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On degrees of produch 0{43_

In this nole I introduce sowme nohons +hod w\nﬁh'\ be
useful  for e discussion o e prodmhwb of shsL
programs. Whether these wvokons  are Swgcic\‘ewuj suiled 4o
be used in colculobions remains to be ihuesﬁgo&ed,. This
aspect , however, I consider a separo&;\e one. In +this nole
only delinikions and properties will be recorded ; wwost of the
proo;(-)s are s-\—raighjrﬁaruaa.rcl ancl |, therefore, omited. .

The wniverse op discowrse is the ocolleckion of all
m?m&e Sequences o? m‘\es ers. e are interested in the
computabiliby of solubions o? equakions ol +he Wype x=F.x
where F s a ch‘non on our universe. I} <has
been obsevued Hot the existence of a unigue solution of’
such on eguokion does not nmp\_\j fhe  computobi H:j of that
solution [0], where op Course , " Computoloi “ﬂ“ showld be
terpreted w:‘r\n a parhcw\ar closs of  implementations in
wind; inour cose : implementakions bosed on a reduckon
6¥fa‘\'€83 . For examp\e :

x=14:1x has o unigue , computable solulon , whereas
x = hoice o x , Where twice:i = 2xi, hos a unique

solubon too , viz. the inlinite Sequence  Consishing of zerves
O’n\:j , bu.\’, m  concovdance with the owdhor OP EOJ," I
expect no implementaton o ﬁno\ " Rpparently , oo
bpes o? Fu.nd—ions exist | iz, Hhose  $hot 3ie‘0{ "pmcluckue"
eguations omd those that do viot . The prob\ew\ is how o
characterice the produckve ones .



RH3s: |
Aside on notakion :  Funchonal applicakion is olencled by +he
in?ix opevotor « ('dot"); ¥ is lef+ associakive owmd it has the
lowgest bivxo\ing power . Funchonal composition Ts denoled by
the in[ix operotor o Cofter™) 5 it is associative omd i has the
second largest binding power. 1Ohenever it is convenient o

sequence will be nlerpreled as an ‘mlreSer funclion on the
notunls . T.e: I .perw\i-l- m:,seip fo use x.n ‘o dewncle
the n-th element (0<n) og the sequence X ond to use
foxforthe sequence dtained by application of +he integer
funchon { to oll elements op x. (T.e. (?ox).n =f°(x-n)J
for all votural n), -F o is the OorresPondiwj ﬁnckon on Sequences .

For ony infeger b o ﬁmcl—ion b: on sequences exist,
O\epineo\ \03 :

(b:x).0 = b,

(b:x).(n+) = x.n %r all notural n

The funchons id ond 4L on sequences are
degi ned \0& :

d e x = X , S

tex.n = x.Gas) | for all watuml w .
(Cend of aside on wnokakion) .

Tn the sequel, 1() and 9 denole in+e3er chk.ons, F and
G dencte {unchons on sequences , ond X ond Y denole

sSequewnces .

Defo; {;r ony injreﬁer n  the equivolence relahion O oOn
sequences 1o  defined by :
XxWpy = C(Ai:0gi<n: xi=Yyi).

w

Degl: o fund«bn Fis colled 'n-pmduphue“ i-r;
(_ﬁ_x,3 W (ﬁk;: kaB = F.x mm-k F.fj) > -’2
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LeW\MC\.O: Id, 15 O-produd-\'oe .
Lewwo | : b: s 1 - producthive %r cny integer b.

Lewwma 2 : 42 is (1) - produchive .
Lemmoa & : ‘F o 15 0-preduchue, ?or any {? .

Lemma 4 :  for any F and any (n"eaer n
F is tn+)- produckive = F is n-produckive .

Not any -ﬁ&nc\-ioh is  n-produchve %r Some n:
Exomple O: the funckon  half )deﬂneol by :

ha\r» (a-.b:x) = Q: ko.l? X D) 5 no-" n-pmo\uchoe >
%r any . (end O‘P example).

Lemma§: F is wm-produclive A G is n-produckve
= FolG is (m+n)-produckve .

De{ 2. Fis" posi-#ioe,lb produchive " (or “produchve " for
short) is: (En:4<n: F is n-produckuve ).

Lewmab: F is produckve = F is 4i-produchive .

The %llowing Yheorem wokes all dhe above Hroubles
worthwhile :

Theorem 0 :  +he equation x = F-x has o computable solution '

& F is produchve "
prool : Assuming that F is produckve ond | of course, that
F i#se\P s Qowpu+a\>|e Cwhat this should meor is Aiscussed
Qﬁer complehon of’ dhe proof’ ), we derive an ngorh\-hw\ -?or
the computation o{-\ o Solulon oc x = F.x .
The o.\gorilr\wm computes the elements x.4 OF Hhe
solubion n the ovder of noreasing 4 . Assuming that |
-ﬁ)r n:0¢n, the elements x4 ,0¢4<n, have been
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COme\-eol, X:n con be computed in the %Uowmﬂ Woy -
Select o sequence Y So.-l—\“s?d;ngz CAi:o0¢i¢n: g-i:xi).
Then, et x.n = Fyn . Because F is computable | the
computotion o? x.-n Jokes only a -?in‘\%; cmount of  Fime.
Moreover ‘\r 2 1S O sSegquence SQ:\-;S%‘\VB:(&i:OSf(ﬁ:Zﬁ:Xﬁ)
+hen

CAi:0<i<¢n;: 2=Xx-1) A Ay :Oé.i<n~.d.‘\=x.i)
= {+Po.n$i+iuib op =5

(Ai:0¢i<n: =240 =y-i)

= {definition of g Y

Z Dy, Y
=21 F 1-produchive 5
F.z O F"a

= { definition OP Ons J
(Ai:o¢i<nn : Fzi =Fyi )
= { calewdus 5§
Fen = Fyn .

From his derivobion we conclude thod the wolue x.n is
unigue . We now have proved  that EP X1 ,0¢i<n, s
compulable in o Yinite amount of 4ime then xn is computoble
in o finite amount of +Hwme . The proop that +he sequence x
fhus constructed indeedk is o Solubion of e equotion s

‘G‘C‘" o the reader.
(Eho\ op "'Meorevv\).

Def 3 - "A finction F on sequences is compulable =
" for ony Sequente X and Gny natuwel n: F.xon Con
be cowputedd in g’ni‘reb wany  Sleps im)o\uin3 ﬁni#e\j

wany  elements of x only "
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The r-qc-l- Hot T \‘nH-ia,Hj gyraow\ Yo include 'De(-):} probo&s\:j
is due 4o the foct that T divected all wy odenkon to He

produchvily of equotions , thereby taking the Cowxpu&abi\ib
o? the -Fuhd{ons involved F)r Sro,w"ed..

The {heorem shows thot 4-produch vity is the key-noton .
The Sehem\isa\rﬂon to n—proo\ud—iuﬂj , even %r nego.\-{ue n,
hos been wiade o enable easy colculoton OC the Jegree
d? Prbo\uc‘-i\)ﬂ-:j %r the Composﬂ'fon O‘p -Rmd—ions.

Exoume\e 1: 4: is 4-produckve (lemwma 1), twice o is
O-produckve Clemwa 2) , hence F , where F.x = 4: hwiceoX ,
15  4-produckve Clewmwmo 5) | hence the equahion

X = 4 fwiccex  is prduckve. Cend of example).

(Note : in this example , T coll an eguakion produchue EP
on occount of Theorewm 0 ks solubon is computable .

Exomple2 : By suitable definition o n-produchuity of
Fumcﬁons of wiore than 4 Qrsumevr‘-s i+ s possible ‘o
derive : " merge 15 O-produch ve' =
“F ,where Fox = 4 merge - (twice ox) - Ghhrice ox) |
s produckive ' ; hence, the equakion
x = 1: wevge -(Hwoice ox) . (dhriceex) s produchve.
(end of example).

|985. 0.3
‘Rob Hooaeru)oorol

Lol . "Homming's exercise in SasL” Edsgev W.Dijkstra .

(EwD?92) .



