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A swrprising derivation 01[) a pos”jix-Cocle evaluator

Trees
We consider 4he abstract docl’mlgpe Tree deEineoL recursival(‘j \o<\.)-.
Tree = (W l(@TfeeTree)

Here, ® ond @ dencte cli-(reren{ séij‘oo‘s. In apPlica“-iows
D) wﬁg\n“: stand. gar (v‘e\ov’esen'}a}ions o¥> numbers s whereas
® then mtg\n{, dencte arithmetic operators. Type Tree
may then be inkrpreﬁd. as o set of arithmetic expressions .
Tn this note s and £ are assumed +o be of type
Tree. Tt so hoppens that we have need of fnckon rev
that, besides iks usual meoming on lists, has type

Tree — Tree and. that is defined as @llows:

V‘e\/'@ = @
rev-(@ s ‘l:) = (@ rev-{ V‘eVo5>

List representations of trees

Trees con be v/ePresenJrecl. by lists in several woys , e.g. by
their pre-order and by their Pos{:—orc\er traversals.

For this purpose , we introduce fwnc-‘—ions pre and. PS”: s
both o? Jc\c,“:e Tree - List | c\e?ined. as %”ows:

pre - ® = [®]
[@] + pre.s + pve-{
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pst. @ = [@]
pS‘l:~(® s-‘:) = ps-l:-s—i-&-‘os{r{:—l—r-[@] .

Notice +hat +he \is*s ,,3enera+ecl, ‘oé, “ pre com be described
bCLJ the COV\"’GX"’-‘PV"CQ PWOc\wcHOw rule :

© S—- @®|ess ,

whereas the lists gevxemwleol ‘og Pch are choavacterised bg:

1w S-@|sse

From +he viewPoin{ of \eﬂ:—‘\:o-v*ig\a{ Pows}na R (6) is more
atrockive than (1) . We come 4o this lader.

A c\un.\n“g \ewwno.

For Tree 5 we have :

rev.(pre-s) = Ps%»(rev-s) ondl. Ceg_ulvalen“tl):

rev. (pst-s) = pre.(vev.s)

The Proof is enjrireL\j o(: the kind no%dna-else—gou—cmn-clo
ond. 1S Jrkeregre, ow\'sHed, T+ na\ies on the proloerhcs

O-C rev g-)or lists 5 vxame\é]:
vev-Lal = [a]

V‘ev-(x-\+<\j) = Vev.y+H revex.,
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3. T"ars?ng
Within the Scope 01[) +his s+udg we clef‘me rsing Qs the

problem of reCOV\S"‘V‘uC‘L;Wa o Tre -rrowx its (pre— or
pos*‘-rix) list V'e’Pvresenlro}Ion. Te., we consider ?u.ncjﬁons
2o and rp o, both pourjrio,‘ ?bmckons of 4%\:@ List >Tvee,
with the gauowivxg SPeciﬁthons:

Qp'(Pre-s) = 5
re- (pstes) = s

Te, % is o left inverse of pfe. ond vp is a left
inverse o? stc. Tn 4his 5€‘H'in8 parser desiaw becowes

an exercise  in proamws inversion .

4. A rabbit
rp- (pst-s)
= ¢ SPCC;QCQ.“';OV] of V“P}
S

= : rev = rev: (Hhis is e rabbil) }
vev.(vev-s)

1 sPeciﬁchlion of 2o }
rev. (Lp- Cpre-(vev-s)))

3 c‘uah#g lemma C\nere is the clue)}

rev . (QP. (rev'(Ps{—s )

il

So , rp con be c:‘e?ined, v terms o? ,Qp) as -ﬁ:”ows:

rpex = rev-(QP-(rev-x)) R ﬁw* list x .
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Thus, we have avoided +the ProUems associoded with 4he
o kward. Qrammer (1), But we have not veached our
%oo,,\ 86{ , '

5. A c\eﬁn}-‘ion -ror 'QP

QP'(pr@@) = @
1 o‘efr)iniLbn op pre }
%[0 - ® .

U

There-@re , we choose Qp[@] =0 .

/Qp-(pre.(@) st) = (@st)
3 clegivxﬂ-ion op PVE}
Lp- (L@l presw pret) = (®@st).

T\nere@)re, it would be nice .’C we could . -ﬁ)r list x s
ﬁm\. lists Y and 2 such that x= Y+ 2 andL

y= pres and 2= pre-t, {or some Trees s ownd t

then we could choose £p-( [@]—H—gﬂ-%) = (@ Qp-g 2p.2) .
Not know'ma how to choose Y ondl z, We ae stuck.

We ot:sm've 'Hna_‘t pre-S + Pfe-‘l: IS -Une Gx“wznajrfow
of the pre's of oo Tiees , viz. s and t , whereas
our or?%ina\ pre:s is  +the atenation o‘? the pre of
one Tree . Generalisation \D(\,) abstrackon 4hen dells us
o consider the cotevation of ihe pre's of k  Tiees ,
?:r any netural k. Ie, we consider j:\,mc)ricm ,st s of
4:3[36 List > List op-rrae R with R ?or x the atenation of
the pre's op o list 01(—) trees , fps.x s hat list oC Trees .

Tn Bivd/ Meertens  formalism Lps can e sPecifiecL by

st-(-H—/Preoss) = s ?or List o?Trae ss .
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We have :
Lps.(pre-s)

{ BM-C@‘culus [
Qps. (+/ preols])

{ speciﬁco:hon of st 3
(s]

2 sPecif{co}ion or Qp}
[ Q- Cpre.-s) 1 .

HGV\CG, we c‘efine Qp in terms of QPs Bél-,

/QP'X = /QP.S-X'O
We now derive a recursive C‘Q-Cinllrion Q;r st: ‘oé inoluclrvbn
on 55 :

(]

= 1 sFeci?IcoJion o? Q_ps L
Q.Ps-(-H-/Preo[] )

1 BM-ca\Culus S
Lps. L] .

So, we c\e?me ,st'[] = [1.

LT + ss
= 3 SP@CEQC&:";OV) of ,st 8
Qs+ (+/ preo ([@ T4 s5))

] BM—Ca,lcu’uslr
Qos-Cpre- ® + (+/preoss))
o c\efinikon of pre }
Qps.  LO®1 + (4+/preess)) .

\

I

(D\H«l X = (-H-/pmoss) we %a\/e 85 = stax 5 -H')e\fegre:
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Los (@3x) = @ 5 Pps-x

Simi \ar\g :
[(@st)] + s
= { 5peciﬁco}ion o? Q\os }
Qps-(+/ pree ([(@st)] #55))
{ BM-caleulus }
Lps-Cpre- (@ st) + (+/ preoss))
$ decini-‘-fon oC pre }
Qps-( [@] 4 pre.s 4 pret + (G /presss))
{ BM—C&‘Culus }
Lps-(T@T + (#/preo( [s5,£T4355))) .

I

]

With  x = %/preo([s)c]-u-ss) we have [s,t]4ss = Qos.x.
Together with the above wesults we obtain the %\lowiw%

c\ea;?in}kons -‘z)r Qp and. st;

QP-X = s-x.0
g QPS»[] = [
§ Qs (@3%) = @ dpsx
g QPS'(E) ox) = (@st)y ss IL 5,'15555 = st'x 1.

( Quite some amount of -Q)rvv\a\ labour -@W‘ a c\eﬁm‘-hon that T
can , with sowe injrerpre*‘al-ion, Pu.“ out on my bhak V‘igH c\waé]')

6. A “:ro.hsfor\ma"'ion

Bé’j app‘icwhon of the Tail Recursion Theorem Qr Lists
We obtain :
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Qo (rev-x) = F.llx | where F is defineci 'oé,j:

S
F.(@;55) %
F' ((@54:)3 .ss)'x

F.(ssss)-[]
& Foes. (®yx%x)
§ Flsstyss). (@.%)

When we Qp\:l% this 4o rp Wwe obtain :

rp-x
3 defini-‘-ion of rp (section q) §
rev. (Lp- Crev-x))
= $ see above }
rev.(F.[]-x)

{ vev is a \'»ow\omorp‘nism: lemma, in next sechion §

G.[lx ,

Where G s c\ef\’mecl L"é_)"

G-(s3s9)-[1 = 5
& G55 (@;x%) = G6:-(@;,ss):x
& Guloskiss) @yx) = G (@ +5)y98)-x

Notice +hat G's -Grsjr o.rgumenjt moy be considered os
o stack. T Hhink ot © oy be considered as a

bottom-up parser whereas Lps is a 'l:oE-down Porser.
Thus, (OCL‘ means of  the TR, Hheorem Gr lists we have

%ansporwxecl. o -bp-o\owm povser {%r Prefix code into a

\oo-“-ow,\—uP powser -ﬁ:r Pos'H-)ix code .
Notice +he (ver% smal | ) c\(g)erence behween the defivsﬂ-fon

oC F ond G.
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3. A \novnomorplwiSm lemma

Let P be o &oomomor[:\q]sm -g‘ovn (Tree, ®,® ) to,
- say , (Von,+) ., Suppose we ave inferested  in ?-(F'[]'x). $
For this purpose , we s\-udg Qumc‘-iow G with s\oec]gicakon:

G-(poss) x = q?-(F-ss'x).

ng supp\aina PS5 as ar%umevx{: to G we \noloe to be

able to exp\oﬂ: Pt P 15 G homomorPLﬁsm when we
derive a vecursive clcg“mil—ion g::r G. DPecause qDot]=U

we have:

@-(FU-x) = G:0x , hence: @ Grpx) = Gllx
We derive — driven \°<‘} the shruchure of Fls de?‘m?-lﬂ'on—— :

G- (@olszss))-[]
= { spec. G §

c?-(F-(s;ss)-[J)
= { de{), F 3

¢

S0, we choose : 6-(3335)'[] =y (using q»(s-,ss) =
PS5 Poss ). 5im}‘our‘a :

G- (ess)- (@5 x )
= { SPeC,G 3 c\e? F}
cP.(F-(@gss)vx)

{ spec. G \93 incl.\nél:.j

*) ivs\'erPre"'aJrionS in the wvext sechion ‘
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G ((@;55)) %
H dc?{nﬂ{on ofo 5 P@=n ¥
G'(n; qPoSS)-x

So, we defime 6-55'((@30 = G-Cn_',tas)'x ,

6'(q>o(55{585))-(® 5x)
{ spec. G ; clep, F 3
Q- (F-<(®5JC)355)»X)
{ spec. G ‘03 inc{.\nap,}
G- @o(@®st);55))-x
{ c[efini-‘-ion o?o B c‘)(@ st) = c?-s+q>-’¢ }
6—((cp.s+c\>-{;)3 Poss) - x

il

SOJ us]n% CPO(S,;‘L‘, 55) = CP-S 5 CF{:, C?o.ss_, We. def\‘ne
6'(33%3 35)'(®$X) = G (té+2 5Y5)x . Thus we obtain
the %’onowi\ng deﬁvx‘nkon for G

6‘(%,’%5)'[} =
G- ys- (@:x) = 6'(n335)-x
G'(‘E\R;%S)(@ SX) = G-(3+% 3 35>'x

With G thus defined and with F defined as in seckon 6
we howve 5 %r \nomomorp\qis»m P :

lemma : ?—(F-ss.x) = G (oss)-x
a

exevcise - Perﬁwm G S;milcw "'V'ansg-)orma'hm ‘h) C?(QPX) .
0o
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8. Epp\icc}ions

For list x represenjc;vxg o tree, rp Cor Op) is the

tree vepresented bg X n pos‘c-ﬁx Cor pre-ﬁx) -F:rm.
Q-(rp-x) then is the vesult og PerForming oPem}iov\ P
to *\:‘aoi tree . c? moy ?or examp\e, wmap the tvee on{:o
a (o\ig)erenjc) repvfesewl:a’tiov) o? thot tree | in which case
Qo rp is called a tvowmslalor . Siwﬁlarlz) s @ may mop
the tree to some vo.‘uajtiovx o? the tvee > " LO‘ﬂich cose

Qovp is called an evaluctor .

exaw\E\eO: pre is a \qow\ovnorp\qism;, precvp is a
'Lwowss\a:i:or -From Pos’cﬁx 1o Pve{?ix rePreSen:‘:o.{ion.
BZ) the \nowuomor\ol/ﬁsm \emma) Qpp[iec‘. {D-‘?\AV\CHOVL
G {vom sechion € , We obtain

pre o rp = H-[]
4 H-(gws)'[] =y
& H-‘z\s'(@)sX) = H-(@;gs).x

i

g H-(gsZ%S)-(@sﬂ H-(([@]+1-z+rg)3«js)-x

0

exercise : derive o C‘es?ivsi{-ion -@r Ps‘co,QP ,

a

exa,melei : rbmc{:iom vl : Tree —» Tnt s c\efivnecl l:é) :
val - (@) = n
val.(@st) = val.s + wal.t

Then el is a \nomovnorP\q]sm omdl  walo vp 1S o
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evaluator ?or pos‘:ﬁx code. Devivation ofa
recuvrsive c\e?ini‘:ion -%r m‘orp éﬁe’ds the well-
known  stack-evaluator

vl o rp = H-[O
£ H(ajas)-[] = a
& H-oas (@;x) =  H-(njas)-x

& H-(a;b-,o»ﬂ{@;x) = H-(b+a; as)-x

)
9. Egﬂoguc

" So much Qr (o} (%r we) swprising exevcise. The
| grammars involved. in my examp\e are proba‘o‘g much
oo s}w\P\e to loe represevr&ochve -For +he 8cnem\ parsi ng
\OTOHem. Nevertheless 5 this exercise gave we muc

P\easwe omc[ exc'n‘ew\ew‘t. Notice ‘Hnajc all o\eg?iwihows

devived here have linear +ime COW\P\exEE‘.
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