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Coeror)s D kxgo \na,\isoc‘r ion Princi P \e

:Dio»aono«,\isa:‘ on
~J

with ?.x-:\ o Preo\ic:a'\e in w\'\ic\o x a.no‘g are f\ree
va,ria\:.\es \\avfng the same range , the ?o“owivs% sxeF may

occur in (‘,a,\cw\orhona‘ Froo?s:

(Vx :: (35 . 'P-ac-a ))
< { fns\uvr‘ia}ion Y= x 1
(W :: Paxox)

Such a sjreP 'S not o} all ?M—femlchec\: insjramliahon is
one OP he @,w Woys b eliminale o guanxor) and within
the Scope o? x  the instantiation Y= x is the ovxig
ossi\oi\il:j s \on as We do V\o'\' have or wisL to use
-ﬁu-‘u\ev- know\eo\ge o,\ood' the vange o? x ownd y -

The above kind o? 6-\6\9 \nar&\n C\eser\/es (o} s‘oecia,i
name | Q\Jr\r\ouﬁ\n i+ is the crux o‘: whal is knoww as
“Cantor’s D ona,liso}iow /princIP\e > T ma\«z occurrences
o? this 5-\3‘9 visible we shall use the \'\iml
“c\iagono.\i&a‘hon» in the %\\owiwg exaw)P\es. These
exavvsp\cs serve Yo show thal c\\"a%owaln'sa'lfon cerlainla

1S Em(}‘h\/e) bud  Hhat otherwice there is ho‘“nivzj o‘eeP
obout it

Co,n"'o r’s -!"neo rem

Tn this secﬂ\ion Swdecjrive -runcl'iovss P‘a:) a
U
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mo\a'or role . Swrdec\"tvi‘\a con be c\efine,o\ as g)\\ows.

c‘efivxi'hon: %r ?u.vwo-hon ?: Qe XY
(0) sur-g = (Vx:xeX: (33 : \deY: x:?g ))

O

The S;Howina IS O\,genem.‘ isx‘ion of o theovem ‘3‘3 Ccm*or.

theorem 0 @r V\on-—s{ng\elon 5eJr X and cny set U -

2 (3F: Fe(XeW)«W : sur-F) .
prook: By de Morgan’s rule the Yheorem is equivalent 4o
(WF: Fe(XeW)«W : 1sur-F) |
which we prove by deriving for any F in (xeWew

- sur. F
{ ()}

— (\/3 %6)(4——\»1.: (Bu: we U : a: Fu )
{ de movgan Choice) §

(3g: ge X< U: (Wu: uel: E\?{ Fu))

& { Lebniz \eowing the ranges of gsusv \‘W\P‘l-c;"'}
(33:: (Vw:: (3o g 9( Fuv)))

& { c\]a.gona\iéa:hon Cuell and vel) §
(331: (Vu gu 4 Fuuw))

& { instantiation gu = h-(Fuw)
(3h: he XeX : (Mu:: h.(Fuuw) 4 Fuu))

& { genera,\?éa:“ion 5 Yo e\imina,“e FJ
(Ah. heXeX : (Wx: xeX: haedx)) .
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The formula  (Th:heXex: (Va:xeX: hafx)) s
equi\/o,\enjr o “Xis not o smg\e"on » — ohich we shall
not prove here— . Thus we have proved the theorem .
The above ProoC is  vather s‘\'vdg\njr ovward 5 Fhe 549,‘:
labelled “Leibmiz” s unavoidable :  the on\:) woy Yo
establish \-\«o} | -funcjriovxs) such as A and Fu, are
c\imrenx' 1S \{‘j O“DPL\j;V\g thew 1o ar%umenxs. The
instantiation quw = h-(Fuu) is a bt od hoc ; an

other Possiue cenhvma:\-ion 15

(33 b (Vus: gquw 4 Fuw))

& { Axiom of Choice }
Mu: Qo x4 Fuw))

& { 3enero,\i6a:\-ion 5 -\fo e\lmino&"e F
(Vg v Qe o oc%é ))

and the Qrw\w\a Hus o\o‘\-a,fnec\ is o wore obvious

cho.rao\'eriso}ion o? X %e(ng not o sing\elon. The
laHer Proof 15 5imp\er Hhan +he -Q)V‘wser) but

the Q)rw\ev’ conlrains no o.ppea,\ to the Bxiom
o? Choice .

The Co.rc\{na,\ijrj_ o? a nowempx-g cel X e of wost
fhe Carc\ivxa,\ilré) op a set Y i? a Surdecl—’n/e ?unc:"ion n
XY  exists. I? no such Rx,nclriov\ exists then Xs
Co.ro\ina,\;'\r:) is %rea,icr than Y’s. This exp\ains the

relevance of the %Howing theovem , because A— imP\ies
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ot P-U has %V'ea,‘\er carc\ivxa\i-‘-g thon U %r ol sels L.
Yheorem 4 : every 5@‘— w Swl-isgies:

-1 (3F: Fe PueclU : surF)

Efoo?:
(BF Fe PUW: surF)

{ P.W is isomorP\nic wf“'s {0,1314—\1 }
(3F: Fe{otleWU)« U : surF)
= { theorem 0 with X = {0,4} 3

(alse

1]

J

a

fs o vv\a,Her o{') ?acl‘ R Hne %enera\isa:hon em‘ooc\iec\ Léj
Yheorem © ?o”owec‘ ?\fow\ Yhe observation that the on\g
V‘e\eVoml‘ ProPerLj o? {0,1} 15 ﬂs Leing o Non-sin \e‘-on

set. We now hnvijre e veader o Compare the proot o

Yheorem 0 with the Qo“owiv\g standard p»foor 5 Yoken Qmm
“Naive Set T‘neor:} » 5 Lg f\‘)q,u\ R. ‘Ha,\mos .

Cantor’s theorem. Every set is siricily dominated by its power set, or, in
other words,

X < @(X)
for all X.

Proor. There is a natural one-to-one mapping from X into ®(X),
namely, the mapping that associates with each element z of X the single-
ton {z}. The existence of this mapping proves that X < ®(X); it remains
to prove that X is not equivalent to ®(X).

Assume that f is a one-to-one mapping from X onto ®(X); our purpose
is to show that this assumption leads to a contradiction. Write 4 =
{reX:z € f(x)}; in words, A consists of those elements of X that are
not contained in the corresponding set. Since A ¢ ®(X) and since f maps
X onto ®(X), there exists an element a in X such that f(a) = A. The ele-
ment a either belongs to the set 4 or it does not. If a € 4, then, by the
definition of 4, we must have a ¢ f(a), and since f(a) = A this is impos-
sible. If a ¢ A, then, again by the definition of A, we must have a ¢ f(a),
and this too is impossible. The contradiction has arrived and the proof of
Cantor’s theorem is complete.
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Q\:arx grovv\ i)rs \/er‘oosilg s this ProoC () ug\g g)r 3 reasons:

e the unnecessary use of reo\wcl-{o od absurdwm s
i of Jhe \na,Jr of Yhe c\efinijrion oC seJr A,

o the wnnecessary Ccase ana\é\sis acl ond OLQ(Q) which is
Prot)aug Co,u,Seo\ \)3 -“r\e hajfwra\—cleo\mol'ion 5"3‘@ OC

veous:)ning w‘nere imP\ica:\'ion s +he OV)\Z‘ “'oo‘.

° -Une Pw\\ing ow

: TLK’, Ha\"'ing /Pro\o\em

Tn this beol’ion U, X, c\evyo&’e 50-00,“&;‘ s\rings.

To understand the theorem Presen'xeo\ here we need wot
kow w‘no;\r s#rings are , but Qor the in‘LerPrelra'\—\‘on i\L 1)

ULS&-VM,\ Jro kwow JrL\o‘:\'

i) the conjrenjrs o? the lroq:e of a Tuw{ng mo,c\«\{ne 15 a erv«im%j
i) every 5¥rin8 15 @ “c\escrfpx-(on» ofa'\l«;ng W\acL\ine and
every Tur(na machine is described \03 Some s\-ring‘

’E;c\j i) we moy SPea,\< o.goml Turiv% mouck\ine ac,S;r
ever f:}r{ng x, and all Twrivsg machines ore thus
iden ES‘)iecl :

5*@4'”"8 Poinlr @r our discussion is o Prechcajre H
on pairs of s-‘r‘mgs) with +the Qouowing §n4erpre¥ahon:

H-x-g = “when stored with y on ks -kxpe, Turin%

W\o\c&\ine ~ will evev}wa,“:} L\Q,H: >

Tn whad Q\\ows, erio.ue L ranges over the cets o?
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shrings —also Co.“ec\ “lanquages” — . We clefine To and Td )A
3 9“9
which are pmclfca}eg, on |omc<:3wage.s , Qs -B\\ows.

cle?fniwlfon: To and Td Swhs%, -For all L:

(0) Ta.L = Hax: (V‘é" téeL = H':x.-éj ))
W) TdL = Tal A Ta(AL)
0

We are now a\ale o prove the Q)Howivag theorem
wi-uo, as we will see , very LiHle \cvxow\ecige aboul H .

Yheorem (“nojr every occeplro.t)‘e \anguaae is decidable™ ) :
(3L ToL A= TL)

proot: Bj CoV\S'l’V‘uCL‘OV\ ot & wilness‘; -Grsl-, we e\im'mae
T ‘O\\j (‘e»\/r‘f"'ing:
Ta.L AaTdL

= { a) Pvfeclfcae Cu.\Cu.\uS S
Ta-L N\ ‘fTa-(—\L)

We Nnow proceec\ L)j consjrrudfwg om L Salriagjs‘ng
one con d‘umc:\L ond then sL)ow\'n% {hat i So«:hsﬁes {he
other Cov%juv»c*‘. This can be done wn two ways

which kx\open L aie\c‘ the same resu,”t 3 here ore ,

we pursue one Fo&s?&:i\il-b on\az

Ta. L
£ )}
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(Jx :: (\7’\3:: \E\eL = H-x'\j )
& { iwslan'\'l\a:hon xi= W, w 3&# “o be clel'erw\inec‘ j
(Vg:: geL = Hu\j) .

_\Tx\dng this as Ls c\eqpinhtion We now prove :

—Ta-(=L)

{(0) 3 \é}e‘l\_'z‘-. 34\.}
2 (dx (V;\ ¥ ‘jdL = H:x,:) ))

{ de Morgan Gwice) ; cancellation o? ~’s }
(Vx (33:: %GLE H:x.g ))
& { c\ia%ono.\iéoc\-ion L |

(We:: xel = Haxx )
= { al:ox/e cle ivﬁ-hon OE L }

(Vx:: Huwx = Haxx) .

T\hus, we have ‘DmVerJ e “’L\eomm Provio\ec\ ‘H‘na,‘" a
sjrr(vxg w exEs-‘s Salisféing (2) (se Be‘ow).

il

s‘_aecigcajrion: s#ring w SOAEsS»)ies

(\/x:: H-u.-ac = onc)

Slrr'mg u TePY‘QSEh"S a resxr‘iclec\ -@rwa of the

U.vﬁ\/ersa,‘ T\u‘inﬁ mo‘c\nine;\ sting w ex§sls ‘mAeec‘) ond
@r the Va.‘fclijré o\() the theovem this is a,“ We veed 1o
know aboujr H . Notice that in the above Proo? both
the c\eﬁnijrion of L and +the SPecSQcalfon of W ewerge
Qrom Yhe caleuladion w;ququ oy c\\‘mcw”ﬂ. H%ain)
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Yhe V‘ea,c\er 15 invixec\ {o Compavre Yis wijr\q the resen#a-"ion
o? the same theorem in N Q)r examp\e, “E\emen-ls o? the

Theor o? Computation” , by Harry R Lewis and
J P <) J
Christos H. /Papa,c\im'r\‘riou..
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