\4\ 1€‘1-: 0

In this note we c\er{ve, o program g:r the
compwta:l-ion ot &* R s—::r nonnego.l—it)e reo.‘ x y we

shall do so ,Bg w\aldng use oC no other know‘)eclge
adbout e  than that i SCJ-is, ies :

(0o 1+a ¢ € . for oMl 2. 0¢a
(ob) e* & d+x+x?r | Qpr all x: 0¢x<1

upon Covn‘o\el'ion of owr c\esignk R 'w'e 5\'\0«\‘ aLSO hove
PfoVeo\ -meL (Oa) o.nc|‘ (OL) ComF\e-‘e\g c\egine e .
’T\nrowg\r\ou." this no¥e , oMl vorichbles dencte vamegc}i\)e

rea.\s, \m‘ess swtaxecl otherwise .

In aﬁnik Qmouv\‘L of ‘h\me e> Comvxo*: Be
compw‘ec\ exac-\-l33 it com ;ovx.\g be appv*oxfmajrecl..

T\oeregare, we oftale owr \orogramm(n roblem as
ﬁ:nows. Fov given and € 5, SoTis 3“"‘3

0<e g4

We are interested n o \)a‘we 4 Salr{s%k{ngr

(4a) y < e

(4b) e® < y+ e

V‘emar‘(: The V'eéJrV‘iCL;on E<4 s V\o{: eésen"-fa‘ bu{.
it saves some case o.vxojgs{s v the fo“owing
Aeri\/o}fon; 3 6Peciﬁcies 5)5 re\o}ive. accuracy .

a



r\nié‘«)—: i

To exF\oi'L (Ok) we cons{c‘er the case x<4 and
we invesLiga:‘e the Pv‘oposa‘ Y= 1+, which kg (oa)
c‘ov;owsté Sa:‘-IsCies (1a). To prove (4b) we derive -

<

e g-&- e:z:*a

{ g = 4+ _]! |
e < d4+ax + €5xe
& { (O‘ra) (us;ng x<d) cmc‘ *TansZLivIt\j ofé 3

1+x+ax% ¢ 4+ +ex¢€

It

= i ajget)ra, 5
xr & eTx¢

< { (Oa) > 1<e” R -Cor‘ sim‘olicia)s 6@‘&.}
x?< ¢

The second 5\-3‘: in this calewlation is the Qﬂ\g_ Plo.ce
Vhere we use (ob). Tt is +emp4~in§ to r‘e.Place (ob)
\:33 the simP[e.r, e 14+ 2%2 -ﬁar x: Ogacsd. This
gives risec to the s-‘-r‘ovwger x £ E mstead OF x?<€ s
ond  the resu,HﬁnS Program will not terminate . mso,
€< 4+2 % omcl (OQ«) c\o nolr unfﬂu,elg c(ef{vxe e .
Becouse €£<4 we have x2<e = g4 |

Hhus 5 We c:onc\w:‘e. ‘Hno.lr:
x2< e A y=1+x = (4a) A (4b)

For the case o> € we observe that x/2 < o
oand that e® = (*2)? 5 to ‘mvesjrigajre whether we
can exploi'\' this , we assume the existence o? o
Value [ 5&:‘*5&1&\3 5 @)r some &: 0<8<4:

(2a) z < em/2
ex

(2b) /2 x/2

£ 2 4+ e %68
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We now Ca\Cu.la}e @r w‘nic‘n S the proFosaJ y= 2?
so:ksffes (4a) and (4b) R b:) "'ré)ing o prove these :

y ¢ e*

= ] y= 22 1
22 ¢ e~

= { e/x = (ex/z)z 5 % s wonotonic 3
2 ¢ X/

= i (22) }
rue |

ond.:

e* < 3 + e x €

= { Y= 2? }
e*< 224+ ™ xe

< £ G@b) vewritlen as --- ¢ 2 3 W\Onol'ovﬁcl'lj o? 21
e*< (% (1-8))° + e*xe¢
{ a\ge‘ora, 5 (ex/z)z.-. e™ 5 (0a) = 1<e™ ]
1 € 41-2x8+8%+¢
{ a\ge‘ora 5
2x8 ¢ &%+ |
<= $ 0¢ s 5 -COV' s{mp\iciléj)s 50.\<e L
§< ela

If we now use Qe.x o o\enol'e, for given & ond.
x , the \/a‘u.eSéj sal{s%fn (4a) and Ub) as

C‘nOSEV\ aLove, 'Hne\n we o‘g n 'Hoe QD“O\OMQ

vecursive ole?{vxil—fon for F:

in

Qa.or_ = _\f aczéé', — 1+ )
0 a22>e — ({Eh).&h))

B
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This is o c.ov-rec“éj recursive — well «C:umc‘ecl——

definikion because , for all natwal

x? < ¢ *2\“‘1 = (::::/2)2 < (e/2) » zk

So, (min l( ckelN A &2S E*2\<'. ‘<> s a glooc\ Va.rian'\'
{”u.mc,l-ion :
To ou‘aivz a Seauem]ria! program We In‘\'roc[u.ce

?unc‘-\'om g os a genercx\(sal—\'on of runcLiOn f , with

qpex = (-P'G..oc)P 5 -ﬁ:r P & power o(;) 2

Then we have Qe.oc = 462 ond i the uSu.a,‘

woy  we obtain +he fo“owing c\e,-civxi‘-\“on for g

g pex = _af al{e — (142"
1 a?>e — g-CP*Z)-(£/2)~(0C/2)

f

For +he CO\MPM,"Q}‘;OVI of 4+’ we inhroduce fuyzcl{on
h with

\1.P.ac = (i+oc)P ,gw p a power ob 2

(This s ?\Pom a vmw\ev-ica,l po(n*- of view , move
otbrackive than the cimpler hpy = 4P ) Because
P 5 o power of 2, the %“owing o\eﬁnikov\ sug)ices:

h-pcoc, = lf p=14 —» 4+x
I pFl — h.(p/2). (252 +x?)

)
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From +the Gm\ recursive ) c\efini')-ions of 9 and. h
we obtain the g::\\ow‘m Seq_u.enha\ prograw gw the
CovnP.w\'aA-fon of ?EX N ?or €. 0<E<4

p,E,x := 1,€.X { varicnt Q&X = g-P-&x}
sdo x*>E — p.e,x = px2,&/2,x/2 od
{ x?< e | hence ¥?€-X = h-p'x Cinvariant) }
5 do p#1 — p,x = F/z, x» (2+x)  od
£ p=41 , hence ?-ﬁ-X = 4d+x 3§

Plciuo.ng _,‘ this program  Cow ques (:L+></P)P EW Q
Sw. Icien“g \avrge walue o P that is , the smaller
€ s the lavger P will be . This ?orw\s o Proo?

of the well-known foct dhak

& = lim (4+ x/p)P
P—)Oo
Notice -Hna} (0a) and (ob) ave ol we Lwcwe wsed
cbout e o oblkin this result .

Qms\-em‘am, 29 mcurck 1692
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posjrkus 513
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Poslr Scri P'\'U\,\m . The above pro rom requives
O»pprox§ma4el<\1 2 % QlOS'CX/e) mu\k\o\{co}{ons 5
(P we O“‘Q Count the ones in o ¥ (24xx) .
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