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Two Ero\:\ems n COvmeclrion wi-nn the LRW a,\/qor}“nm

Injtroc\u,cjrion

| These days I oam spending sowme o? my Spave
time on the (;‘c?\/e\opmenjr ot & ‘So—cauecl Aisﬁ-—cci?\e
‘progrom Q)r my Persona,\ comPuc‘er (, which g)or‘l-uno}e\é
19 nol' o PC). TL)e purpose cf ‘Hnis Program 1S 4‘0
sPeeo\ up GLccesses Yo the g\i\\‘ng s(xjslrem b \(Q?P;V‘S
copies o? e most recen)r\b accessed  dis sefc]rors in

a )ou,mv n Pvﬁw\cufé store . The o;bswm?‘hon is thet
these seo\—ors ave Lke\g Yo be accessed o.%c(m in the
near Fu}u.re 3 b}j \(ee‘:fm% them in pr;mowé store mowny
cccesses Yo the re\o)r:vdg slow disk can be ovoided .
The Price Yo be paid is the neec\ Yo a.“ocalre a Cfxecl
\Dour‘- of Primaré stove for the \owffer_i \f primaré store is
so large that Hhis PQX'\:. wou.\C\ otherwise remain u,hu&ecl)
this moc\us opercmc!{ s viable . |

A disk cache r‘esemues o virlrua,\ ‘:—A‘omﬂe 53546‘,\4

very much | but there is an ﬁmpori-ml d(CFerence. In

o virtual 5Jroro8e system  the Svno.\\esjr ackion is

an access Yo o sing\e word in Prima*‘a sjcore, which
reca_uires ve—ra \?-H»\e \‘ime — in my Cow\‘au}er: 0.5 ms— .
In a disk cache the smallest achion }nVo\ves copaing

o whole sechor 5 which requires much more time

— in my COme\’er: 240 Ms,Qor a 512 bajres sec)ror——-
As o Y‘eSu.H:) we can allow the disk cache % sPenc\
much wove hwe on \)oo\:\@ying operalrions thow
would be OuccePlroJo\e in a \)iv‘l»wxl s“—ora%e 655-tem.

T have decided ‘Hzm} Yhe rep\acewxen* s\-mlreg)g

needed @;r victim Se\eChOn will be Leus¥ ’Reccznjrlé
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Used . Tle imP\emehlrc\,"ion requives Sowe o.vnouml op
\aoo\c\cee\aing per “smallest action” 5 which is the veason
“‘7"‘3 the use of LRUW  n vfr"'m‘ si'orage saskams 15
ovx\:j (eo»s(\;\e with the aid oC dedicated hardware.

( See | er exomnp\e, EwD4és in Lol. ) In my case,
however , the overhead due to the ‘ooouzeepihg can be
\<ep£ within reasonable limits .

Th this nowle I wish o work oul- in delail Yo
QS\Dec"s OC the Go\minié-\-ra‘-ion ﬂeec‘eo‘ «Cor the
ivn\a\eme,n%'o.\»ion of vichim SG\CCL‘iOV\ a la LRUW. The
SO\L&““OV\S presev#eol here are e\a’ooro}-iovx.s OC a
Su,gﬁeshon bc‘j LAM. Schoenmakers , ﬁ;r which he is
k&nc“g sznow\ec\aecl. The two Q,spec\-s are c‘osdg

Connec\‘QCL Bu.‘: can be c\iscussec‘ in V‘e|a-l>ive iSO\OL‘I’fOV\.

. Vickim se\echon

The rir‘él’ proUem s Yo main)rain G Segquence & of
values and o imp‘_e\meﬂ He fo\\owina o‘oero}ions on x :

) exjrencl x o:" its \neoA Wi'“'\ o} 3iven va,\ue
) remove an ic\evslr(?iec\ " element -?mm x

(i) éjie\c\ the value OC s last element

Unkil  Schoenmakers Yold me his Suggeslion R the O"‘\Q
imp\ew\en'\-a\ﬁon T knew of was the one in u)‘nic,\n ac
\s represenkzo\ as o c\ouug linked it 5 tais is

?msiue n that the above 2 OPG!fo.Lioms can then be
\oergprmecl in  constamt time , bt T never have been
very Qovxci of c\ou\o\g linked liske (and T P\fo\oa.‘ola

never will be) .
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A simp\er represemlajrion is the one in which the
e‘emen*s of x ave s(mp\é evmwmero;jrec:\J In orc\er) in
an army oy (5aﬂ). IC Y has o fixecl \engl"n then
this is on\g Possiue under o.do\ﬂ—(ono.‘ Q.SSU.W\P“’\‘OV\ o?

e invariance o N S;)v Some  given constont M S
#x < M

( In my aPP\RCahov\ -Hr\is stuw\‘:l-ion 15 VQ\icl D In orcler Jro
O..MOV‘“"SG the Cos* of the 50me4-imes necessara s\m’ﬁ-ing
oPera,‘f'ions narvay y, we decide to let y have a

\engjr\n Yot s Su\oshn)ria“:, lo.raer How M.
With N for the length of y and wilh 1

1:mr a volue never occwwiv\a in ¢, we need an

additional variable F an we use the \Go“owing

mvar iavs‘\'s .

Po:  “a is the Su.‘::&e&uevxce of 5’5 non-1 elements”
P1: 0« ‘F <N
P2 : Vi 0${<$: 3-1',:._\_)

The 4hvee opera‘ions on oc can then be imp\emenlrecl
s ?o\\ows.

@ i P05 cleanwp {§>0}
1 f>0 - skip

=1

f

{ {50}
N
N 3‘? = “-\\oe new \/q\ue 'bbe OAC\QL\ -\-o :JC»

The Prec(se SPecfffcakovx op c\eanu.‘: Is :



(1)

Gitt)

(P3:
Py
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i Po A #x<M }
cleanu

CP0APLATE A (VisfeiaN: yifl) },

wheve it is \eﬂ- understood -H\ajr c\éomup showld

not c;‘\cmge x . jbeve\oping o prograw E:r
c\ecmuF 15 QA s#raiqklr%rwarol exercise ; +his

program tokes N steps . ~ Because
#x <M <N and #a = (i:0<i<N:yidl),
we hove that N-M < ? 15 a pOS‘\‘COV\C\'\“l‘OV\

of c\eahu‘o as well . Because ? is decreased
bﬂ a c\u\rivxs ever extend-x oPero.L‘on, c\eomuF
‘s invoked aof mbs? once every N-M extend -x
operahons . So , on the average the invocations
E c\eomu‘o requive N / (N-M) sjreps per
extend-x oPe\roJr\‘on . For N=2xM Hiis
expression Hie\o\s 2 .

(&)

Tt s S\LmCieh‘\' (Q)Y' my pu.rpoSes) Yo let the
e\emenjr bo be vemoved be ic\enhgec‘ \35 its

index in Y thus ,  we S;W‘P\é) hove :

{0<p<N A g.paé.\_}
3‘::.‘_

Tn order Yo obtain o solulion with , on the avevoge,
consﬂ\nn* cas#, we in-\-roclwce a Uo.rio.ue ¥

with QAoiiLiona.‘ inva.viq,n“-s:

fcogN

VMi: v <1< N : 3‘1::..‘.)
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In orc\ev- Yo maivx‘\'ajn, P4 cleomu,p Mu.sl \oe OLCCOW\Pomiecl
bé we=N . UnAer the Preconch“‘ion \'\na‘ a 1%
novxempjra its lost element con be Cow\Pulrec\ 53:

t#x>0, hence (byPo.4): (Fi:feicw: gid )}

) .A_o 3-(‘\)-1) =1 - V= v-1 _o_d_
{ yw-1) FL A (Viiv<icN: yo=1) )

To invesl\'go:&e the (in)eW]c;ehCS of this program

wene' an  awx) \ faré) vari a‘o\e b h)n“\ mvanmn‘l'
(‘352 (#’L,CS'L(‘I} 31.:..‘_) = h

Ps is maintained ‘03 Oxccompo.v\éjing c\ecmup with

; hi-0 and Ba Q,ccow\)oangivng Yp = 1L in Gx)
\03 h=h+d . (Nokice that ‘03 now 3‘P¥-L >
¢p<w.) I the obove programw each shaltement
vi=v-14  must be V‘e\alacecl \03 'U,tl = ’D—'i,‘n-i .
This shows +hol the number of sleps Yaken by the
above program is ot most h 3 o.nc\)Bz) Ps, h is
a’rmosukehumker of times opero.l-\'on () has
been iv\\/okec\ since the most recenjr (nvocahoh 'OG
c\eavmp. Thus , the execu.‘“ion Hime OC O\Dera.kon
(i) con he amorkised bé} ajrjrri‘oulﬁng N plece Wise
o the precec\Ing remova\ O\'Je,ra.'\‘FOhs. (see P.S. on p.do !)

This COnc\uAes Hhe so‘\ulion bo our firsjr prouem. The
omortisation discussion in parL Giti) con be ﬁ)rmo.\fsecl
‘0(‘:\ the introduchon of a So-—(‘.o.,“eo‘ cvedit func:kom 5

bud the Si"’b\a!';Oh here is so simp‘e Hna} do“mg S0 is \na\rc“d
worth the hrouble . '
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I am \/era F\e.aseol \OE‘H\ 'H‘\is So‘u"l‘fom aV\c\ I RV\A ll’
delinitely move ‘elegant Hhan the version with doubly
linked lists. Movreover, il is another Huwebrakion o? wLa-L
1 Jren]rahve\g have dubbed the 50% rule . Consider the
extveme coses N=M oand Nz=oo . In the cace N=M
s*—ora.se bLLiliSa.J!‘fow 5 moximal omo‘ Per%v’w\ance s
almost zero , because c‘eomu.P moy be invoked in
every execution op opera\-iov\ (). In Yhe case N=w
5'\>OV‘Q_5€ u'l'i\u'sa:hon is zero and perg:rmance IS W\axima.l s
because c\eanuP i never invoked (, (C we choose Y
Yo be am arvay with domain <. 0<4 and revevse
the ovder o} x's elements in ). So, N=M

a‘ow\ the viewpoivA~ of
Sl‘oraﬂc d—(\isalfon R whereas N = oo represenlrs the
O\D‘\-ivvxa\ situation Crow‘ the viewpoinlr of speed . The

n ‘oelm)eevy bi-&-u.alion N=2xWM \«j?e\c\s o W Cow\Prowxise

re,Presenjrs the op]rivna\ si‘-ua)rion

bejm)een Hnese two exlrremes: s%rc%e ud-ilisQ,\ﬁon 15
50 °/o ——-\O.V‘i\‘.. 'Hne ex*‘vrew\e N=M— Cmc\ pergvmance
will be cx\oPV‘oxima:\'e‘g 50% —wrt. the exbrewme Nooo— .

The 50% vule states ‘\'\na}3 \'? we are able Yo oblain such

o Compromise , We have every veason to be Sajrisﬁeo\.

Cowr\'ing page p;.w”:s

As has been observed L’Z‘ E.W. 3&‘&5%@ (EwDaba
ond EwD465 , in [0]), LRU is wonotonic in the
g)“o\oihg sense . From +the \/u'ewpoin‘t of v{r‘-ual &lrorqae
mana«aemen{ cv Compu“ajr;on IS o sequence of poge
nawes "—Co.uec‘ a V‘eperence s*‘-r;n —_ . C_onS;Cler 'H'\e J
eWecA- of a En‘ng‘e, ?fxeol, V‘eszarev\ce $'¥m‘n upon Yhe
Ccm{'e“l’s of *‘\ne bu\%r — le.; ‘Hae 5@" o \:)0865 Presevrl
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in primory store — , as a Emchon OC the Bumr size .
I? R ot ony poin* in the re@rev\ce strin , the set of
pages m the swaller bwﬂ;r 1S su‘ose% oc e et of
pages in the lour%er ‘owg)ef , and this holds 4rue gr

all  relevence strin s, then the ve \(,Lc:emevnl alaorithm
1S Safc\ to be Vhonog“'ov\ic. " 3

We coun c\e?ine, ot oy oint in the \referenCe S‘Lriv\%
and @r any poge , e size o} the smallest ‘:w-mr
Con‘\'odvuin% 'Hno.jr page 5 with o mono*bvxic rEF‘QCemen*‘
al ori-Hmm, this _5%_‘(3 number {clevykges O._H \oossflale
BRIér Sizes -‘:w which an access to lr\notjr page Couses
o page g«.\'\:.

In ovder fo be able +o evaluate ils perﬁrmomce
and Yo oblain ivxs:)rmo:l-fow obout whad \oou\c\ be

reqsowa\o\e ‘ou.g)er size, 1 wis\n m c\isk-—co.c\ne Pro?mwx
aun

Yo vecord |, Q;r each poss&h\e buter size (u,P'E a cer

max imum ) 5 the number o? page fc\u”s CorresPonc‘\'n
Yo 'Wo:‘r bumr size . In view o? the Q]oove_ this \ooi\s d

c\own fo the g:)“ou)ina.

We consider an arvay Y (i:0<i<N) whose
elements ave inteqers . E lements o‘? Y “will be
moo\ifiec‘ arhi#mri?a 5 neveruxe\essd it wuel be
possib\e Yo COmpmle. @ 0<i<q: 3\) , Qr ever
q : 0 i.(ls N . -S\W\P\\d CO\M[DW\'Mg ‘Hse \/a.\ue OC -Hnis
expression fokes @((1) N 5 which is deemed oo
expensive . The other exlreme is Yo store e va ues
of  dhis expression (or all q > but this gives rise
to pro\,ﬁ‘oi'\'{ve\ Vv\av\a upc\o}in ou;%ahons w\nev:ever
on  element o Y Ts moc\{Gec?. So, as in the previous

Section , We OGre \ookin% g?or O Compromise .

How QJoou:L G \oaa.n'lt\nmic t‘:»o\u.lrion? We c\eﬁne:
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SPQ' = (Zf:P$f<p+Q.;<tj-i) , 0$PSP+Q.SN

T\nen:

(s0) S'P’O = 0

(1) s-p-d =y

(52) 6-p'(\<+Q) = &\m\( + 5»(P+\<)-Q v

Tt will be wice EC we%nslrruc;\l o set V of poivs

(P,Q) 5 0€P€p+zQSN > with the Quowiw% Pvfoperke&:

We

Everg in*‘erVa,\ [0,3_) is the c\isdoin* union of

o( \oS-N) many intervals  [p, p+l) , with (pl) eV,
Ig the \/a,\ues s.p.Q have been PY&COW\PUA’&C\ and
stoved , this allows COW\PLA‘Q}H‘OV) op 5.0, n
\o%aﬁsr\nw\ic Yime . -

l:‘ver% poin'\' q: 0<q< N occurs In O’(\o%-N)
mouny ivx)ferwz,\s [p,p«—«(’.) N with (p,Q)e\/. This
vestricts the number oS: upc\a}?n% oUi akions .OC
values s-P-ﬂ, b @(\og-N) 5. . é

C‘Mkhg& o? a (6in%\e) clement of Yy -

Y eveyr tél_

hove ;

S-O'(q_+i)
= i G %
$-0.9 + s:gq-1
= £ (s4) 3

5:0.9 + 39 >

which is simple enough. In view of our emdene
P 3 J

reclu,iremeijr 5, We alsc consider :
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S’O-(Z*q_)
= £ (=2) )
s.O-cl + sqq ,

which is nolr simp‘e evmowa\m . there ave Yoo wany op
such summands . T\nere%re , We observe that =.0.
and 5:0-(2xq) con be considered as instances 3?
the  wmore %evxera,\ s:0.Caxq) 5 we introduce o

funckion  © Which  we require o SQ,\-is%-.

(QO) f.a.q = 5.0-Caxq)

The above problem can vow be circumvented because :
(a(axq) = C(am)-q

Furthermore :

QO.'Q*%“-J.)

§ ds) 3
$-0. (ax(2xq+1))
= i (s2) }
5:0. (ax2xq) + s-(ax2xg)-a

{ o) ,  ntroduchion op ?uvsc\{on 9 |
g(a*?.)-cl + g-a-(z*cl)

where fumc.‘-&on 9 S clegnecl \:8
(3) qeq = S«(Q*q)-a, s Qar a,q ¢ a.'*a_-i-a_ <N

33 SA‘OY‘MS '“ne \/a\u.es OC ?\,mcl'ion % , wWe 0\3‘\0,\% ‘HAQ:\‘ 5-0-3
Con \oe Compu*ec\ n z\og-cl s*-;\os R because we \no_vc:



R
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5.0.1 = Ci(l

‘?'Q,-O = 0

f-a-(?.*cl) = ?-(a*z)q |
?ta’(za-qf 1) = F-(a*p_)'q + 3',0(,-(2*-(1)

Moveover, we have |, using  (q) and (s1) :

¥ia = ya

Hence , the values g-i-q need wot "oe stoved . The
Oﬂ\él ’\)a\ues OQ PC&VQW\Q.“QY— (o8 .\-LUQ:" occwy Qye PowCTs

of 2 ?ov- gxeo\ k) the V‘avxge. cf q in g-?.kﬂ? (2*(1)
15 5 ‘

0<q A 2\‘*1*3 s 2 < N,

w\n{c\« 15 SQ.LI‘SGQC\ ‘03 ot most .N/2k+2 '\)a.\ues q-
Ao a result , the tolal number of g-values 4o be
stored is ot wmoset N/2 . (This bound 1o sha\rp: the
actual number is Ndiva.)

We conc\uc\e this sec\ﬁov\ with an owsa.‘.asis of the
upo\alring o\)ligaln'ons induced by o MOc\iﬁcd—ion OP
yp , O<p< N . A stored '\)ai)ue q-a-(2%q) must
be upc\c&ec\ —ie.: increased ‘03 Ayp— 1 owd Oh\é
if P lies in the interval Lax2xq , ax2xq+a) ;
this amounts to -

2%xq = P.C\L/Q-

This means +hat ?or ﬁxec\ o we oblain the @Howin%

Pro%ram Q\m.ré\vweml 'H\OA' mqu- OfCCOW\\DCa.V\a
YpP = Yyp+ AN
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\’\‘:z Fég o
: i{ even.h — g.o,»\n_ = %O,L\ + A
1

OAC\"’I - $\<i‘3
4 |

This program ﬁ‘agmenl must be execuc‘ecl E}r every a
ﬁrowx those pPowevs oC 2 Jr\no)r a\so Scﬂ-is% 2¢a N < N .
He,nce, the number o? uPc\c}e o(z\faoc\’fons 15 ot wost

2\c>8~N .

3. PSS b secjrion 1

L\)‘nen,rev’eac\;na, sechon 4 it Suc\AEn\g C\awnec\ wpon
me  that invariant P4 can be exp\oﬂeo\ to chahae Yhe
program ?or C\eavxu\a m such a waoy Yot it tokes

1% sjreps instead oC N s\Leps . As a resulk 5 eoch
decrease o(: 1 \03 4 Cin e program on p.-4) saves
41 s¥eP m the c\eanup ope\ro}ion. This omrs on
ac\c\ihona,\ Compen sation g;r the cost of opera‘r{om (i)
pcurhcu\o.r\a so because n the LRU app\im}iow S

Opera]ﬁow (tit) s Q\\Oa.as ;W\W\E(:l;a‘\‘e\é %“owea\ ‘0\3

oPerakon (1) .

4. Hf“er*‘-'nougu‘

Let ama‘oocl\a who shill believes thad Qowmx,\ l-ec‘rmiciues
Vor program c\eve\opmen" ave on\g QPP\(ca‘o\e Yo ¥0\é

Pro\o\ems remain  silent %rever.
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