé_:_ (Vs:: @-Coorks) = Bs A A-(sorkes) )
] , |

In order 4o obtain o Qunéj—ﬁec\ ec Sorjcing a\go\ri“\m
~we still wmust choose o.PProPria}e Aeﬁn3i0n5 %r the oloem}or
® a.v.cL -Q)r the \islcs s,{,as. Q.‘,Par‘h‘\-ionih of lfswl w .
The speciﬁccrhon, o? s,%; leaves o cwsiclerab?e owvxounlf. oP

-Preec\owa 5 Bg .ers-lriclrinﬁ this 1?vw’_ec(ovvx,.we Con impose upon
s and t O\O\A"\‘lOV\.aJ reciu]remenls, .\,;)L{uclw, n 'l:um, moy ma,l(e,

it easier to c\esign o switable cleﬁn?#ion. r . In the
,nexl: Seclions ,,\.«)e,inus-‘-m)re Yhis La meons of 4  vari-

o.Jrions .
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e merg,e so_r,l:,..

- The mos!c.“ cow\,\a\icaAecL : a\gorijcl’um _arises ,,\QLevx - we impose _ho
,aAcl,i.,-\-.ional, . ,maui,reme,n{s,,,, upon S and 1. This leaves a
mo«.ximo,,\ ‘._,o.,wsovuw‘:.,__.,of,,,,,@eeo\om -Q)r s ond + bult ,,,gi,vegs rise
o ,g,_ui,-‘e a .c:o‘w\P\fmieoL,;_opem.}ﬂo_r‘.;6) . The Ke&u\iinaw S

‘ ..,,al.%.orIJch. s called ._merge.w.t}c,.ﬁ R

,Aeﬁni'hon._: o
 msorbu = xf#u, R ¥
o A,,ﬂ.,*#u),,.')_w — ,mso.f,-Ls,,,,e.,ynso.r-L.']:,,,,A o ,

g sell =

- b o by (seled)
cs<h —>C,<(lo ,3_5) et)

1

 Caock ik denk dak de ofleicing van de delnibie van ©  eon
R up.aﬂe, PQY’Q.SWA.D.CVETCX\CD'L T

__The .,C‘noi.ceﬁ_,,,_ﬁ = LLTVL ' '£=LL‘]/VL : \&dusl:oneyrommanﬁ
o ﬁpo.,&.si,\:_i \mjuea) Yhe choice n= Bu div2 s, of Course , based

~ wpon ‘_emcjencg considerations.
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o @uickswtjcw

 The ,,requ.iremen{: ,@-,(se{) = ®Rs+Bt in the sFecchaLion_
.o? © and the rule B (swd) = Bs+BL in the ,clefini;-fon
,,;.o(: ® ‘Su%%esl: # oas o condidate Qw o. IF we now

,Sw\o&h'ku'lew-:\-h ng Cin the other requirew\ech m ®’s

o 5Pec{rica,Jrio,VL we oblain :

 AGewd) e RsAAt
N — S {c\egml—lon OF A Y . o
o As A AL A (Wbe:bes Acet: bsc) & As A AL

&= { p,roposilioncu\ m\cu‘us _7;
) (Wh,c: bes A cet: bee) .

S > We way i,no\eec\,,,use - g)r D, .Provio‘ed. we uaeal(en_ B

ks S,Peci.g,cmliom,bﬂ. s_-\reng-nnenin% ite Preconc‘ijrion with

(Wb, :bes acel: bec) .

~ This ,lﬂo.s..,mvsseauences, -@r. the PO.Y"l'I'.'l'iorﬁha oj: woinle

S o_nclt\:) we v,,“nav,e,,: e R

B ‘oe s.o,r,lrs, o ,

I S { pm{:er:\r\él OC € } ,
 be @usorts)y

,‘_‘.{,4_<,§Peci§)ic;q;riovx og sort

= {properl\j ,,o? ey

l

]

o T\nerefavﬁe__.,, e may vewrite the preco nc\}-ljo,n.._._”.of B
- V,/.,ﬁo.rJ,cJS.., ‘H"SQY"('.{ 0S. ,o,,| |;owa‘_:,ﬁ,,.,., N

| *> On second Hhought T would rodher obbreviate dhis do s<t .
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(Wh,c: be sork-s A Cesortt: bge)
{ above J
(Wb,e: bes A bel : bgc) .

1]

The ,\Q,H'CV' Conc\ijrion, con he O«clo\eo\ to the 6pec§Gco.L‘on of s and
£ That 1S, We need o rULV\C'l-iOn Pav‘\; With the -{é”owin%

SPeciRCaJrion .

sgeciﬁco}{on:. -Vumcxlion Pcmk hos Jcé)f:e List — Lfchx \_i:i, with -

(Wet,w:: {s,t) = ParJL~u, A #u22
=
Bs+Bt-Bu A s{ill At{0] A
(Vb,c: bes A ce-L : lDSC)

a

With this -\j\mclion we oblain (a variation op ) the E‘wnous
Q\AJC\QSOT'L a\goriJrL\m .

. Aepnilion,: v
o qéorjc-u. = i_f#um - u |
D #uz?2 — asor-L.s 4+ qsorjc-Jc

Q \C (s;b = parﬂLu |

a

(m_o{_ : imp\emen'to:lie, von Par{ oo\: in een Q.POJLQ po.m,%maf ? )
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Inservlion sorl: ,

One o? ‘We -Lwo Yecursive Q,PP\\ca, lovmsvmor | soch can \oe. )
\\vmno,"ecl, »—P we \W\\:ose -H'\e Oudc\ ‘Lovm.‘ \feaw\fewuen": #S-‘i

SOT'\: S @ Sor'L i
{ #s-1: c\e \mJnon O? sor—L }
5 @ sort
{ *s= i ‘nence S = tb] gr Some eemevﬂl. lo _}
bl @ Smfjc{ . ,
{ \eroa\ucLon o-? a. new oPerq.x-or 'S .} B
b ® so r‘: '\: S B

I

i

n

The operador ® st 5@4@% bet - [blot s usma;jﬂ.[_,
‘Hne speci CQ," on. ? C-D _we 'H/\us o\aﬁm o «C(WQC'\r
sFemﬁcw‘uon OQ ®. S

| 5Peczﬁmhon]; | _;_,@f \M{L m\\swc o

@Got) - bI+Bt A Rbed)

&

Hg)J‘er QO ?ew winoy em‘oeuuslnmen‘l& we og}ram the ?HowlAV\g

,C\e?\m"non, \D\mc,\n 1S \ﬁnowy\ Qs \nserzLOyl Sor":
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Aeﬂnr‘;on o

o tbell = bl

Se\ec:‘\onsorx; R

By combining the hoo Gindependent) requirements <k —f
the ..;QOQ.,J(_VJQ‘lQ.H,,,Q.!I_L_..,PQ%B. '—f———omc\.'%&;i _ we obtain ,ouur,,,.g na,l B

 woriadion . ohich s known s selection sork . Notice that

dhe ,rea.ui_xgme nt

C suiteble defnibion

__exercise.

BB - Bu A s<koa dsat

- awourks do b vequirement thok the singlelon sk &
) \mo\c\. the  winimum @i.emeyx:k , ,,o:E w,

Ne a result we obtai N, oga,m with o .Qeu) em‘oenls\n- ;

| _memj(s,Jt\ne?c;“owmgcleg:m*—\on . The C\@riva)tion..v.o?, o

Q)r'uae, g,mg;ian ‘,.,,_aeleclt \leﬁ as an

Asgec”\gcwllanm L

 (hhus (bd) = sclechu A dust

> i+t -Bu oA bt D
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cle in}lion :

ssort.[]

SSOrL-u =

)

jg#u),i - b_', 560r-L-,“:, o
L (otd = eelectu 1l

The 4 Sorjr]v\ ojgor\“wns. con Le drrangec\ w0 ‘\L\é_“%\low}ng
C\Io\gram. Thed  insertion sork and selecton sorl can be ,
COV\S’fa.efec‘ as 5pec}a\ cases -—c\egevxeroc‘e coses. 1? You \il«e———

op merge SOV“\: and @uicksor)c wos new fo we .

msort s<l >qsorjc
#5:1 , _ ,#5:1
v
lsort s<t > ss0rt

Einc\L»oVen, ’21<j,uvxe 1994
(\?o‘o (R 'Hoogerwoorcl

department of W\OL'LLGW\G:\‘]CS o.n& covy\Pquvaj science

Eindhoven Univere}-lg of Teo‘nvsologg



