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Own the introduction of list pamme'lens

Heve , we consider program -?V'%mevrl:s 5 ?or funchbn
?, of-‘-‘ne -@“owing -Form:

fn = F(xn)-(F(HW)

wheve Para\me{'cr n mmges over the noJ-wraJs R where
F ond H are given ?umch‘aus, and. vhere X is a
g?ven TV\-Civsi"e \ist.

\A.swx,l‘g s evaluation o[? X.n 15 cowsideved cn
S (n) oPev’a‘rCon , which may be deewed too
metticient . e, %er‘egre, ?nvesi—igmle Ways o
eliminate  the expression X.n -Crow\ the above
Progmw\ -@fagmeni: )

A standard +ec\mique Aror Hhis purpose s o
eguip -r with an addikonal Pa.mw\e"er mp@sen"‘img
Xn. Te, we whoduce a FMC‘\{DV» -fi Wik the
%“ow'm% SFec;-CECakon :

frxn)on = fa ( Br natural w)
This yields +he Hllowing prograw fragment :
f1bn = Fb(fl.(Xm)m) ICwm=H.nll .
This +romslormation , of cowree, only shilts the

\aro‘o\em . we vnow have Xwm as sw ex[:res.siow )
our  program . Gev\era.“g , i woudd be nice ipwe
couladl exploi\: the presence OC the Pammekr b
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‘;r Yhe construckon of o (emciewl:) expression -@r
Xem too. Without -Fur'\-her knou)‘eolge cbout X ,
however , e connot express X.wm in terws op Xn .
T\qere-core , We in ves\-iga}e a laraer class of Wougd

Yo inbroduce oddikonal Paramelrers: the Parame}er
needs not to equal Xm , # sufflices thot Xon can
be expreased. e ic:iean in ferwms O*P it

We dis‘-ingu,{s‘n 3 Ccoses 5 re\o:kng wm and n:

) o L  : O‘oserving fhat X = XIn)-0 , and that
XIm = fngmI Xinllm-n) |, we Moy eg_u.iP
r with an addikonal parawmeter rzapresev;‘l~iv.8
Xin . I‘? we call the funchon thus oblainedt <P2.

e speci icalion becowmes :
fi.(xin).n = f-n

Trams@vvnmg the Program -cvngwsevft Qmovdinglg_
gie'ds :

faxew = F(0)-(f2.Ccdmn))ewm) ITwn=Hndl .

The expression  ¥.0 has +iwme c:omP‘exi-LC\) O(4) s
w‘nereas x&(m-n) has Hwme Cowplexi% (}(Vn-n) s
which way or way not be am 'waroveme.va{

with re.sped b e Or'.gmu.‘ Gn) .

e mén: Observing that Xen =  reve(XT(n+1))-0 , and
that vev.(XT(m+1)) = {menl reve(XT(n+)) § (n-m) |
We woy equip ? with on additonal pafame*er
r‘epresen"-ing reve(XT(n+1)) . If we call the
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funckion Hhus obtained {3 its specificakion becowes:
G- Crev KT retMNen = £on

The corresponding program {mgment is:
fBoyn = Flyo)-(fa.Cylln-m)-m) 1L m=Hendl .

As ‘oc%re, the expressions 5-0 and. glt(w-vn)
have tiwe cow.(;\exil-g O1) and Gn-w) , which
s vever wovse +han the Or}gimxl Oln) .

e true : Wikout o prion kvaou‘)\eol e obout the relakion
bebwen wm and w, we can oﬁg inhoduce Yhe
above case md%sis nko e program rmgmevx{: :
This l:r'mas about o dwbination o? e obove
+wo "'ec‘/mig'vcs, in either op +oo Woys the whole
list X is represen"ecl. either kg the pair
{ rev.(XTh) , Xind  or bg the pair
 vev. (XT(n41)) , X{(n+1) D . For He sake of our
discussion, the choice belween these o is
irvelevant ;  therelore, we choose the {Grmer one
— Qs being_ Hhe sfvnP\ef orﬂv\e. hoo — . 'Thu..s, we
obtain -Yunc‘-\bn p-l with sPec'u-gcn}Covn:

F(-(@V-(XTV:),)(&W)-VL = -Co\n.
The corresponding progrom -ﬁ'ogmen{: 1S :

fadyxdon = FoGee0)-(fae (shifteCm-n)-dy,xD)e m)
“: w = H\-ﬂ Jl S
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wheve ﬁmd-ion shift s spechfi)ed by :
sh}fl::j-(re.v-CxTi), xli) = {rev.(xM(in))), xdCing) )

for iv:(finﬂre list x > natuml 1, and ?W‘Legefj )
sq,hsjing -1 <y -

R prograwm for S‘niﬁz IS

s\n;ﬂ-\j-(é‘,x) = { yt(-j), vev (yPGjN+#x ) , j<o0
I {vevGA))Hwy, xliy 2 ,3%0.

The obowe program "’V‘ans-@rma"-fons do not Sug%es{:
such o warked 8odh " emc{e\ncg +hat -\-heg Seem 1o
be worth the trouble. Yet, occasiona,“g -paeﬁ 313‘0‘. Q.n
increase op the Progmm's egpicienca bé an order of
vv\agnihde. This is due o e recursive '(?Orm o{-)
the program -Fr wment , which allows the use o
amortised complexity o toke inlo account the
contribubions of the individual s\niﬂ-o rations .
(Nokice Hat, by now, 3 and — offer a fashion —
r& are sPecia.\ Coses o? ?’1)
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